Power Systems Analysis

Chapter 5 Bus injection models
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Outline

1. Component models
* Sources, impedance
* Line
* Transformer

2. Network model: VI relation

3. Network model: Vs relation

4. Computation methods

Steven Low Caltech Outline



Overview

nodal
device models =¥ current/power - network models
balance

f

line/transformer
models

single-phase or 3-phase
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Single-phase devices

1. Single-terminal device j

. Voltage source <E], zj), current source (JJ, yj), power source (Gj, zj), impedance 3

. Terminal variables (Vj, L, Sj)

. External model: relation between <VJ,IJ> or <VJ, Sj>

2. Two-terminal device (j, k)
. Line (y;}{, y]?}j, y,’;“) transformer (njk, yj“}(, yﬁj)

. Terminal variables (V], L S]k> and (Vk, L, Skj>

. External model: relation between <V], Vi Ijk, ij> or <Vj, Vi Sjk, Skj)
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Single-phase devices

1. Voltage source (E], Z;

« Constant internal voltage E] with series impedance £

* Models for Thevenin equivalent circuit of a balanced
synchronous machine, secondary side of transformer, grid-
forming inverter

« External model: VJ = EJ — zjlj

H
. External model: s; = VJI]H = yiv (E-—V-)
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Single-phase devices

2. Current source (J], )’j>

« Constant internal current J] with shunt admittance Y

* Models for Norton equivalent circuit of a synchronous

generator, load (e.g. electric vehicle charger), grid-following
inverter

- External model: [; = J; — y;V;

H
. — H _
. External model: s; = VJIJ = \/J-(J-—ij->
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Single-phase devices

3. Power source <0j, zj>

Constant internal power of in series with impedance 3

Models for load, generator, secondary side of transformer

o _ H
External model: 0; = (VJ zjlj> I]

. H _ H
External model: s; = VJI] = 6j+zjljlj
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Single-phase devices

4. Impedance Z;

« Constant impedance 7
* Models for load

o External model: VJ = zjlj

. External model: S; = VIo = ‘
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Single-phase line (3, vy’

J

VI relation: I1 circuit and admittance matrix Yjjne

jk> Sjk Stjr Ik
o— Vik <o
+ + S m S
Ly I A Ve Tk V;
Yine
; reference point ;
—_— A m i ; . .
Ijk = yjk(vj -V) + Yie Vi admittance matrix Y!lne ;
* complex symmetric
— S m _ _
Li; = yjk(vk - V]) T Vi Vi * [Y]; = — series admittance
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Single-phase line (3, vy’

VI relation: I1 circuit and admittance matrix Yjjne

Lk, Sjk Skjr Ik j

o— Vik <o

+ +

V] y]T;(l y;c'} Vk

; reference point ;
7 ¢ (V v ) Loy Their sum is total line current loss
J Jf Jk " L+ 1= ypVityiVe # 0
ij = yjk(Vk V) + y Vk

Ifyix =y =0,then Iy = — I,
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Single-phase line (3, vy’

Vs relation

Lik> S Skjr Ik j
o—> Vik 1—2
+
Vj Yjk Vi Vi

—O

reference point

H H
. — Ky 2 H m 2
se= vl = (a) (vr-vn) + () 1

N
I

H H
o Vklg = ()’Ji) <|Vk|2_VijH) + <)’/?J1> |Vk|2 quadratic equations
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Single-phase line (3, vy’

Vs relation

Lik> S Skjr Ik j
o—> Vik 1—2
+
V; ik Vi) Vi
; reference point ;
Line loss

H p) H ) H 5
sitsg= (n) |vi-v| + () v+ () 1w
series loss shunt loss
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Single-phase transformer (K <njk>, Vi y]?;g)
Real K(njk) = n

Ijk'Sj EREPRRE : Skjflkj
o—> yfk > B <+o
V; Yik Vi
_ _ Yiransformer : COmMplex symmetric
© reference point 1 © ny °© Hence: admittance matrix with equivalent IT circuit
_ ) .
— S — . Yik i Yjk
lie =i (Vj “jka> el _ J s Vi
Ll l=a, v aZ(vs+ym 1%
_ _ kj L Vik ak<yk+yk> k
Iy =y ag Vi + ny(=1y) ARG SRSV

Yiransformer
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Single-phase transformer (K <njk>, Vi y]?;g)
Real K(njk) = n

Ijk'Sj ceeeea : Skj: Ik] Ijk;S'k Skj’ ]k]
o>——1 o o o T i
VJ % Vi V; yj?;{l 37113 Vi
© reference point - 1 : ny! ° C_> reference point ;
Vi = Yy
. j— S . — . k « = J k
Ly = Yy (VJ a]ka> ~{% j S -
yjk = (I- Cljk)yjk Vit F Vi

~mo._ _ s 2 \,m
Vi = aplay — Dy, +ag yy
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Single-phase transformer

Complex K (”Jk>
LSk — e Skj» Ticj

! - L <«

o +

/ it .

o reference point - 1 : my! )

L Vik — ! Ky(m)

I —yi/ Ki(n) <ng< tY JZ%) N Km) -

(x (n

Yiransformer
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* Yiransformer : NOt complex symmetric
« Has no equivalent I1 circuit

» Use transmission matrix for analysis



Outline

1. Component models

2. Network model: VI relation
 Examples

« VI relation (admittance matrix Y)
* Kron reduction

* Invertibility of Y

3. Network model: Vs relation

4. Computation methods
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Network model

nodal
device models =¥ current/power - network models
balance

f

line/transformer
models

single-phase or 3-phase
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Example

generator transformer transmission line hd Generator: Current source (]1, y1>

load

« Transformer (n,yl,ym)
« Transmission line with series admittance y

* Load: current source (12, )’2)

Derive

 Derive network model (admittance matrix Y)

Derive Y in 2 steps

Steven Low Caltech Network models



Example

Step 1: transformer + line

Ig:o

REEFN T Ty

+.,->—{'_§g~— <

\I\ vz

? &

' Nodal current balance (KCL):
i = | o] [

I T —av! a2 (v V. _

31 ay a (y y ) { Il == ]13
relate branch currents with |5, _ [ _y —y] V3 12 — 123
nodal voltages L, y yl1lv,

steven Low Caltech Network models



Example

Step 1: transformer + line

Ig 0 Ig':_o
- I,=1 - I;= 1,
X -I\ n z I' - I'3 PR iJl I3,
A —— ) et Kl
+ -+ + t
+
V\ vz V' 3 &5' 3 *
o — s J -

l I 1 v
I y 0 —ay Vi v | .
. : complex symmetric
I = 0 — V. I
2 Y Y 2 e Hence: admittance matrix with I1 circuit
_13_ —ayl -y y+ a’ (yl + ym) _V3_ * Unequal shunt elements
Yl
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Example

Step 2: overall SyStem generator/load

admittances

| g

generator transformer transmission line load
oa

=

generator load
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Example

Step 2: overall system

generator/load
admittances

( ) é é | I y+y] 0 —ay' Vi

generator transformer transmission line load 12 _ 0 y + _y V2
L —ay' =y y+at (YY) | Vs
Y
V5 Vz_
* Qverall network model: ideal current sources @
connected by network
e Network: admittance matrix Y J I.
e Yincludes admittances of non-ideal current _\
sources
—_—
Line !,oa.a(

Steven Low Caltech Network models



Example

Step 2: overall SyStem generator/load

admittances

( ) é é | I y+y] 0 —ay' Vi

generator transformer transmission line
load — —
os L| = 0 y+f) y v,

Kron reduction (see below)
« Internal bus has zero injection I; = 0

P “:"' t], I,
« Can eliminate (V3, I5) H & J
« External behavior: relation between (1, I,) and L {
Vi, Vo) — ’ '
geneolor heuns fmw&r‘ Lne loadq
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General network model

1. Network G := (N, E)
« N:={0}UN:={0}u{l,...,N} : buses/nodes/terminals
« E C N X N: lines/branches/links/edges

2. Eachline (J, k) is parameterized by <y]é}<, y;}’;’, y,’;-‘ )
* Yj ' series admittance
. y]?};‘, y,’g]? : shunt admittances, generally different

Q O ATy
k { *
o I-—s V. , \\i “j'

(a) Graph representation (b) IT equivalent circuit
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General network model

Branch currents

I j 2 Ty
k f N
D— AT ‘ 1 v -
J- V\) 33\L j\(j i -—\
. 3
SJ - H o ‘
(a) Graph representation (b) IT equivalent circuit

Sending-end currents

f i I = )’ﬁ((vk— V) + )’;?; Vi

J
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VI relation

Nodal current balance

Q S m m
o (jak JJ'K. j“J ) ®/O

<SJIJVj> (Sk,Ik, Vi)

(a) Graph representation

(b) IT equivalent circuit

b= 2 ki

kij~k




VI relation

Nodal current balance

I j 2 Ty
. G B
D o ¥
[ ] i N
oo I
(a) Graph representation (b) IT equivalent circuit

:E: — :E::%k t XU :E::%kv%

k:j~k k:j~k I k:j~k

total shunt admittance: y;" := Zk.ijyﬁ?
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VI relation

Admittance matrix Y

Dl =

kejnk

In vector form:

I = YV where ij=

Steven Low EE/CS/EST 135 Caltech

A\

S m
Z Yie T Yjj

kij~k

-

Jk’
2 yjl + yJJ ’
[;j~1

0

u

2 yﬁcvk

kej~k

j~k (G# b
j=k

otherwise



VI relation

Admittance matrix Y

Y can be written down by inspection of network graph
» Off-diagonal entry: — series admittance

» Diagonal entry: Zseries admittances + total shunt admittance

In vector form:

-

V% i~k GG#K)
I = YV where Y = <2y]1+yﬂa j=k

[;j~1

0 otherwise
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VI relation

Admittance matrix Y

A matrix Y is an admittance matrix iff it is complex symmetric

e Can be interpreted as a I1 circuit

In vector form:

-

¥ j~k (G#B
I = YV where Y = <2y]z+yﬂa j=k

[;j~1

0 otherwise
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VI relation

Example v

(v 0%1) (v 5,3

V,
13
4 Yia +Yi3 + )1 —V12 —J13 Vi
L = —Vi2 Yiz+ Y23+ — 3 Vs
Ll | - 33 i+ 35+ | Vs
total shunt admittance: ;' 1=} ik Vit
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Admittance matrix Y

In terms of incidence matrix C

bus-by-line incidence matrix

1 if | =j — k for some bus k
C;p = 4-1 if | =i — j for some bus i
0 otherwise

example:

Steven Low EE/CS/EST 135 Caltech



Admittance matrix Y

In terms of incidence matrix C

bus-by-line incidence matrix

(1 if | =j — k for some bus k
C;p = 4-1 if | =i — j for some bus i
0 otherwise

Yy = cr’ict + ym
where Y’ := diag (y;k>, Y™ := diag (yﬁ)

Y is a complex Laplacian matrix when Y"* = 0
« See later for its properties
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Outline

1. Component models

2. Network model: VI relation

* Kron reduction
* Invertibility of Y

3. Network model: Vs relation

4. Computation methods
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Kron reduction

Example generator/load

admittances

< ) é g | I y+y] 0 —ay' Vi

generator transformer transmission line
L| = 0 y+f) —y v,
L —ayl -y y+d? (yl + ym) Vs
Y
V5 v

Kron reduction

'+ Internal bus has zero injection I; = 0

« External model relates (I, 1,) and (V,, V,)
« Kron reduction: eliminate (V;, I5)

Steven Low Caltech Network models



Kron reduction

Nyeg C N : buses of interest, e.g., terminal buses

Want to relate current injections and voltages at buses in Nygg

[11] _ [Yn le] [V1]
12 Y21 Y22 V2

A

N red
N \N red

A

Y

Eliminate V, = — Y5,'Y,,V, + Y5,'L,

Schur complement

Steven Low EE/CS/EST 135 Caltech



Kron reduction

If internal injections I, = 0 :
(Y11 = Yio¥p' Vo) V=

Schur complement
* Describes effective connectivity and line admittances of reduced network

{; '
4}.
20 \03 2 3

original network reduced network

Example:

Steven Low EE/CS/EST 135 Caltech



Invertibility of Y

Zero shunt Y =0

Admittance matrix ¥ = CY°C where Y* := diag (yjf‘}{)
When Y is real, it is called a real Laplacian matrix

e (N+1)X (N + 1) real symmetric matrix

e Row sum =columnsum =0
e rank(Y) = N, null(Y) = span(1)

* Any principal submatrix is invertible

When Y is a complex symmetric, but not Hermitian, these properties may not hold
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Invertibility of Y

Zero shunt Y =0
Admittance matrix Y = CY’C where Y* := diag (yfk>

Theorem (Singular value decomposition)

Suppose Y™ = 0. Then Y = WEXW! where

« Unitary W : columns are orthonormal eigenvectors of YY
. 2 .= diag (0j> :0 =0y < 0y £ -+ < o are nonnegative roots of eigenvalues of YY

Pseudo-inverse Y7 = WxTw#
. W, WH - elementwise complex conjugate and Hermitian transpose respectively of W

. =7 := diag (1/Gj,j = 1,...,N> where 1/0]- =0 if 0, = 0
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Invertibility of Y

Nonzero shunt Y £ 0

Admittance matrix Y = CY’C + Y where Y’ := diag <y;k), Y™ .= diag (y]?]”’f‘)

If Y°, Y™ are real symmetric such that

]k, Ym are all of the same sign (e.g. for DC power flow model)

then

Y is strictly diagonally dominant: | ij| =

« Y is therefore invertible and positive definite

Steven Low EE/CS/EST 135 Caltech
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Invertibility of Y

Nonzero shunt Y £ 0

Sufficient (not necessary) condition for Y ~1 o exist is
aYa + 0 for all @ € CN*!

Proof:

If Y is not invertible then it has an eigenvector a with zero eigenvalue.
Hence a”Ya = 0

Steven Low EE/CS/EST 135 Caltech



Invertibility of Y

Nonzero shunt Y £ 0

Sufficient (not necessary) condition for Y~ !to exist is

a’Ya + 0 for all a € CN*!
( )

Hy,, _ 2
a’Yo = Z Zyﬁc_l_y;}? o™ — Zyﬁ{a]*ak

j k:k~j k:k~j
\ )

Steven Low EE/CS/EST 135 Caltech



Invertibility of Y

Nonzero shunt Y £ 0

Steven Low

Sufficient (not necessary) condition for Y ~1 o exist is
a’Ya + 0 for all a € CN*!

a'Ya

EE/CS/EST 135 Caltech

(

2

\

Z ka<

(J.k)EE

2
Zy]f*}c+y;}1 o™ =

k:k~j

J

S %k
> e

k:k~j

—a]*ak—aa + | o |

\

/

) + Zy], ||

jeN



Invertibility of Y

Nonzero shunt Y £ 0

Sufficient (not necessary) condition for Y ~1 o exist is
a’Ya + 0 for all a € CN*!

( \
H 2
a’Yo = Z Z Vi T Vi o™ — Z Vik aj*ak
j ki kekej
\ /
= Z yjk< —a]*ak—a]a + | o | ) + Zyﬂlal
(j.k)EE jEN

2
2
= D “j‘“k‘ + 2 ol

(j,k)eE jEN
Steven Low EE/CS/EST 135 Caltech




Invertibility of Y

Nonzero shunt Y £ 0

Write yi =: i+ ibj, yi = g +iby

H —
Yo = Z i |a-al + Zg;;’llal
\ UKIEE jEN
\
I Z b]?}c aj—ak‘ + Z mlal
\(]7k)€E ]EN )
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Invertibility of Y

Nonzero shunt Y £ 0

Therefore Y is invertible if

1. At least one shunt admittance y;}’ # (. All nonzero g;}’-’ (or b;]”) have same sign
2. All nonzero g; (or by) have same sign
3. All gy # 0. All nonzero g;* have the same sign as g;

2 2
H _ s _ m 2 : s _ m 2
a’'Ya = E i |9 ak‘ + E gilog|™ | + i E by | ak‘ + E b | a;l
(J.k)EE JEN (J.k)EE jeN

£ 0

If (j, k) models a transmission line, then these sufficient conditions are satisfied
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Invertibility of Y

Nonzero shunt Y £ 0

Therefore Y is invertible if

1. At least one shunt admittance y;}’ # (. All nonzero g;}’-’ (or b;}l) have same sign
2. All nonzero g; (or by) have same sign
3. All gy # 0. All nonzero g;* have the same sign as g;

Similar argument leads to sufficient conditions on invertibility of Y5, for Kron reduction

Steven Low EE/CS/EST 135 Caltech



Outline

1. Component models
2. Network model: VI relation

3. Network model: Vs relation
 Complex form
e Polar form
e Cartesian form
* Types of buses

4. Computation methods
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General network

Branch currents

<
o o oD :
k f N
o SUERYE ! , v o4
J- VJ 33\L jkj i -—\
Sj _ 4[ . sk
(a) Graph representation (b) IT equivalent circuit

Sending-end currents
Iy, = JTZ(VJ'—Vk) + )’]7: i L = yﬁ((vk_‘/j) + )’;?]-1 Vi,

Steven Low EE/CS/EST 135 Caltech



Power flow models

Complex form

Using S V

H 2 H H 2
i = (y;z) (1v2=vvi) + () 1Vl

H ) .
= () (%P =v) + (
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Power flow models

Complex form

Bus injection model 5; = Zk:ij S :

H H
5, = Z(ﬁ«) (IVJ-IZ—VJ-Vg’) + (ng1> VP

k:j~k

In terms of admittance matrix Y
N+1

_ Hy, H
S = Z Y Vivi
k=1

N + 1 complex equations in 2(N + 1) complex variables <Sj, VJ-,j = N)
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Power flow models

Polar form
Write s, =: p;+ig; and V, = |V|e JWIthyk_ o T by, vy =184 + by
N
pi= | X IVl - Z|Vj||Vk|(&kcosejﬁbjksmejl«)
= k#j
N
g =~ 2o |JIViIF = 21Vl (&kmejk—bjkc"sejk)
k=0 k]
(gl if j =k (bl if j=k
where g; = s i if j#k, (j,k)€E by =4 by if j#£k, (j,k)€E
10 if j#k, (J,k) € E 10 if j#k, (J,k) € E
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Power flow models

Polar form

Write s, =: p;+iq; and V, =: | V] e'? with yj“}{ ]k + lbj;@ J’}j = 8t 0+ lbm ;

N
p; = <zgjk>|vj|2 - Z|Vj||Vk|<8jk0039jk+bjk3m9jk>
k=0

ki
< 2

qgj = — ijk |Vi|I" = Z|Vj||vk|<8jk5m9jk— jkcosejk>
k=0 k]

2(N + 1) real equations in 4(N + 1) real variables (pj, q, |V;|,0, j € N)
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Power flow models

Cartesian form

Write s; =: p;+iq; and V, =t e, + if;:

7) = 2 (gueatfifo + bulhe— o)

k]

9= - (Z bjk) ¢ + J°2> -2 (gjk(ﬁ'ek ~ &0 — bulege +J§'fk)>
k i

0D
_I_

2(N + 1) real equations in 4(N + 1) real variables (pj, gy e»f» ] € ]V)
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Power flow models
Types of buses

Power flow equations specify 2(/N + 1) real equations in 4(N + 1) real variables
« Power flow (load flow) problem: given 2(N + 1) values, determine remaining vars

Types of buses

. PV buses: (pj, | Vi ) specified, determine (qj, (9]> e.g. generator
e PO buses: <pj, qj> specified, determine V;, e.g. load
« Slack bus 0 : V,, := 1£0° pu specified, determine <pj,pj)
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Outline

1. Component models
2. Network model: VI relation

3. Network model: Vs relation

4. Computation methods
e Gauss-Seidel algorithm
* Newton-Raphson algorithm
* Fast decoupled algorithm
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Computation methods

Gauss-Seidel algorithm

Case 1: given V, and (Sl, e SN>, determine syand (Vy, ..., Vy)

Power flow equations
_ H H
S0 = Z Yor Vo Vi
k
_ H H )
s = ) YHVVH  jeN
k

* First compute (V, ..., Vy)
* Then compute s,

Steven Low EE/CS/EST 135 Caltech



Computation methods

Gauss-Seidel algorithm

Case 1: given V, and (Sl, e SN>, determine syand (Vy, ..., Vy)

Rearrange 2nd equation:

st il
AR
J k=0
k#j
(
H N
1|5
V. = - D N
J Jjk'k
ij VJH k=0
\ k #j

Steven Low EE/CS/EST 135 Caltech
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Computation methods

Gauss-Seidel algorithm

Case 1: given V,, and (Sl, s SN>, determine syand (Vy, ..., Vy)
2nd power flow equation:

V= AV)
where V := (vj,j e N), = <]§,j e N)

Gauss algorithm is the fixed point iteration

Vie+ 1) = (VD)

Steven Low EE/CS/EST 135 Caltech



Computation methods

Gauss-Seidel algorithm

Case 1: given V, and (Sl, e SN>, determine syand (Vy, ..., Vy)

Gauss algorithm:

Vit+ 1) = f; (Vi(@), ..., Vpy(®)
Vot + 1) = fo (Vi(@), ..., V(@)
Vit + 1) = fy (Vi(@), ..., Va_ (D), V(D)

Steven Low EE/CS/EST 135 Caltech



Computation methods

Gauss-Seidel algorithm

Case 1: given V, and (Sl, e SN>, determine syand (Vy, ..., Vy)

Gauss-Seidel algorithm:
Vit+ 1) = f; (Vi(@), ..., Vpy(®)
Vot + 1) = fo(Vit+1),..., Vp(®)

Vit +1) = fy (Vit+ 1), ..., Vy_ (t + 1), V(D))

Steven Low EE/CS/EST 135 Caltech



Computation methods

Gauss-Seidel algorithm
Case 2: given (VO, - Vm) and (sm+1, . SN), determine (sj,j < m) and (Vj,j > m)

Power flow equations

s = Y YRVVE  j<m
k

k

« First compute (Vm+1, o VN) from 2nd set of equations using the same algorithm

e Then compute (Sj,j < m) from 1st set of equations
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Computation methods

Gauss-Seidel algorithm

If algorithm converges, the limit is a fixed point and a power flow solution
Algorithm converges linearly to unique fixed point if f is a contraction mapping
« Contraction is sufficient, but not necessary, for convergence

In general, algorithm may or may not convergence depending on initial point

fx)=x f(x)=)c2
- /yx

x =0 X, X X XoX| Xy

(a) Convergence (b) Divergence
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Computational methods

Newton-Raphson algorithm

To solve fx) =0

where f: R" - R", e.g. VF(x) = 0O for unconstrained optimization

Idea;:

* Linear approximation

@+ 1) = fx(t) + J(x(t)) Ax(?)
« Choose Ax(¢) such that f(x(t + 1)) =0, i.e., solve

Jx(D)Ax(t) = — f(x(2))
« Nextiterate x(r + 1) := x(r) + Ax(¥)
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Computational methods

Newton-Raphson algorithm

To solve fx) =0

where f: R" - R", e.g. VF(x) = 0O for unconstrained optimization

f)

OO = f(x®) +J(x®)(x —x(®)

x(t+1) = x() - (J(X(l‘)))_lf(X(t))

x(t+2) f+1) x(b)
Steven Low EE/CS/EST 135 Caltech



Computational methods

Newton-Raphson algorithm
Kantorovic Theorem
Consider f: D — R" where D C R" is an open convex set. Suppose
- fis differentiable and Vfis Lipschitzon D, i.e., [|[Vf(y) — Vf(x)|| < Ll|ly — x||
« Xy € D and Vf{(x,) is invertible

and

et p2 || (Vo)™ || 0z || (V) s

1 —+/1-2h
h:=pnlL, r:= p n
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Computational methods

Newton-Raphson algorithm
Kantorovic Theorem
Consider f: D — R" where D C R"is an open convex set. Suppose
- fis differentiable and Vfis Lipschitzon D, i.e., [|[Vf(y) — Vf(x)|| < Ll|ly — x||
« Xy € D and Vf{(x,) is invertible

If the closed ball B .(xy) € D and h < 1/2, then Newton iteration

xt+1) = x() — (V@) fx®)

converges to a solution x* € B, (xo) of f(x) =0

Newton-Raphson converges if it starts close to a solution, often quadratically
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Computational methods

Newton-Raphson algorithm

Apply to power flow equations in polar form:
p@,IVl)=p, JEN

where

N
<Zgjk)|vj|2 - Z | Vil Vil <8jk0039jk+bjk5m9jk)

k=0 ketj

N
q(0,|V]) = _<ijk>|vj|2 - Z|Vj||Vk|<gijin9jk_bjkCOS€jk>
k=0

k#j

Steven Low EE/CS/EST 135 Caltech



Computational methods

Newton-Raphson algorithm

Define f: RV Vo — RNy
Ap(@,|V]) p(Q,IVl)—p]
0,|V|) = =
81V [Aq(e,wn] [q(e,wn—q
with

J@©O,|V]) =
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Computational methods

Newton-Raphson algorithm

1. Initialization: choose (6(0), | V(0)] )

2. lterate until stopping criteria
(a) Determine (AH(t), AlV] (t)) from

AH(O] _ [Ap(Q(t),IVI(t))]
AlVI@® Ag(0@), | V](®)

- [ 9(1‘)] N [ AH(t)]
VIO AlV](@)

CIORMAIG) [

(b) Set

ot+ 1)
|VI(@+1)
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Computational methods

Fast Decoupled algorithm
Key observation: the Jacobian is roughly block-diagonal

op ap ap 0

00 0|V| 90
J@O,|V]) = 0 o ~ o %

00 9|V| i V| |

i.e., decoupling between p and | V|, and between g and 6
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Computational methods

Fast Decoupled algorithm
Key observation: the Jacobian is roughly block-diagonal

op ap ap 0

00 0|V| 90
J@O,|V]) = 0 o ~ o o

00 d|V]| i olv]

i.e., decoupling between p and | V|, and between g and 6

This simplifies the computation of Ax(¢)

0

0
ﬁ(em, [VI(®) AIVI@) = — AgB), | V] (D)
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Computational methods

Fast Decoupled algorithm

Decoupling assumption: g = 0, sin ij =

—|Vj|<gjkcosejk+bjksin9jk), ik
dpj

=\ p@.1V])
INVil - <Zgﬂ>|V| j=k

V)l

L

. 0
g =0, sind, =0,p(0,|V])=0 = ﬁ:o
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Computational methods

Fast Decoupled algorithm

Decoupling assumption: gy = 0, sinf; =0

| Vil Vil (gjkcos 0y + Dy sin ij>,
aq; _
. 0
gi =0, sind, =0, p(0,|V)=0 = —=0
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Summary

1. Component models
* Single-phase devices, line, transformer

2. Network models

« VI relation (admittance matrix Y), Vs relation (power flow models)

3. Computation methods
* Gauss-Seidel algorithm, Newton-Raphson algorithm, Fast decoupled algorithm
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