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Abstract

We show that the current TCP Vegasalgorithm can becomeunstable in the presenceof network
delay and proposea modi�cation that stabilizes it. The stabilized Vegasremains completely source-

basedand can be implemented without any network support. We suggestan incremental deployment
strategy for stabilized Vegas when the network contains a mix of links, some with active queue

management and somewithout.

1 In tro duction

TCP Vegaswas intro duced in 1994[6] as an alternativ e to TCP Reno. Unlike Reno (or its variants

such as NewRenoand SACK), that usespacket lossas a measureof congestion,Vegasusesqueueing
delay as a measureof congestion [17]. Vegas intro duces a new congestion avoidance mechanism

that corrects the oscillatory behavior of AIMD. While the AIMD algorithm induceslossto learn the
available network capacity, a Vegassourceadjusts its sendingrate to keepa small number of packets

bu�ered in the routers along the path. Provided there is enoughbu�ering, a network of Vegassources
will stabilize around a proportionally fair equilibrium and packet losswill be eliminated; see[17] for

details. In this paper, we study the stabilit y of this equilibrium in the presenceof network delay,
motivated by two lines of recent research.

First, extensive experimental results have beenconducted to compare the performanceof Vegas

and Reno, e.g., [6, 1, 8]. Its dynamic and fairness properties have also been studied in [4, 19, 5],
but thesepapers consideronly a single bottleneck link and network delay is not accounted for in the

study of its dynamics. Optimization basedmodelsare usedin [20, 17] to analyzea generalnetwork of
Vegas. In particular, it is shown in [17, 15] that any TCP/A QM (active queuemanagement) protocol

can be interpreted ascarrying out a distributed primal-dual algorithm over the Internet to maximize
aggregateutilit y, and a user's utilit y is (often implicitly) de�ned by its TCP algorithm; seealso

[10, 16, 18, 20, 13]. Thesemodels mostly focus on the equilibrium structure, and do not adequately
� A longer version of the same paper that appears in Proceedings of of the 39th Annual Allerton
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deal with network delay. To complement this seriesof work, we use here a multi-link multi-source
model, described in Section2, that explicitly includesheterogeneousforward and backward delays to

analyze the linear stabilit y of Vegasaround an equilibrium. In comparisonwith previous analytical
work, we sacri�ce global (nonlinear) dynamics in order to understand the e�ect of delay on stabilit y

of Vegas,and how to stabilize it.
Second,this paper is motivated by the stabilit y theory for linear distributed and delayed system

recently developed in [21, 23, 24, 22, 12]. In particular, a TCP/A QM algorithm is designed in
[21] that maintains linear stabilit y for arbitrary network delays and capacities. It is in the classof

\dual" algorithms of [16, 3] that usestatic sourcealgorithms, and it employs a sophisticated scaling
with respect to network delays and capacities to achieve high utilization and fast responsewithout

compromising stabilit y. This form of arbitrarily scalablestabilit y, however, dictates a speci�c source

utilit y function and hencefairness in rate allocation. By intro ducing a slower timescale dynamics
into the sourcealgorithm, the TCP/A QM of [21] is extended in [22] to track any utilit y function, or

fairness,on a slow timescale,provided there is a known bound on network delays.
The main insight from this seriesof work is to scaledown sourceresponseswith their own round

trip times and scaledown link responseswith their own capacities, in order to keepthe gain over the
feedback loop under control. It turns out that the (implicit) link algorithm of Vegashas exactly the

right scaling with respect to capacity as usedin [21, 22]; see[17]. This built-in scaling with capacity
makesVegaspotentially scalableto high bandwidth, in stark contrast to Reno and its variants. The

source algorithm of Vegas,however, has a di�eren t scaling from those in [21, 22] with respect to

delay. We prove in Section 3 a su�cien t stabilit y condition that suggeststhat Vegascan become
unstable at large delay. In Section 4 we proposea small modi�cation, inspired by [22], to stabilize

it. We describe an incremental deployment strategy in Section 5 that would allow Vegassourcesto
work with a mix of routers, someimplementing a queue-clearingAQM and somenot. Finally, we

present simulation results in Section 6 to comparethe dynamics of Vegasand its stabilized version.
In contrast to Renoand its variants, Vegasseemsparticularly well-suited for high speednetworks.

Renoand its variants, with RED, becomeunstable asnetwork capacity increases[9, 14]. It alsomust
maintain an exceedingly small loss probabilit y in equilibrium that is di�cult to reliably use for

control. Vegas,on the other hand, scalescorrectly with capacity. Moreover, while the equilibrium
queueingdelay can be excessive at low capacity, it is reducedas capacity increases.Other problems,

such aserror in propagation delay estimation due to queuesand rerouting [19, 17], may be lesssevere

at high capacity, as bu�ers clear more frequently .

2 Net work mo del

A network is modeledasa set of L links (scarceresources)with �nite capacitiesc = (cl ; l 2 L ). They
are sharedby a set of N sourcesindexed by r . Each sourcer usesa set of links de�ned by the L � N

routing matrix

Rlr =

(
1 if sourcer useslink l
0 otherwise

Associated with each link l is a congestionmeasurepl (t) we will call `price'; as we will seebelow,
pl (t) is the scaledqueueingdelay at link l . Each sourcer maintains a rate x r (t) in packets/sec. In

this paper, we are mainly concernedwith linearized model around an equilibrium, so we denote the
equilibrium forward delay from sourcer to link l by � *

lr and the equilibrium backward delay from



link l to sourcer by � (
lr . At time t, we assumesourcer observesthe aggregateprice in its path

qr (t) :=
X

l

Rlr pl (t � � (
lr ) (1)

and link l observesthe aggregatesourcerate

yl (t) :=
X

r

Rlr xr (t � � *
lr ) (2)

Let Tr denote the equilibrium round trip time. We assumethat

� *
lr + � (

lr = Tr ; 8l 2 L

Then [17] models TCP Vegas,with its associated queuemanagement, as the following dynamical
system:1

_pl (t) =

(
1
cl

(yl (t) � cl ) if pl (t) > 0
1
cl

(yl (t) � cl )+ if pl (t) = 0
(3)

_xr (t) =
1

T 2
r (t)

sgn
�

1 �
xr (t)qr (t)

� r dr

�
(4)

where(z)+ = maxf 0; zg, sgn(z) = 1 if z > 0, � 1 if z < 0, and 0 if z = 0. Here, � r is a Vegasprotocol
parameter, and dr is the round trip propagation delay of sourcer . Price pl (t) is the queueingdelay

at link l and qr (t) is the end-to-end queueingdelay of sourcer (see[17]). Round trip time of source
r is de�ned as

Tr (t) := dr + qr (t)

with the equilibrium value Tr de�ned in (2).

An interpretation of Vegasalgorithm is that each sourcer adjusts its rate (or window) to maintain

� r dr number of its own packets bu�ered in the queuesin its path. The link algorithm (3) is auto-
matically carried out by the bu�er process.The sourcealgorithm (4) increments or decrements the

window by 1 packet per round trip time, accordingasthe number x r (t)qr (t) of packets bu�ered in the
links is smaller or bigger than � r dr . In equilibrium, x �

r q�
r = � r dr , and the unique equilibrium rates

x � := (x �
r ; r = 1; : : : ; N ) maximize aggregateutilit y

P
r Ur (xr ) subject to link capacity constraints,

with the utilit y functions (see[17] for details)

Ur (xr ) = � r dr logxr

HenceVegasachievesweighted proportional fairness[10].

The link algorithm of [21, 22] is the sameas(3) of Vegas,except that, there, c is a virtual capacity

that is strictly lessthan real link capacity in order to clear the queuein equilibrium. There, pl (t) can
be interpreted as \virtual" queueingdelay at a link fed by the sameinput but drained at the virtual

capacity. As shown in [21, 22], scaling down _pl by 1=cl is what givesdelay, real or virtual, the right
scaling with respect to network capacity. In Section 5, we will explain how stabilized Vegascan be

incrementally deployed in a network with a mix of links, generating both real and virtual queueing
delays.

1The model in [17] is discrete-time and ignores feedback delay in the interconnection de�ned by (1) and (2).



3 Stabilit y of Vegas

The Vegassourcealgorithm (4) is discontinuous. This can causeoscillation around the equilibrium.

The original Vegasalgorithm prevents oscillation by enlarging the equilibrium point to a set: source
rate xr (t) (or window) is unchangedassoon as the number x r (t)qr (t) of packets bu�ered in the links

enters the range [� r dr ; � r dr ] with � r < � r . It is however hard to control fairnesswith � r < � r [5].
Here, as in [17], we take � r = � r .

In this section, we present a continuous approximation of the Vegas algorithm (4), derive a

su�cien t condition for linear stabilit y basedon this approximation. The condition suggeststhat a
network of Vegascan becomeunstable when delay increases. In the next section, we will indeed

proposeto use (a stabilized version of) this continuous function to replace (4) in order to prevent
oscillation due to discontinuit y.

3.1 Appro ximate model

Note that

sgn(z) w
2
�

tan � 1 (� z)

The approximation becomesexact in the limit as � ! 1 . Hence,consider the following approxima-

tion of (4):

_xr (t) := f r (xr (t); qr (t))

=
2
�

1
T 2

r (t)
tan � 1 �

�
1 �

xr (t)qr (t)
� r dr

�
(5)

where again Tr (t) = dr + qr (t).
Consider the equilibrium point (x � ; p� ). The rates x � are unique since the log utilit y function

is strictly concave. Suppose the routing matrix R has full rank, so that the equilibrium prices
p� = (p�

l ; l = 1; : : : ; L ) are also unique. Moreover, assumethat only bottleneck links are included in

the model so that p�
l > 0 for all l . In equilibrium, the sourcerate x �

r and aggregateprice q�
r satisfy

x �
r q�

r = � r dr

Linearize around the equilibrium point,
(

xr (t) = x �
r + � xr (t)

qr (t) = q�
r + � qr (t)

Then, to �rst order,

_xr = � _xr =
@f r

@xr

�
�
�
�
�

� xr (t) +
@f r

@qr

�
�
�
�
�

� qr (t)

where
@f r

@xr

�
�
�
�
�

= �
2�
�

1
x �

r T 2
r

@f r

@qr

�
�
�
�
�

= �
2�
�

1
q�

r T 2
r

where we have usedTr = dr + q�
r . Hence,in Laplace domain, we have

� xr (s) = �
x �

r

q�
r

ar

sTr + ar
� qr (s) (6)



where

ar =
2�
�

1
x �

r Tr
(7)

At the links, the equilibrium points (y�
l ; p�

l ) satisfy y�
l = cl . Linearizing the link algorithm (3)

around the equilibrium
(

yl (t) = y�
l + � yl (t)

pl (t) = p�
l + � pl (t)

we have, to �rst order,

� _pl =
@gl

@pl

�
�
�
�
�

� pl (t) +
@gl

@yl

�
�
�
�
�

� yl (t)

=
1
cl

� yl (t)

and its Laplace transform

� pl (s) =
1

cl s
� yl (s) (8)

In summary, the linearized model of Vegasis described by (6), (7) and (8). To simplify notation,

we assumewithout lossof generality for the rest of the paper that all sourceshave the sametarget
queuelength, � r dr = � for all r (otherwise, take � to be the minimum � r dr in the stabilit y results

that follow).

3.2 Stabilit y

Following [21], we can expressthe error equations of (1){(2) in matrix form, in Laplace, as

� y(s) = R(s)� x(s) (9)

� q(s) = diagf e� sT r gRT (� s)� p(s) (10)

where

Rlr (s) =

(
e� s� *

ls if Rlr = 1

0 otherwise

The routing matrix R(0) = R determinesstatic relationship betweenequilibrium values, i.e.,

y� = R(0)x � ; q� = RT (0)p� (11)

Given any �nite positive a, let � (a) be the unique solution in (0; � =2) of

� tan � = a (12)

as a (strictly increasing) function of a.
Wewill characterizethe stabilit y of Vegas�rst in terms of maximum window sizeand then in terms

of minimum queueing delay. The results below say that Vegasis linearly stable if the equilibrium
window size is su�cien tly small (Theorem 1), or equivalently , if the equilibrium queueingdelay is

su�cien tly large (Corollary 2).



Theorem 1 Supposefor all r , k0Tr � maxr Tr for somek0. Let M be an upper bound on the number
of links in the path of any source, M � maxr

P
l Rlr . The Vegas model described by (3) and (5) is

locally asymptotically stablearound the equilibrium point (x �
r ; y�

l ; p�
l ; q�

r ) if

max
r

x �
r Tr sinc �

�
�̂

x �
r Tr

�
<

�
M k2

0

where �̂ := 2� =� and sinc � = sin � =� .

Pro of. SeeSection 3.3 below. �

Note that since� (�) is strictly increasingand sinc(�) is strictly decreasing,the left-hand sideof the

stabilit y condition in Theorem 1 is strictly increasing in the window size x �
r Tr . Hencethe stabilit y

condition imposesa limit on the maximum window size.

Sincex �
r q�

r = � , this condition directly translates into one on queueingdelay. The left-hand side
of the following corollary is strictly increasing in q�

r =Tr , implying a lower bound on queueingdelay.

Corollary 2 Suppose for all r , k0Tr � maxr Tr for some k0. Let M be an upper bound on the

number of links in the path of any source, M � maxr
P

l Rlr . The Vegasmodel described by (3) and
(5) is locally asymptotically stablearound the equilibrium point (x �

r ; y�
l ; p�

l ; q�
r ) if

min
r

q�
r =Tr

sinc �
�

�̂
� � q�

r
Tr

� > M k2
0

where �̂ := 2� =� and sinc � = sin � =� .

The next result shows that the stabilit y condition cannot be satis�ed when there are more than
one (bottleneck) link in a source'spath.

Corollary 3 The stability condition cannot be satis�ed if a source has more than one link, i.e., if
there is an r with Rlr = 1 for more than one l .

Pro of. The conditions in Theorem 1 and Corollary 2 are the same,sowe will work with Corollary

2. Since� (�) < � =2, sinc� (�) > 2=� . By de�nition k0 � 1. Hencethe stabilit y condition in Corollary
2 implies

min
r

q�
r

Tr
>

2M
�

If M � 2, then the right-hand side is bigger than 1. Yet, the left-hand side cannot exceed1 since
Tr = dr + q�

r . �

We emphasizethat the stabilit y condition is only su�cien t in the multilink case. It is however

both necessaryand su�cien t in the single-link-homogeneous-sourcecase.We now illustrate, for this
case,the stabilit y region and the e�ect of protocol parameter � = � r dr .

Example 1: Single link with homogeneous sources (c;d;N )
Consider a single link of capacity c shared by N homogeneoussourceswith round trip propagation

delay d. For this case,ar = a0, Tr = T0, and ! r = ! 0 for all sourcesr in the proof of Theorem 1; see
Section 3.3. This implies that the stabilit y condition (M = 1 and k0 = 1)

q�
r =Tr

sinc�
�

�̂
� � q�

r
Tr

� > 1 for all r (13)



is both necessaryand su�cien t. Note that the equilibrium quantities q�
r and Tr depend on the target

queuelength � . To get insight on the e�ect of protocol parameter � on stabilit y, we look at a simpler

condition.
As noted above, sincesinc� (�) > 2

� , a necessarycondition is

q�
r

Tr
>

2
�

for all r

SinceTr = d + q�
r and q�

r = �=x �
r = �N =c by symmetry, this condition is equivalent to

cd <
� �

2
� 1

�
�N (14)

Hence, a necessarycondition for Vegas stabilit y is that the bandwidth delay product be small.
Moreover the stabilit y region is larger with larger target queuelength � or number N of sources.

3.3 Pro of of Theorem 1

The proof proceedsin three steps. First, we follow the argument of [23, 22] to show that the Nyquist
tra jectories of the loop gain matrix is contained in the convex hull of N complex functions of j ! .

Second,we show that at large enough ! when at least one of these functions has a phase lag of
� � , all of them are contained in the unit circle, under an appropriate condition, and hencecannot

encircle � 1 in the complex plane. Third, we show that this condition is the one in the theorem.

Step 1: Using the linearized equations (6), (8), (9), (10), the return ratio seenat the source is
described as :

diag
�

ar
x �

r

q�
r

�
diag

�
1

sTr + ar

�
diag

�
e� sT r

�
RT (� s)diag

�
1

cl s

�
R(s)

For stabilit y, it su�ces to show that the eigenvalues of this function does not encircle � 1 in the
complex plain for s = j ! , ! � 0. The set of eigenvaluesis identical to that of

L (j ! ) = diag
�

ke� j ! Tr

j ! Tr (j ! Tr + ar )

�
R̂T (� j ! )R̂(j ! ) (15)

where

k =
M ar Tr

q�
r

=
2� M
� �

(16)

and

R̂(j ! ) := diag
� r

1
cl

�
R(j ! )diag

 r
x �

r

M

!

From the lemma of [23], the spectrum of L (j ! ) satis�es

� (L (j ! )) = �
�

diag
�

ke� j ! Tr

j ! Tr (j ! Tr + ar )

�
R̂T (� j ! )R̂(j ! )

�

� �
�

R̂T (� j ! )R̂(j ! )
�

� co
�

0
[ �

ke� j ! Tr

j ! Tr (j ! Tr + ar )
; r = 1; : : : ; N

��

where co(�) above denotesthe convex hull of the N eigentra jectories and the origin.



The spectral radius of R̂(j ! ) satis�es

�
�

R̂T (� j ! )R̂(j ! )
�

�








 diag

�
1

M

�
RT (� j ! ) diag

�
1
cl

�
R(j ! ) diag(x �

r )










1

�








 diag

�
1

M

�
RT (� j ! )










1
�








 diag

�
1
y�

l

�
R(j ! ) diag(x �

r )










1

= 1

since,by (11), all the absolute row sumsare equal to 1. Hence,

� (L (j ! )) � co
�

0
[ �

ke� j ! Tr

j ! Tr (j ! Tr + ar )
; r = 1; : : : ; N

��

Let

� r (j ! ) :=
ke� j ! Tr

j ! Tr (j ! Tr + ar )

We now show that under the condition of the theorem, at no ! will the convex combination of � r (j ! )
encircle the critical point � 1.

Step 2: De�ne a0 = minr ar and T0 = maxr Tr . Let ! r , r = 0; 1; : : : ; N , be the value in (0; � =2)

that satis�es

! r Tr tan ! r Tr = ar ; r � 0 (17)

Clearly ! 0 � ! r for all r . Here ! r , r � 1, is the critical frequency when the eigenvalue � r (j ! ) has

a phaselag of � � . Hence, for ! < ! 0 � ! r , the convex combination of � r (j ! ) cannot encircle � 1
becausephase(� r (j ! )) > � � for all r . We now show that, for ! � ! 0, all � r (j ! ) are in the unit

circle and hencetheir convex combination cannot encircle � 1 either.
For ! � ! 0, sincek0Tr � T0, we have

j� r (j ! )j =
k

! Tr
p

! 2T 2
r + a2

r

�
kk2

0

! 0T0

p
! 2

0T 2
0 + a2

0

�
kk2

0

a0
�

1
! 0T0

�
a0p

! 2
0T 2

0 + a2
0

=
kk2

0

a0
� sinc� (a0)

where the last equality follows from (17) and the de�nition of � (�) in (12). Hencea su�cien t stabilit y

condition is j� r (j ! )j < 1 for all r , ! � ! 0, or:

sinc� (a0)
a0

<
1

kk2
0

Step 3: Substituting k, from (16), and a0:

k =
�̂ M
�

and a0 = min
r

ar =
�̂

maxr x �
r Tr

into the above condition, we have

max
r

x �
r Tr sinc�

�
�̂

maxr x �
r Tr

�
<

�
M k2

0



Sincesinc�
�
�̂ (x �

r Tr )� 1
�

is strictly increasing in x �
r Tr , we have

max
r

x �
r Tr sinc�

�
�̂

maxr x �
r Tr

�
= max

r
x �

r Tr sinc�
�

�̂
x �

r Tr

�

hencethe stabilit y condition in the theorem.

4 Stabilized Vegas

In this section, we proposea PD (proportional di�eren tial) controller at each source to stabilize a
network of Vegassources.We modify the (approximate) Vegasalgorithm (5) into

_xr =
w

T 2
r (t)

� tan � 1 � r (t)
�

1 �
xr (t)qr (t)

� r dr
� � r (t) _qr (t)

�
(18)

where Tr (t) = dr + qr (t), and

� r (t) =
1
a

�
Tr (t)
qr (t)

(19)

� r (t) =
�a
w

� xr (t)Tr (t) (20)

Here, the parameter w determines the maximum changein window sizeper round trip time (for
the original Vegas,the maximum change is 1 packet per round trip time). The parameters a > 0

and � 2 (0; 1) are to be chosento ensurestabilit y (seebelow). The overall gain parameter � r (t) is
proportional to the current window size: the larger the window, the more aggressive the response.

The gain � r (t) on the di�eren tial term is proportional to the ratio of round trip time to end-to-end
queueingdelay of sourcer , and servesas a normalization to _qr (t). The additional di�eren tial term

� r (t) _qr (t) anticipates the future of qr (t). Without this term, sourcerate x r (t) will be increasedif

the number xr (t)qr (t) of packets bu�ered in the links is small comparedwith � r dr . With this term,
even when x r (t)qr (t) is small, the sourcemay decreaseits rate if prices are rapidly growing, i.e. if

_q(t) is large. We note that a di�eren tial term is also usedin the link algorithm of [11], motivated by
an optimal control formulation of AQM design.

The equilibrium point remains the same, except that _q�
r = 0 as well. Linearizing around the

equilibrium, we have, to �rst order,

� _xr =
@f r

@xr

�
�
�
�
�

� xr (t) +
@f r

@qr

�
�
�
�
�

� qr (t) +
@f r

@_qr

�
�
�
�
�

� _qr (t)

where

@f r

@xr

�
�
�
�
�

= �
�a
Tr

@f r

@qr

�
�
�
�
�

= �
�ax �

r

Tr q�
r

@f r

@_qr

�
�
�
�
�

= �
�x �

r

q�
r

Its Laplace transform is

� xr (s) = �
�x �

r

q�
r

�
sTr + a

sTr + �a

�
� qr (s) (21)



We have chosen� r and � r so that the lead-lagcompensator in (21) for all sourceshave a common
zero a and pole �a . In contrast, the algorithm of [22] allows � r to depend on r , corresponding to

unrestricted choice of utilit y functions. Hence,we needa slightly di�eren t stabilit y proof from [22].

Theorem 4 Suppose for all r , k0Tr � maxr Tr for some k0. Let M be an upper bound on the

number of links in the path of any source, M � maxr
P

l Rlr . For any given a > 0 and � 2 (0; 1),

the modi�e d Vegas model described by (3) and (18){(20) is locally asymptotically stable around the
equilibrium point (x � ; y� ; p� ; q� ) if

max
r

xr Tr <
��

�k 0M

s
� 2 + � 2(k0a)2

� 2 + (k0a)2 (22)

or equivalently, if

min
r

q�
r

Tr
>

�k 0M
�

s
� 2 + (k0a)2

� 2 + � 2(k0a)2 (23)

where

� = tan � 1 2
p

�
1 � �

and � = � r dr is the common target queuelength.

Pro of. The proof proceedsin two steps. First, we follow the argument of [23, 22] to show

that the Nyquist tra jectories of the loop gain matrix is contained in the convex hull of N complex
functions of j ! . Second,we show that at large enough! when at least one of thesefunctions has a

phaselag of � � , all of them are contained in the unit circle, under the conditions in the theorem,
and hencecannot encircle � 1 in the complex plane.

Step 1: Using the linearized equations (21), (8), (9) and (10), the return ratio seenat the sources
can be written as:

diag
�

�x �
r

q�
r

�
diag

�
sTr + a

sTr + �a

�
� diag

�
e� sT r

�
RT (� s) diag

�
1

cl s

�
R(s)

At s = j ! , the set of eigenvalues is identical to that of

L (j ! ) = diag
�

�M Tr

q�
r

�
� diag

�
e� j ! Tr

j ! Tr
�

j ! Tr + a
j ! Tr + �a

�
R̂T (� j ! )R̂(j ! )

where

R̂(j ! ) = diag
� r

1
cl

�
R(j ! )diag

 r
x �

r

M

!

(24)

Using (24) and (11), the usual argument gives

�
�

R̂T (� j ! )R̂(j ! )
�

� 1

The lemma from [23] then implies that all eigenvaluesof L (j ! ) are in the convex hull:

co
�

0
[ �

M Tr

q�
r

� �( j ! Tr )
�

; r = 1; : : : ; N ;
�

(25)



where

�( j ! Tr ) := � �
e� j ! Tr

j ! Tr
�

j ! Tr + a
j ! Tr + �a

Note that �( �) is independent of r . By the generalizedNyquist stabilit y criterion [7], the system is
stable if the set in (25) doesnot encircle � 1.

Step 2: Let ! r be the critical frequencyat which the phase\ �( j ! r Tr ) is � � for sourcesr :

! r Tr � \
j ! Tr + a

j ! Tr + �a
=

�
2

Without lossof generality, we can assumeT1 � Tr for all r . Then ! 1 � ! r for all r since! r Tr = ! 1T1

for all r . Thus, at ! � ! 1, the convex hull of (25) cannot encircle � 1. At ! � ! 1, the set in (25)

doesnot encircle � 1 if, for all r ,

M Tr

q�
r

� j�( j ! Tr )j < 1 (26)

We now show that this is implied by the conditions in the theorem.
For ! � ! 1, we have ! Tr � ! 1Tr � ! 1T1=k0. Notice that the magnitude

j�( j ! Tr )j =
�

! Tr

s
(! Tr )2 + a2

(! Tr )2 + � 2a2

is a strictly decreasingfunction of ! Tr . Hencefor all r

j�( j ! Tr )j �

�
�
�
� �

�
j ! 1

T1

k0

� �
�
�
�

=
�k 0

! 1T1

s
(! 1T1)2 + (ak0)2

(! 1T1)2 + � 2(ak0)2

�
�k 0

�

s
� 2 + (ak0)2

� 2 + � 2(ak0)2

The last inequality follows from Lemma 5 below which implies that, for all r ,

! r Tr �
�
2

� tan � 1 1 � �
2
p

�
= �

where � is de�ned in the theorem.
The condition (23) in the theoremthen guaranteesthat (26) holds. Sincex �

r q�
r = � , the conditions

(22) and (23) are equivalent. Hencethe proof is complete with the following lemma. �

Lemma 5 Let

�( j ! Tr ) = � �
e� j ! Tr

j ! Tr
�

j ! Tr + a
j ! Tr + �a

where 0 < � < 1 and a > 0. Then, for all r , ! � 0,

\ �( j ! Tr ) � � ! Tr �
�
2

� tan � 1 1 � �
2
p

�



Pro of. Let

hr (! ) := \
j ! Tr + a

j ! Tr + �a

= tan � 1
�

! Tr

a

�
� tan � 1

�
! Tr

�a

�

Then

h0
r (! ) =

(1 � � )(( ! Tr )2 � a2� )a

(( ! Tr )2 + a2)(( ! Tr )2 + � 2a2)

Since � 2 (0; 1), it can be checked that the solution, ! �
r = a

p
�

Tr
, of h0(! ) = 0 minimizes the phase

hr (! ). Hence

\ hr (! ) � tan � 1 p
� � tan � 1 1

p
�

=:  

which is independent of r . Moreover

tan  =

p
� � 1p

�

2
= �

1 � �
2
p

�

Therefore

\ �( j ! Tr ) = � ! Tr �
�
2

+ \ hr (! )

� � ! r Tr �
�
2

� tan � 1 1 � �
2
p

�

and hencethe lemma follows.

�

We remark on the implications of Theorem 4. In the caseof homogeneousround trip time, i.e.

k0 = 1, the stabilit y (23) becomes

M max
r

Tr

q�
r

<
�
�

r
� 2 + � 2a2

� 2 + a2 (27)

M is a bound on the number of bottleneck links in the path of a source. It is typically much less
than 10. q�

r
Tr

is the ratio of round trip queueingdelay and entire round trip time ; both quantities are

available at a Vegassource. For the current network, this ratio seemsto be small (less than 5) for

long delay routes. Hence,a choiceof designparametersa and � that guaranteesthat the right-hand
side of the stabilit y condition exceeds100 seemssafe. From Figure 1, this requires small a and �

(e.g., a = 0:01 and � = 0:001). Recall the de�nition of (19) and (20): kr (t) = (Tr (t)=qr (t))=a and
� r (t) = �a (x r (t)Tr (t)=w). A small a implies a large kr (t), which means that the stabilized Vegas

reacts more aggressively to price change _qr (t). A small �a implies a small � , which meansthat the
slope of (18) around equilibrium is small, yielding a smoother overall gain. For the heterogeneous

round-trip case,i.e. k0 > 1, a smaller a than in the homogeneousis required to guarantee stabilit y.

Example 2: Single link with homogeneous sources (c;d;N )



Figure 1: The upper limit of M Tr
q�

r
.

For a direct comparison with the original Vegasstabilit y, we consider a single link of capacity c

sharedby N homogeneoussourceswith round trip propagation delay d. For this case,the su�cien t
condition of Theorem 4 with (M = 1 and k0 = 1) is simpli�ed to

q�
r =Tr >

�
�

s
� 2 + a2

� 2 + � 2a2 for all r

SinceTr = d + q�
r and q�

r = �=x �
r = �N =c by symmetry, this condition is equivalent to

cd <

 
�
�

s
� 2 + � 2a2

� 2 + a2 � 1

!

�N (28)

Hence,like the original Vegas,it alsohasa larger stabilit y regionwith larger queuelength � or number
N of sources. Furthermore, given � and N , stabilized Vegascan choosea small (a > 0,� 2 (0; 1))

such that the right-hand sideof (28) can be larger than that of (14) for stabilit y of the original Vegas.
This is illustrated in Figure 2 where the stabilit y regions in (14) and (28), for Vegasand stabilized

Vegasrespectively, are plotted, with (a; � ) = (0:5; 0:015) and � = 20 packets, N = 100 sources.

The stabilit y condition is only su�cien t. Indeed, lessconservative values can be used for a and
� . For instance, the Nyquist plots of (M Tr =q�

r ) � �( j ! Tr ) for M Tr =q�
r = 100 are shown in Figure 3,

for the scenarioin Example 2 with a = 0:1 and � 2 [0:001; 0:015]. Even though thesea and � values
do not satisfy the stabilit y condition of Theorem 4, the network is indeed stable, as shown by the

Nyquist plots.

5 Discussion: implemen tation and deplo ymen t

The most attractiv e feature of TCP Vegasis its suitabilit y for high speed large delay networks. In

this regime, window size is large and TCP Reno or its variants must maintain an extremely small

loss probabilit y (e.g., on the order 10� 10) in equilibrium. Using such a small probabilit y reliably is
a great challenge.

Vegason the other hand has two advantages, both stem from the use of delay as a measureof
congestion. First, its implicit link algorithm has a built-in scaling with respect to network capacity,
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which together with stabilized sourcealgorithm, can potentially scaleto much larger bandwidth delay

product. Second,each measurement of delay by a sourceprovides a much �ner-grained estimate of
congestionthan the binary-valued lossor marking does. As capacity scalesup, it is easyto scaleat

the sourceto maintain the strength of the congestionsignal (delay) by scaling up the � parameter.
The problem that delay may be excessive in the low bandwidth regime in order for Vegasto

reach equilibrium is much lessseverein the high bandwidth regime. Moreover, problem with error in
propagation delay estimation and persistent congestion[19, 17] is also easedwith high capacity, as

bu�ers empty more frequently . Though there are other issueswith using delay for congestioncontrol,

it seemsthat unlessECN is widely deployed, theseproblems are lessfundamental than the intrinsic
di�cult y of reliably using an extremely small lossprobabilit y for control. Further study is required

to resolve theseissues.
We now describe a viable strategy for stabilized Vegasto work with incremental deployment of



new AQM and ECN. The link algorithm in Vegascomputesthe queueingdelay as follows:

_pl (t) =
1
cl

(yl (t) � cl ) (29)

The division by cl is what gives Vegasthe built-in scalability with network capacity (seeproofs of

Theorems1 and 4). As discussedin [17], Vegasexploits the bu�er processto automatically compute

congestionprices,at the expenseof having to maintain a non-zeroqueueingdelay (theseare Lagrange
multipliers for the utilit y maximization problem Vegasis implicitly solving).

The link algorithm in the scalableschemeof [21, 22] usesthe sameexpressionas in (29) except
that instead of real link capacity cl , a virtual link capacity that is slightly smaller (say, 95% of cl )

is used to explicitly compute the price pl (t). The advantage of using a virtual queue is that while
the prices still convergeto their non-zerovalues,the real queuewill be clearedin equilibrium. Since

queuesare now empty, queueingdelay can no longer serve as a feedback signal. ECN marking must
be usedto explicitly feedback the prices, e.g., using REM [2, 21, 22].

Imagine now a network with both typesof links, onedoesnot useECN nor perform AQM to clear
their queuesand one does. The �rst type maintains a queuebut does not mark, while the second

type has no queueingdelay but sendsa stream of marks to the sources.A sourceobservestwo types

of feedback signals: aggregatequeueingdelay from type 1 links and aggregatepricesfrom type 2 links
(after REM estimation). Not only do thesetwo signalsnot interfere with each other, their sum yields

precisely the total price in the path of the source! Hence, by observing both signals and summing
them, the sourceautomatically obtains the necessaryinformation for its control, without having to

know the type or number of links in its path. As more and more links convert to AQM with ECN,
the sourcealgorithm needsno upgrade. The only e�ect is that queueingdelay steadily decreases.

6 Simulation results

In this section, we present preliminary ns-2 simulation results to illustrate the behavior of the sta-
bilized Vegasalgorithm in the presenceof delay, especially compared with the original Vegasnear

equilibrium.
We simulate the scenariosof Examples 1 and 2 with a single bottleneck link sharedby N homo-

geneoussources. The simulations use the usually dumb-bell topology with N sourcesconnectedto
N destinations via tow routers. The accesslinks betweensources(or destinations) and their router

are non-bottleneck with zero latency, and the link between the two routers is the only bottleneck

link with capacity c MBytes/sec or c packets/ms with a �xed packet sizeof 1 KBytes. The latency
between the routers is d=2 ms. Routers do FIFO with Droptail and queuecapacity is set to 20000

packets so the possibility of packet lossis negligible. All sourcesstart to sendpacket simultaneously.
We �x � = 20 packets and N = 100 
o ws, and vary c and d. We present three setsof simulations,

with (c;d) in di�eren t regionsof Figure 2, as shown in Figure 4. Simulation (a) is for small capacity
and delay in the intersection of both stabilit y regions. Simulation (b) scalesup the capacity by 10

times, and simulation (c) scalesup the delay used in (a) by 10 times. Both (b) and (c) are outside
the stabilit y region of the original Vegas,but still in the stabilit y region of stabilized Vegas. For

both the original Vegasand Stabilized Vegasalgorithms, we set the target queuelength of each 
o w

� = 20 pkts and N = 100 
o ws. The last two columns of Figure 4 show the equilibrium queuing
delay and the equilibrium queuelength calculated from [17].

The simulation results are shown in Figure 5. The �rst plot of each caseshows the total queue
length bu�ered in the bottleneck link. The secondplots are the averagewindow size averagedover



link capacity propagation delay eq. queuelength eq. window size

c [pkts/ms] d [ms] N � [pkts] � + cd
N [pkts]

(a) 100 10 2000 30

(b) 1000 10 2000 120

(c) 100 100 2000 120

Figure 4: Network parameters for ns-2 simulations and the resulting equilibrium queue and window:

(�; N ) = (20; 100). For stabilized Vegas,(a; � ) = (0:5; 0:015).

the N sources. As expected, the original Vegasexhibits instabilit y in cases(b) and (c), where the

stabilized Vegasremains stable.

7 Conclusion

In this paper, we have presented a detailed analysis of Vegasstabilit y in a generalmulti-link multi-
sourcesetup with heterogeneousforward and backward delays. We have derived a stabilit y condition

that suggeststhat Vegascan be unstable in the presenceof delay. We have proposeda small modi-

�cation that stabilizes it in the presenceof large network delays.
Vegas is particularly attractiv e for high speed network becauseof its built-in scalability with

network capacity. In the high bandwidth regime, the potential problem with persistent congestion
of Vegas is alleviated. Moreover, it avoids the intrinsic di�cult y of having to control based on

extremely small lossprobabilit y, asRenomust. Despite theseadvantages,there are issuesassociated
with delay-basedcongestioncontrol that must be resolved, especially incremental deployment. We

have described one aspect of this: how Vegassourcecan work gracefully as the network migrates to
an ECN-basedAQM.

Many challengingproblemsremain, but we believe, given our understanding of Vegas'equilibrium
and stabilit y properties, that it is worthwhile to further explore this alternativ e for high speed

networks.

Ac kno wledgmen ts: We are grateful to John Doyle, Fernando Paganini, Jiantao Wang, Zhikui
Wang, for helpful discussions.

References

[1] J. S. Ahn, P. B. Danzig, Z. Liu, and L. Yan. Evaluation of TCP Vegas: emulation and experi-

ment. In Proceedings of SIGCOMM'95, 1995.

[2] Sanjeewa Athuraliya, Victor H. Li, Steven H. Low, and Qinghe Yin. REM: active queuemanage-
ment. IEEE Network, 15(3):48{53, May/June 2001. Extended version in Proceedings of ITC17,

Salvador, Brazil, September 2001. http://netlab.c alt ech.e du.

[3] Sanjeewa Athuraliya and Steven H. Low. Optimization 
o w control with Newton{lik e algorithm.

Journal of Telecommunication Systems, 15(3/4):345{358, 2000.



0 10 20 30 40 50
0

500

1000

1500

2000

2500

3000

3500

4000

Time(sec)

Qu
eu

e L
en

gth
(pk

ts)
bottleneck queue size(pkts) 

0 10 20 30 40 50
0

5

10

15

20

25

30

35

40

45

50

Time(sec)

Wi
nd

ow
(pk

ts)

average window size(pkts) 

Original Vegas          
Stabilized Vegas        
with (a,m)=(0.5,0.015)

(a) c = 100 pkts/ms and d = 10 ms

100 102 104 106 108 110
1800

1850

1900

1950

2000

2050

2100

2150

2200

Time(sec)

Qu
eu

e L
en

gth
(pk

ts)

bottleneck queue size(pkts) 

100 102 104 106 108 110
115

116

117

118

119

120

121

122

123

124

125

Time(sec)

Wi
nd

ow
(pk

ts)
average window size(pkts) 

(b) c = 1000 pkts/ms and d = 10 ms

100 105 110 115 120
1800

1850

1900

1950

2000

2050

2100

2150

2200

Time(sec)

Qu
eu

e L
en

gth
(pk

ts)

bottleneck queue size(pkts) 

100 105 110 115 120
118

118.5

119

119.5

120

120.5

121

121.5

122

Time(sec)

Wi
nd

ow
(pk

ts)

average window size(pkts) 

(c) c = 100 pkts/ms and d = 100 ms

Figure 5: The queuelength and the averagewindow sizenear equilibrium (� = 20; N = 100).



[4] Thomas Bonald. Comparison of TCP Reno and TCP Vegas via 
uid approximation. In
Workshop on the Modeling of TCP, December 1998. http://www.dmi.e ns.fr /\ %7Emist ral /

tcpworkshop.html .

[5] C. Boutremans and J. Y. Le Boudec. A note on the fairnessof TCP Vegas. In Proceedings of

International Zurich Seminar on Broadband Communications, pages163{170, February 2000.

[6] LawrenceS. Brakmo and Larry L. Peterson. TCP Vegas: end-to-end congestionavoidanceon

a global Internet. IEEE Journal on Selected Areas in Communications, 13(8):1465{80,October
1995. http://cs.prince to n.e du/n sg/ papers/ js ac- vegas.p s.

[7] C. A. Desoer and Y. T. Yang. On the generalizedNyquist stabilit y criterion. IEEE Trans. on
Automatic Control, 25:187{196,1980.

[8] U. Hengartner, J. Bolliger, and T. Gross.TCP Vegasrevisited. In Proceedings of IEEE Infocom,
March 2000.

[9] Chris Hollot, Vishal Misra, Don Towsley, and Wei-Bo Gong. A control theoretic analysis of
RED. In Proceedings of IEEE Infocom, April 2001. http://www- net.cs .u mass. edu/p apers /

papers.html .

[10] Frank P. Kelly, Aman Maulloo, and David Tan. Rate control for communication networks:

Shadow prices, proportional fairness and stabilit y. Journal of Operations Research Society,
49(3):237{252,March 1998.

[11] Ki Baek Kim and Steven H. Low. Analysis and designof AQM basedon recedinghorizon control
in stabilizing TCP. submitted for publication, March 2002.

[12] S. Kunniyur and R. Srikant. A time-scale decomposition approach to adaptive ECN marking.
IEEE Transactions on Automatic Control, June 2002.

[13] Srisankar Kunniyur and R. Srikant. End{to{end congestioncontrol schemes: utilit y functions,
random lossesand ECN marks. In Proceedings of IEEE Infocom, March 2000. http://www.

ieee- infocom.org /20 00/pa pers /40 1. ps.

[14] S. H. Low, F. Paganini, J. Wang, S. A. Adlakha, and J. C. Doyle. Dynamics of TCP/RED and

a scalablecontrol. In Proc. of IEEE Infocom, June 2002. http://netlab.cal tec h. edu.

[15] Steven H. Low. A dualit y model of TCP and queue management algorithms. In Proceedings

of ITC Specialist Seminar on IP Tra�c Measurement, Modeling and Management (updated

version), September 18-202000. http://netlab.cal tec h. edu.

[16] Steven H. Low and David E. Lapsley. Optimization 
o w control, I: basic algorithm and con-

vergence. IEEE/A CM Transactions on Networking, 7(6):861{874, December 1999. http:
//netlab.caltech .e du.

[17] Steven H. Low, Larry Peterson,and Limin Wang. Understanding Vegas:a dualit y model. J. of
ACM, 49(2):207{235,March 2002. http://netlab.ca lte ch.e du.

[18] L. Massoulie and J. Roberts. Bandwidth sharing: objectives and algorithms. In Infocom'99,
March 1999. http://www.dmi.en s. fr/ \%7Emis tr al/ tc pwork shop. ht ml.

[19] J. Mo, R. La, V. Anantharam, and J. Walrand. Analysis and comparison of TCP Reno and
Vegas. In Proceedings of IEEE Infocom, March 1999.

[20] Jeonghoon Mo and Jean Walrand. Fair end-to-end window-based congestion control.
IEEE/A CM Transactions on Networking, 8(5):556{567, October 2000.



[21] Fernando Paganini, John C. Doyle, and Steven H. Low. Scalable laws for stable network
congestion control. In Proceedings of Conference on Decision and Control, December 2001.

http://www.ee.uc la .ed u/ ~pagani ni .

[22] Fernando Paganini, Zhikui Wang, Steven H. Low, and John C. Doyle. A new TCP/A QM for

stabilit y and performance in fast networks. In Proc. of 39th Annual Allerton Conference on
Communication, Control, and Computing, October 2002.

[23] Glenn Vinnicombe. On the stabilit y of end-to-endcongestioncontrol for the Internet. Technical

report, Cambridge University, CUED/F-INFENG/TR.398, December 2000.

[24] Glenn Vinnicombe. Robust congestioncontrol for the Internet. submitted for publication, 2002.


