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Power System Analysis
Chapter 8  Unbalanced network: component models
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Figure 8.1: A simple model of a three-phase system consisting of a source connected through a line to a
load.

8.1.1 Internal and terminal variables











































































































(a) Y configuration












































































































(b) D configuration

Figure 8.2: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal variables of a generic single-terminal device are shown in Figure 8.2 and defined as
follows:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3, (V n, In,sn) 2 C
3:

line-to-neutral voltages, currents, and power across the single-phase devices in Y configuration. By
definition san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with
respect to a common reference point) is denoted by V n and is generally nonzero. A Y -configured
device may or may not have a neutral line which may or may not be grounded and the grounding
impedance zn may or may not be zero. When present, the current on the neutral line is denoted by In

in the direction coming out of the device. The Kirchhoff current law dictates that In = Âf Ifn. The

internal power across the neutral impedance is sn :=
⇣

V n �V n0
⌘

In where In denotes the complex

conjugate of In. The term V nIY , in contrast, is the vector power delivered across the neutral and the
common reference point (e.g., the ground).



Example
Single-phase system
System model = device model + network model


1. Device model:   ,  


2. Transformer model:  


3. Line model:  


4. Nodal (current) balance are implicitly taken into account


5. 6 (linear) equations in 6 unknowns  each in 

V1 =
Vgen

3 eiπ/6
Vload = Zload Iload

[I1
I2] = Ytransformer [V1

V2]
[ I2

Iload] = Yline [ V2
Vload]

(V1, V2, Vload), (I1, I2, Iload) ℂ
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the driving-point impedance is

V1

I1
=

(1+ZpYp)
�
K�1(n)V2

�
+Zp (K⇤(n) I2)

Yp (K�1(n)V2)+(K⇤(n) I2)

=
(1+ZpYp)Zload + Zp|K(n)|2

Yp Zload + |K(n)|2

= Zp +
1

Yp + |K(n)|2 Z�1
load

If (Zp,Yp) and (Zs,Ys) satisfy (3.3) then the expression above is equivalent to

V1

I1
=

1
|K(n)|2

 
|K(n)|2 Zp +

1
(|K(n)|2)�1Yp + Z�1

load

!
=

1
|K(n)|2

 
Zs +

1
Ys +Z�1

load

!

which is indeed (3.14a).

Exercise 3.7. Consider the balanced three phase system in Figure 3.30 where the line-to-line voltage of the
three-phase generator in D configuration is Vgen. The 3f transformer consists of single-phase transformers
in DY configuration. Each single-phase transformer is modeled by a series impedance Zl (and negligible
shunt admittance) on the primary side followed by an ideal transformer with turn ratio n. The transmission
line is modeled by a P-model with a series impedance Zs and a shunt admittance Ym/2 at each end of
the line. The transmission line is connected to a balanced 3f impedance load in Y configuration with an
impedance Zload in each phase.

Zline,
Ym
2
,Ym
2

!

"
#

$

%
&

Zload

Δ YVgen
~

1:n
transmission#line##

Zl

Figure 3.30: A three-phase generator in D configuration connected to a three-phase DY transformer and
then to a three-phase load in Y configuration through a three-phase AC transmission line.

1. Draw the equivalent per-phase circuit.

2. Derive the complex power delivered to the load Zload in each phase.

Solution 3.7. The per-phase circuit diagram is shown in Figure 3.31. Note that the equivalent line-to-
neutral voltage of the generator is Vgen/(

p
3e jp/6) and the equivalent impedance of the D-configured

transformer on the primary side is Zl/3.

To derive the power delivered to the load, start from the right-end of the circuit. The equivalent
impedance at the secondary side of the transformer is:

V2

I2
=

0

@Ym

2
+

 
Zline +

✓
Ym

2
+

1
Zload

◆�1
!�1

1

A
�1
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V1

+

−

V2

+

−

I2I1

1: 3n

Zl

e jπ /6

transformer transmission#line##

z#

Zline

ym
2

ym
2 Zload

Zl
3

Vgen
3e jπ /6

I load
+

−

Vload
Vgen
3e jπ /6

+

−

I1

Figure 3.31: The per-phase equivalent circuit of the one-line system in Figure 3.30.

The complex gain of the ideal transformer is

I1

Zeq
Vgen
3e jπ /6

+

−

Zl
3

Figure 3.32: The equivalent circuit after all impedances are referred to the primary side of the ideal
transformer.

KDY (n) =
p

3ne jp/6

Hence, referring the equivalent impedance on the secondary side to the primary side, we obtain the equiv-
alence impedance on the primary side to be:

Zeq :=
1

3n2

0

@Ym

2
+

 
Zline +

✓
Ym

2
+

1
Zload

◆�1
!�1

1

A
�1

The equivalent circuit is shown in Figure 3.32. Hence

I1 =
Vgen e� jp/6

p
3(Zl/3+Zeq)

From Figure 3.31

I2 =
I1

K⇤(n)
=

Vgen

n(Zl +3Zeq)

V2 = K(n) ·
Vgenp
3e jp/6

Zeq

Zl/3+Zeq



Example
Three-phase unbalanced system
System model = device model + network model


1. Device model:  -configured devices are a key difference


2. Transformer model: -configured transformers are a key 
difference


3. Line model: 3-phase lines have straightforward extension 


4. Nodal (current) balance are the same as for 1-phase network


5. 6 (linear) equations in 6 unknowns  
each in 

Y/Δ

Y/Δ

(V1, V2, Vload), (I1, I2, Iload)
ℂ3
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Figure 3.30: A three-phase generator in D configuration connected to a three-phase DY transformer and
then to a three-phase load in Y configuration through a three-phase AC transmission line.

1. Draw the equivalent per-phase circuit.

2. Derive the complex power delivered to the load Zload in each phase.

Solution 3.7. The per-phase circuit diagram is shown in Figure 3.31. Note that the equivalent line-to-
neutral voltage of the generator is Vgen/(

p
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impedance at the secondary side of the transformer is:

V2

I2
=

0

@Ym

2
+

 
Zline +

✓
Ym

2
+

1
Zload

◆�1
!�1

1

A
�1

Draft: EE 135 Notes August 8, 2022 141

V1

+

−

V2

+

−

I2I1

1: 3n

Zl

e jπ /6

transformer transmission#line##

z#

Zline

ym
2

ym
2 Zload

Zl
3

Vgen
3e jπ /6

I load
+

−

Vload
Vgen
3e jπ /6

+

−

I1

Figure 3.31: The per-phase equivalent circuit of the one-line system in Figure 3.30.

The complex gain of the ideal transformer is
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Figure 3.32: The equivalent circuit after all impedances are referred to the primary side of the ideal
transformer.

KDY (n) =
p

3ne jp/6

Hence, referring the equivalent impedance on the secondary side to the primary side, we obtain the equiv-
alence impedance on the primary side to be:
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The equivalent circuit is shown in Figure 3.32. Hence

I1 =
Vgen e� jp/6

p
3(Zl/3+Zeq)

From Figure 3.31

I2 =
I1

K⇤(n)
=

Vgen
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Figure 8.1: A simple model of a three-phase system consisting of a source connected through a line to a
load.

8.1.1 Internal and terminal variables











































































































(a) Y configuration












































































































(b) D configuration

Figure 8.2: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal variables of a generic single-terminal device are shown in Figure 8.2 and defined as
follows:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3, (V n, In,sn) 2 C
3:

line-to-neutral voltages, currents, and power across the single-phase devices in Y configuration. By
definition san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with
respect to a common reference point) is denoted by V n and is generally nonzero. A Y -configured
device may or may not have a neutral line which may or may not be grounded and the grounding
impedance zn may or may not be zero. When present, the current on the neutral line is denoted by In

in the direction coming out of the device. The Kirchhoff current law dictates that In = Âf Ifn. The

internal power across the neutral impedance is sn :=
⇣

V n �V n0
⌘

In where In denotes the complex

conjugate of In. The term V nIY , in contrast, is the vector power delivered across the neutral and the
common reference point (e.g., the ground).



Key question

How to derive external models of 3-phase devices


1. Voltage/current/power sources, impedances


2. … in  configurations


3. … with or without neutral lines, grounded or ungrounded, zero or nonzero 
grounding impedances

Y/Δ
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 (1-phase device: internal models)

(conversion rules: int  ext)→

similar principle to derive external models of 3-phase transformers (but different details) 



Internal variables
 configurationY

Internal voltage, current, power across single-phase devices:


 ,  ,  
VY :=
Van

Vbn

Vcn
IY :=

Ian

Ibn

Icn
sY :=

san

sbn

scn
:=

VanIan

VbnIbn

VcnIcn

Steven Low     Caltech    Overview

270 EE 135 Notes May 14, 2022

Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.

neutral voltage (wrt common reference pt) 

neutral current (away from neutral) 

Vn ∈ ℂ
In ∈ ℂ

• Neutral line may or may not be present

• Device may or may not be grounded

• Neutral impedance  may or may not be zerozn



Internal variables
 configurationΔ

Internal voltage, current, power across single-phase devices:


,  ,  VΔ :=
Vab

Vbc

Vca
IΔ :=

Iab

Ibc

Ica
sΔ :=

sab

sbc

sca
:=

VabIab

VbcIbc

VcaIca
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Terminal variables

Terminal voltage, current, power (for both  and ) to reference:


 ,  ,  


•  is with respect to an arbitrary common reference point, e.g. 
the ground


•  and  are in the direction out of the device

Y Δ

V :=
Va

Vb

Vc
I :=

Ia

Ib

Ic
s :=

sa

sb

sc
:=

VaIa

VbIb

VcIc

V

I s
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
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Ian, Ibn, Icn� 2 C

3, sY :=
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3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Internal vs terminal power

1. Internal power: 


• Across each single-phase device:  


• Across neutral conductor:  


2. Terminal power: 


• Power injected from device to network:  


sY/Δ := diag (VY/ΔIY/Δ𝖧)
sn := VnIn

s := diag (VI𝖧)
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
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Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
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The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
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3, sY :=
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3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.
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Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
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The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Summary: variables
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san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
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3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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• V D :=
�
V ab,V bc,V ca� 2 C

3, ID :=
�
Iab, Ibc, Ica� 2 C

3, sD :=
�
sab,sbc,sca� 2 C

3 : line-to-line volt-
ages, currents, and power across the single-phase devices in D configuration. By definition sab :=
V ab �

Iab�H is the power across the phase-a device, etc.

Note that the direction of the internal power san or sab across a single-phase device is defined in the
direction of the current across the device. We often assume the neutral line, when present, is grounded,
i.e., V n0

= 0, and the voltage reference point is the ground. In this case sn = V nInH.

The terminal variables of the single-terminal device in Figure 8.2 are defined as follows:

• V :=
�
V a,V b,V c� 2 C

3, I :=
�
Ia, Ib, Ic� 2 C

3, s :=
�
sa,sb,sc� 2 C

3,
⇣

V n0
, In0

,sn0
⌘

2 C
3: terminal

voltages, currents, and power. The terminal voltage V is defined with respect to an arbitrary but
common reference point, e.g., the ground. The terminal current I is defined in the direction coming
out of the device, i.e., I is defined to be the current injection from the device to the rest of the
network when it is connected to a bus bar, regardless of whether it generates or consumes power. By
definition sa := V a (Ia)H is the power across the terminal a and the common reference point. When
there is a neutral wire its terminal voltage (with respect to the common reference point), current and
power are denoted by

⇣
V n0

, In0
,sn0

⌘
with In0

= In and sn0
:= V n0

In0
H = V n0

InH.

The internal and external variables of a three-phase device are summarized in Table 8.1.

Voltage Current Power Neutral line
Internal variable VY/D IY/D sY/D (V n, In,sn)

External variable V I s
⇣

V n0
, In0

,sn0
⌘

Table 8.1: Internal and external variables of single-terminal three-phase devices.

8.1.2 Three-phase device models

An internal model of a three-phase device is a relation between the internal variables
�
VY , IY ,sY �

or
between

�
V D, ID,sD�

. It describes the behavior of the single-phase devices, and does not depend on their
Y or D configuration nor the absence or presence of a neutral line. For example the internal model of an
ideal voltage source specified by its internal voltage EY/D 2 C

3 is

VY/D = EY/D, sY/D = diag
✓

EY/D
⇣

IY/D
⌘H

◆

The internal model of an impedance specified by a complex matrix zY/D 2 C
3⇥3 is

VY/D = zY/D IY/D, sY/D = diag
✓

VY/D
⇣

IY/D
⌘H

◆

• Neutral line may or may not be present

• Device may or may not be grounded

• Neutral impedance  may or may not be zerozn



Device models
Internal model 

1. Relation between internal vars:    


2. Examples


f int (VY/Δ, IY/Δ) = 0, diag (VY/ΔIY/Δ𝖧) = sY/Δ

ideal voltage source: VY/Δ = EY/Δ, sY/Δ = diag (EY/Δ (IY/Δ)𝖧)
impedance: VY/Δ = zY/Δ IY/Δ, sY/Δ = diag (VY/Δ (IY/Δ)𝖧)
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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Device models
Internal model 

1. Relation between internal vars:    


2. Examples





3. Internal model

• Independent of  or  configuration

• Depends only on behavior of single-phase devices

• Voltage/current/power source, impedance

f int (VY/Δ, IY/Δ) = 0, diag (VY/ΔIY/Δ𝖧) = sY/Δ

ideal voltage source: VY/Δ = EY/Δ, sY/Δ = diag (EY/Δ (IY/Δ)𝖧)
impedance: VY/Δ = zY/Δ IY/Δ, sY/Δ = diag (VY/Δ (IY/Δ)𝖧)

Y Δ
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Device model
External model
1. External model   =   Internal model + Conversion rule


• External model: relation between 





• Devices interact over network only through their terminal vars


2. Internal model : relation between 


• Independent of  or  configuration

• Depends only on behavior of single-phase devices


3. Conversion rule : converts between internal and terminal vars

• Depends only on  or  configuration

• Independent of type of single-phase devices

(V, I, s)
f ext(V, I) = 0, s = diag (VI𝖧)

(VY/Δ, IY/Δ, sY/Δ)
Y Δ

Y Δ
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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Line or transformer model

1. A line or transformer has two terminals  and 

• Each terminal may have 3 wires (ports) or 4 wires (ports) if neutral line present


2. Terminal variables (3-wired)


• Terminal voltages:   


• Sending-end currents:   


• Sending-end powers:   


3. Model in terms of  admittance matrices:  


• IV relation:  


• sV relation:      or in vector form   

j k

Vj := (Va
j , Vb

j , Vc
j ) ∈ ℂ3, Vk := (Va

k , Vb
k , Vc

k) ∈ ℂ3

Ijk := (Ia
jk, Ib

jk, Ic
jk) ∈ ℂ3, Ikj := (Ia

kj, Ib
kj, Ic

kj) ∈ ℂ3

Sjk := (Sa
jk, Sb

jk, Sc
jk) ∈ ℂ3, Skj := (Sa

kj, Sb
kj, Sc

kj) ∈ ℂ3

3 × 3
g (Vj, Vk, Ijk, Ikj) = 0

Sϕ
jk := Vϕ

j (Iϕ
jk)

𝖧
Sjk := diag (VjI𝖧

jk), Skj := diag (VkI𝖧
kj)
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Figure 8.1: A simple model of a three-phase system consisting of a source connected through a line to a
load.

8.1.1 Internal and terminal variables











































































































(a) Y configuration












































































































(b) D configuration

Figure 8.2: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal variables of a generic single-terminal device are shown in Figure 8.2 and defined as
follows:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3, (V n, In,sn) 2 C
3:

line-to-neutral voltages, currents, and power across the single-phase devices in Y configuration. By
definition san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with
respect to a common reference point) is denoted by V n and is generally nonzero. A Y -configured
device may or may not have a neutral line which may or may not be grounded and the grounding
impedance zn may or may not be zero. When present, the current on the neutral line is denoted by In

in the direction coming out of the device. The Kirchhoff current law dictates that In = Âf Ifn. The

internal power across the neutral impedance is sn :=
⇣

V n �V n0
⌘

In where In denotes the complex

conjugate of In. The term V nIY , in contrast, is the vector power delivered across the neutral and the
common reference point (e.g., the ground).



Network model

Network balance equations relate terminal vars


• Nodal current balance:  


• Nodal power balance:  

Ij = ∑
k:j∼k

Ijk

sj = ∑
k:j∼k

Sjk
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The internal variables of a generic single-terminal device are shown in Figure 8.2 and defined as
follows:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3, (V n, In,sn) 2 C
3:

line-to-neutral voltages, currents, and power across the single-phase devices in Y configuration. By
definition san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with
respect to a common reference point) is denoted by V n and is generally nonzero. A Y -configured
device may or may not have a neutral line which may or may not be grounded and the grounding
impedance zn may or may not be zero. When present, the current on the neutral line is denoted by In

in the direction coming out of the device. The Kirchhoff current law dictates that In = Âf Ifn. The

internal power across the neutral impedance is sn :=
⇣

V n �V n0
⌘

In where In denotes the complex

conjugate of In. The term V nIY , in contrast, is the vector power delivered across the neutral and the
common reference point (e.g., the ground).



Overall model
Device + network
1. Device model for each 3-phase device 


• Internal model on  + conversion rules


• External model on  


• Either can be used

• Power source models are nonlinear; other devices are linear


2. Network model relates terminal vars 

• Nodal current balance equation: linear

• Nodal power balance equation: nonlinear

• Either can be used

(VY/Δ
j , IY/Δ

j , sY/Δ
j )

(Vj, Ij, sj)

(V, I, s)
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Overall model will be linear if and only if only voltage/current 
sources and impedances are present (but no power sources)



Outline

1. Overview


2. Mathematical properties

• Conversion matrices 

• Sequence variables


3. Three-phase device models


4. Three-phase line models


5. Three-phase transformer models

Γ, Γ𝖳
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Conversion matrices




Incidence matrices for:

Γ := [
1 −1 0
0 1 −1

−1 0 1], Γ𝖳 := [
1 0 −1

−1 1 0
0 −1 1]
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can serve as the common reference point. This is not necessarily the case for an unbalanced system, which
we will study in Chapter 8.

Hence, for Y configuration, the terminal voltage and current (V, I) are determined by the internal
voltage and current

�
VY , IY �

according to (when the common reference point for V is the neutral):

V = VY , I = �IY (1.7)

Instead of the terminal voltage V it is also common to describe the behavior of the three-phase device
in terms of its line-to-line or line voltage V line := (Vab,Vbc,Vca). To relate V line to V , define the matrices G
and its transpose GT:

G :=

2

4
1 �1 0
0 1 �1

�1 0 1

3

5 , GT :=

2

4
1 0 �1

�1 1 0
0 �1 1

3

5 (1.8)

We call G and GT conversion matrices. They can be interpreted as the bus-by-line incidence matrices
of the directed graphs shown in Figure 1.7 (properties of general incidence matrices are summarized in

(a) G (b) GT

Figure 1.7: Directed graphs of which G and GT are incidence matrices.

Appendix 25.2). Then
2

4
Vab
Vbc
Vca

3

5 =

2

4
1 �1 0
0 1 �1

�1 0 1

3

5

| {z }
G

2

4
Va
Vb
Vc

3

5

or in vector form:

V line = GV (1.9)

This holds for both Y and D configurations and whether or not the common reference point for V is the
neutral of a Y configured device.

D configuration. For the D configuration in Figure 1.6(b), the internal voltage (vector) is the line-to-line
voltage V D := (Vab,Vbc,Vca) = V line, and the internal current ID := (Iab, Ibc, Ica) is the line-to-line current.
As for the Y configuration, the terminal voltage V := (Va,Vb,Vc) are voltages with respect to an arbitrary
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Conversion matrices

Convert between internal vars and external vars


Vab

Vbc

Vca

= [
1 −1 0
0 1 −1

−1 0 1]
Γ

Va

Vb

Vc

,
Ia

Ib

Ic

= − [
1 0 −1

−1 1 0
0 −1 1]

Γ𝖳

Iab

Ibc

Ica
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Conversion matrices

In vector form


VΔ = ΓV, I = − Γ𝖳IΔ
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internal

voltage

terminal

voltage

terminal

current

internal

current

Convert between internal vars and external vars


Vab

Vbc

Vca

= [
1 −1 0
0 1 −1

−1 0 1]
Γ

Va

Vb

Vc

,
Ia

Ib

Ic

= − [
1 0 −1

−1 1 0
0 −1 1]

Γ𝖳

Iab

Ibc

Ica



Conversion matrices
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Lemma 
Let  be a normal matrix, i.e., . 


1. Decomposition:   where   are eigenvalues and columns of  
are eigenvectors of .


2. Pseudo-inverse:   where   with  if .


3. Solution of : A solution  exists if and only if  is orthogonal to null  in which case


M ∈ ℂn×n MM𝖧 = M𝖧M

M = UΛU𝖧 Λ = diag(λ1, …, λn) U
M

M† = UΛ†U𝖧 Λ† := diag (λ−1
1 , …, λ−1

n ) λ−1
j := 0 λj = 0

Mx = b x b (M𝖧)
x = M† b + w, w ∈ null (M)



Conversion matrices
Spectral decomposition

Spectral decomposition: 





where 





and 

Γ = FΛF, Γ𝖳 = FΛF

Λ :=
0

1 − α
1 − α2

, F :=
1

3

1 1 1
1 α α2

1 α2 α

α := e−i2π/3

Steven Low     Caltech    Mathematical properties

positive-seq

balanced 

vector α+

negative-seq

balanced 

vector α−

eigenvectors

of , Γ Γ𝖳



Conversion matrices
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Theorem 
1. The null spaces of  and are both span .


2.  is normal.  Moreover, 


3. Their pseudo-inverses are:    


4. Consider .  Solutions  exist if and only if , in which case





5. Consider .  Solutions  exist if and only if , in which case


Γ Γ𝖳 (1)

Γ ΓΓ† = Γ†Γ = 1
3 ΓΓ𝖳 = 1

3 Γ𝖳Γ = 𝕀 − 1
3 11𝖳

Γ† =
1
3

Γ𝖳, Γ𝖳† =
1
3

Γ

Γx = b x 1𝖳b = 0

x =
1
3

Γ𝖳b + γ1, γ ∈ ℂ

Γ𝖳x = b x 1𝖳b = 0

x =
1
3

Γb + β1, β ∈ ℂ



Sequence variables
Fortescue matrix F

1.  is unitary and complex symmetric (recall )


2. Its inverse is:


 


3.  defines a similarity transformation:





4.  is called the sequence variable of .  Its components are


F Γ = FΛF

F−1 = F𝖧 = F =
1

3
[1 α+ α−]

F

x = Fx̃, x̃ := F−1x = Fx
x̃ x

x̃0 :=
1

3
1𝖧x, x̃+ :=

1

3
α𝖧

+x, x̃− :=
1

3
α𝖧

−x
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zero-sequence positive-sequence negative-sequence



Sequence variables
Sequence voltage, current, power

1. Sequence voltage and current:


 


2. Powers in phase and sequence coordinates:





3. The total powers are equal  :





since  

Ṽ = FV, Ĩ = FI

s := diag (VI𝖧), s̃ := diag (ṼĨ𝖧)
1𝖳s̃ = 1𝖳s

1𝖳s̃ = Ĩ𝖧Ṽ = (I𝖧F𝖧) (FV) = I𝖧V = 1𝖳s

F𝖧F = FF = 𝕀
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Outline

1. Overview


2. Mathematical properties


3. Three-phase device models

• Conversion rules


• Devices in  configuration


• Devices in  configuration


•  transformation (ideal devices)


4. Three-phase line models


5. Three-phase transformer models

Y
Δ

Y-Δ
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How to derive external models
Recall
1. External model   =   Internal model + Conversion rule


• External model: relation between 

• Devices interact over network only through their terminal vars


2. Internal model : relation between 


• Independent of  or  configuration

• Depends only on behavior of single-phase devices

• Voltage/current/power source, impedance


3. Conversion rule : converts between internal and terminal vars

• Depends only on  or  configuration

• Independent of type of single-phase devices

(V, I, s)

(VY/Δ, IY/Δ, sY/Δ)
Y Δ

Y Δ
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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Conversion rule
 configurationY

1. Converts between internal and terminal variables








2. Negative signs in  due to directions of currents and powers

•  : current & power injection from 3-phase device to rest of network


• : current & power delivered to the single-phase devices


3. If there is no neutral line, then  


• ,   determined by network interaction

V = VY + Vn1, I = − IY, s = − (sY + VnIY)
1𝖳I = − 1𝖳IY = − In

I, s
(I, s)

(IY, sY)
zn := ∞, In := 0

1𝖳I = − 1𝖳IY = 0 Vn
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Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Conversion rule
 configuration: assumption C8.1Y

1. Assumption C8.1


• All voltages are defined wrt the ground


• All neutrals are grounded through  (which may be zero)


2. If Assumption C8.1 holds 


• 


•  if 


3. If neutrals are ungrounded but connected to neutrals of other 
devices through 4-wire lines


•  determined by network interaction

zn

Vn = − zn (1𝖳I)
Vn = 0 zn = 0

(Vn, In)
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.

C8.1 often assumed sometimes implicitly in literature



Conversion rule
 configuration: voltage conversionΔ

1. Converts between internal and terminal voltages & currents





2. Given , solution  exists iff , i.e.

•    (Kirchhoff’s Voltage Law)


3. Solution: terminal voltage  


4.  : (scaled) zero-sequence terminal voltage


• A given reference voltage, e.g., , fixes  for every -configured device

VΔ = ΓV, I = − Γ𝖳IΔ

VΔ V 1𝖳VΔ = 0
Vab + Vbc + Vca = 0

V =
1
3

Γ𝖳VΔ + γ 1, γ ∈ ℂ

γ := 1
3 1TV

V0 := α+ γ Δ
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Conversion rule
 configuration: current conversionΔ

1. Converts between internal and terminal voltages & currents





2. Given , solution  exists iff , i.e.

•    (Kirchhoff’s Current Law)


3. Solution: internal current  


4.  : (scaled) zero-sequence internal current


• Zero-sequence internal current does not affect terminal current 

VΔ = ΓV, I = − Γ𝖳IΔ

I IΔ 1𝖳I = 0
Ia + Ib + Ic = 0

IΔ = −
1
3

ΓI + β 1, β ∈ ℂ

β := 1
3 1TIΔ

I
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Conversion rule
 configuration: power conversionΔ

1. Relation between  and  is indirect, through , through , or through 

• Follows from voltage and current conversions


2. Given  with ,   and terminal power is





3. Given  with ,   and internal power is





4. Zero-sequence voltage  and current  may be determined by spec or network interaction  


5. Total powers    and    are independent of 

• Because   and   

s sΔ (VΔ, IΔ) (V, I) (V, IΔ)

(VΔ, IΔ) 1𝖳VΔ = 0 sΔ := diag (VΔIΔ𝖧)
s := diag (VI𝖧) = − diag (Γ† (VΔIΔ𝖧) Γ) + γI

(V, I) 1𝖳I = 0 s := diag (VI𝖧)
sΔ := diag (VΔIΔ𝖧) = − diag (Γ (VI𝖧) Γ†) + βVΔ

γ β

1𝖳s 1𝖳sΔ (γ, β)
1𝖳I = 0 1𝖳VΔ = 0
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Conversion rule
 configuration: power conversionΔ

6. Relation between  and  through  :





• The parameterization  implicitly contains    and   and is more 
convenient computationally

s sΔ (V, IΔ)
s = − diag (VIΔ𝖧Γ), sΔ = diag (ΓVIΔ𝖧)

(V, IΔ) γ :=
1
3

1𝖳V β :=
1
3

1𝖳IΔ
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• no direct relation between  and 

• follows from voltage & current conversions

s sΔ



Three-phase devices

We next specify internal models and derive external models of 3-phase devices: 


1. External model   =   Internal model + Conversion rule


• Internal model: relation between 


• External model: relation between 


2. … for devices

• Voltage source 

• Current source

• Power source

• Impedance


3. … in  and  configurations

(VY/Δ, IY/Δ, sY/Δ)
(V, I, s)

Y Δ
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Figure 8.2: Overall network model of the system in Figure 8.1.

This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.
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This section derives those relationships that hold for all single-terminal devices. It also overviews different
component models and how they can be composed into an overall network model. The remaining sections
of this chapter will derive the internal and external models of these devices.

8.2.1 Single-terminal device: internal behavior

(a) Y configuration (b) D configuration

Figure 8.3: Internal and external variables associated with a single-terminal device in Y and D configura-
tions.

The internal behavior of a single-terminal device shown in Figure 8.3 is described in terms of its
internal variables:

• VY :=
�
V an,V bn,V cn� 2 C

3, IY :=
�
Ian, Ibn, Icn� 2 C

3, sY :=
�
san,sbn,scn� 2 C

3 : line-to-neutral
voltages, currents, and power across the single-phase devices in Y configuration. By definition
san := V an (Ian)H is the power across the phase-a device, etc. The neutral voltage (with respect to a
common reference point) is denoted by V n and is generally nonzero. A Y -configured device may or
may not have a neutral line which may or may not be grounded (Figure 8.3 shows the case where
the device is grounded through an impedance zn). When present, the current on the neutral line is
denoted by In in the direction away from the neutral.



Voltage source :  configuration(EY, zY, zn) Y
Internal model
1. Internal voltages and currents


 


2. Internal powers: 


• Across each single-phase device: 


• Across neutral conductor: 


VY = EY + zYIY, In = 1𝖳IY, Vn = zn (1𝖳IY)

sY := diag (VYIY𝖧)
sn := VnIn

sY = diag (EYIY𝖧) + diag (zYIYIY𝖧) =
EanIan𝖧

EbnIbn𝖧

EcnIcn𝖧

sY
ideal

+

zan Ian 2

zbn Ibn
2

zcn Icn 2

simp

, sn = zn 1𝖳IY
2
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Voltage source :  configuration(EY, zY, zn) Y
External model

1. Internal model


 


2. Conversion rule for  configuration





3.   External model (under Assumption C8.1 )





VY = EY + zYIY

Y

V = VY + Vn1, I = − IY

⟹ ⇒Vn = − zn (1𝖳I)
V = EY − (zY + zn11𝖳)

ZY

I

s = diag (V (EY − V)𝖧 ((ZY)−1)𝖧)
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

neutral conductor  couples the phaseszn



Voltage source :  configuration(EY, zY, zn) Y
External model

4. Comparison


Single-phase :  


Three-phase : 


     


V = E − zI ∈ ℂ

V = EY − ZYI ∈ ℂ3

ZY :=
zan + zn zn zn

zn zbn + zn zn

zn zn zcn + zn
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

Chapter 4

Other devices

This chapter is now a random collection of devices often encountered in power flow models. Needs major
revision later.

4.1 Generator

A circuit model of a round-rotor generator is shown in Figure 4.1 (upper panel). It models a generator as
a voltage source with a constant open-circuit internal voltage Ea in series with an impedance zs = r + ix

network#Ea

+

−

Ia

Va

+

−

zs

network#Is

Ia

Va

+

−

ys

equiv#generator#model#

z#
z#

Figure 4.1: Per-phase circuit model of a round-rotor generator with an open-circuit internal voltage Ea
and series impedance zs (upper panel). The generator as a voltage source can be equivalently modeled as
a current source Is i n parallel with a shunt admittance ys (lower panel).

consisting of a winding resistance r and a synchronous reactance x. Given a generator (Ea,zs), its terminal
voltage and current (Va, Ia) are related by

Va = Ea � zsIa

156

E

I

V

1-phase device



Voltage source :  configuration(EY, zY, zn) Y
Ideal source
1. Assumptions


• 


• Assumption C8.1 with  : 


2. Internal model


 


3. Conversion rule for  configuration





4.   External model


zY = 0

zn = 0 Vn = 0

VY = EY

Y

V = VY, I = − IY

⟹
V = EY

s = diag (EYI𝖧)
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Current source :  configuration(JY, yY, zn) Y
Internal model
1. Internal voltages and currents


 


2. Internal powers: 


IY = JY + yYVY

sY := diag (VYIY𝖧) = diag (VYJY𝖧) + diag (VYVY𝖧 yY𝖧)

=
VanJan𝖧

VbnJbn𝖧

VcnJcn𝖧

sY
ideal

+

yan𝖧 Van 2

ybn𝖧 Vbn
2

ycn𝖧 Vcn 2

sadm

sn := VnIn𝖧 = zn 1𝖳JY + diag (yY)𝖳 VY
2

Steven Low     Caltech    3-phase devices

282 EE 135 Notes May 14, 2022

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Current source :  configuration(JY, yY, zn) Y
External model

1. Internal model


 


2. Conversion rule





3.   External model (under Assumption C8.1 )


       where   


IY = JY + yYVY

V = VY + Vn1, I = − IY

⟹ ⇒Vn = − zn (1𝖳I)
I = − A (JY + yY V) A := 𝕀 −

zn

1 + zn (1𝖳yY1)
yY11𝖳

s = − diag (V (JY𝖧 + V𝖧yY𝖧) A𝖧)
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Current source :  configuration(JY, yY, zn) Y
External model

4. Comparison


Single-phase :  


Three-phase :   


     

I = J − yV

I = A (−JY − yY V)
A := 𝕀 −

zn

1 + zn (1𝖳yY1)
yY11𝖳
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

Chapter 4

Other devices

This chapter is now a random collection of devices often encountered in power flow models. Needs major
revision later.

4.1 Generator

A circuit model of a round-rotor generator is shown in Figure 4.1 (upper panel). It models a generator as
a voltage source with a constant open-circuit internal voltage Ea in series with an impedance zs = r + ix

network#Ea

+

−

Ia

Va

+

−

zs

network#Is

Ia

Va

+

−

ys

equiv#generator#model#

z#
z#

Figure 4.1: Per-phase circuit model of a round-rotor generator with an open-circuit internal voltage Ea
and series impedance zs (upper panel). The generator as a voltage source can be equivalently modeled as
a current source Is i n parallel with a shunt admittance ys (lower panel).

consisting of a winding resistance r and a synchronous reactance x. Given a generator (Ea,zs), its terminal
voltage and current (Va, Ia) are related by

Va = Ea � zsIa

156

J

I

V

1-phase device

Note: directions of  are oppositeJ

  if  A = 𝕀 zn = 0



Current source :  configuration(JY, yY, zn) Y
Ideal source
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

1. Assumptions


• 


• Assumption C8.1 with  : 


2.   External model


yY = 0

zn = 0 Vn = 0

⟹
I = − JY

s = − diag (VJY𝖧)
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

Power source :  configuration(σY, zn) Y
Internal model

1. Internal powers


 
sY = σY, sn := VnIn𝖧 = zn 1𝖳IY
2
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Power source :  configuration(σY, zn) Y
External model

1. Internal model


 


2. Conversion rule





3.   External model (under Assumption C8.1 )


 relation:  


 relation:   

sY = σY

V = VY + Vn1, I = − IY

⟹ ⇒Vn = − zn (1𝖳I)
IV V = − diag (I𝖧)−1 σY − zn (11𝖳) I

Is s = − (σY + zn (II𝖳) 1)
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Power source :  configuration(σY, zn) Y
External model

4. Comparison


Single-phase :  


Three-phase :   


Total power (3-phase) : 





    

s = σ

s = − (σY + zn (II𝖳) 1)

−1𝖳σY = 1𝖳s + zn (1𝖳IY)
−Vn

(1𝖳IY)
−In𝖧

= 1𝖳s + sn
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

σ
Note: directions of  are oppositeσ

power delivered to zn



Power source :  configuration(σY, zn) Y
Ideal source
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1. Assumption


• Assumption C8.1 with  : 


2.   External model


zn = 0 Vn = 0

⟹

s = − σY
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

Impedance :  configuration(zY, zn) Y
Internal model

1. Internal voltage and current:


 


2. Internal power: 

VY = zYIY

sY := diag (VYIY𝖧) = diag (VYVY𝖧 (yY)𝖧)
sn := VnIn𝖧 = zn 1𝖳IY

2
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Impedance :  configuration(zY, zn) Y
External model

1. Internal model


 


2. Conversion rule for  configuration





3.   External model (under Assumption C8.1 )





VY = zYIY

Y

V = VY + Vn1, I = − IY

⟹ ⇒Vn = − zn (1𝖳I)
V = − ZY I = (zY + zn 11𝖳) I

s = − diag (VV𝖧 ((ZY)−1)𝖧)

Steven Low     Caltech    3-phase devices

neutral conductor  couples the phaseszn
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.



Impedance :  configuration(zY, zn) Y
External model

4. Comparison


Single-phase :  


Three-phase : 


     


V = − zI ∈ ℂ

V = − ZYI ∈ ℂ3

ZY :=
zan + zn zn zn

zn zbn + zn zn

zn zn zcn + zn
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

z
+− V

I



Impedance :  configuration(zY, zn) Y
Ideal impedance

1. Assumption


• Assumption C8.1 with  : 


2.   External model


zn = 0 Vn = 0

⟹

ZY = zY, V = zYI
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(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.4: Three-phase devices in Y configuration. (a) A voltage source. (b) A current source. (c) A
power source. (d) An impedance. Note that the direction of JY and sY is terminal-to-neutral.

phases are decoupled

Balanced impedance

When  but  is balanced, i.e., , then similarity 
transformation using  produces a sequence impedance that is decoupled in the 
sequence coordinate


zn ≠ 0 zY zan = zbn = zcn

F

Z̃Y =
zan + 3zn 0 0

0 zan 0
0 0 zan



Recap: external models
-configured devices (ideal)Y
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Accepted for presentation in 11TH BULK POWER SYSTEMS DYNAMICS AND CONTROL SYMPOSIUM, JULY 25-30, 2022,
BANFF, CANADA 6

which expresses Kirchhoff’s current law. In that case,
there is a subspace of ID that satisfy (4a), given by

ID = �1
3

GI + b 1, b 2 C (4c)

where b specifies the amount of loop flow in ID and
does not affect the terminal current I since GTb1 = 0.
The quantity b := 1

3 1TID is the (scaled) zero-sequence
current of ID.

The terminal power injection from the device is s :=
diag

�
V IH

�
and the internal power delivered across the

single-phase devices in the direction ab, bc, ca is sD :=
diag

�
V DIDH�. Given internal voltage and current

�
V D, ID�

with 1TV D = 0, the terminal power s is (from (4a) (4b)):

s = �diag
⇣

G†
⇣

V DIDH
⌘

G
⌘
+ gI, 1TV D = 0 (4d)

where I is the complex conjugate of the terminal current
I =�GTID and g 2 C is determined by a reference voltage.
Conversely, given terminal voltage and current (V, I) with
1TI = 0, the internal power sD is (from (4a) (4c)):

sD = diag
⇣

G
⇣

V IH
⌘

G†
⌘
+ bV D, 1TI = 0 (4e)

where V D = GV and b 2 C is determined by the zero-
sequence current of ID.

Remark 2 (Total power). 1) Given an internal voltage
and current

�
V D, ID�, the terminal power vector s does

not depend on the zero-sequence current b := 1
3 1TID

but does depend on the zero-sequence voltage g :=
1
3 1TV . Since I = �GTID and hence 1TI = 0, the total
terminal power however is independent of g:

1T s = �1Tdiag
⇣

G†
⇣

V DIDH
⌘

G
⌘

2) Given a terminal voltage and current (V, I), from (4e),
the internal power vector sD depends on zero-sequence
current b . Since V D = GV and hence 1TV D = 0, the
total internal power however is independent of the loop
flow:

1TsD = �1Tdiag
⇣

G
⇣

V IH
⌘

G†
⌘

In summary a complete model of a three-phase device is
given by its internal model specifying the relationship among
its internal variables

�
VY/D, IY/D,sY/D� and the conversion

rules (3) and (4) between its internal variables and external
variables (V, I,s), for Y and D configuration respectively. This
model is required to fully specify a network model (see
below) when the application under study needs to determine
or optimize some of the internal variables such as the current
IY/D

j or power sY/D
j of each of the single-phase devices

connected at a bus j.

When the application does not require internal variables,
we can apply the conversion rules (3) (4) to the internal
models to eliminate the internal variables and obtain a
relationship between the external variables (V, I,s) in terms of
device parameters, such as EY/D for an ideal voltage source
or zY/D of an impedance, as we explain next.

C. Devices: external models

Since we do not need power sources in this paper, to save
space, we omit the derivation of their external model.

Y configuration. Application of the conversion rule (3) to
the internal models of a voltage source, a current source,
and an impedance yields the external models that relate their
terminal variables. The result is summarized in Table II. In

Device Y configuration
Voltage source V = EY + g1 s = diag

�
EY IH

�
+ gI

Current source I =�JY s =�diag
�
V JYH�

Power source diag
�
IH

�
(V � g1) =�s s =�sY + gI

Impedance V =�zY I + g1 s =�diag
⇣

V (V � g1)H yYH
⌘

TABLE II: External models of ideal single-terminal devices
in Y configuration (g =V n).

the table g = V n is the neutral voltage. These models for
ideal sources do not rely on a common and often implicit as-
sumption that all neutrals are grounded through an impedance
zn 2 C, which may or may not be zero, and voltages are
defined with respect to the ground. If this assumption holds
then g =V n =�zn

⇣
1TI

⌘
by KCL. If, in addition, all neutrals

are directly grounded, i.e., zn = 0, then g = V n = 0 for
all Y -configured devices. For a typical three-phase analysis
problem, g for all Y -configured device needs to be specified
(see Remark 5).

D configuration. The external models of D-configured devices
can be derived by applying the conversion rule (4) to their
internal models.

1) Voltage source
�
ED,g

�
: Applying the conversion rule

V D = GV in (4a) to the internal model V D = ED of an
ideal voltage source, we obtain the following external
model that relate the terminal voltage, current and
power (V, I,s):

V =
1
3

GTED + g1, 1TI = 0 (5a)

s =
1
3

diag
⇣

GTEDIH
⌘

+ gI (5b)

provided 1TED = 0, where g 2 C is fixed by a given
reference voltage. To specify the external model of
an ideal voltage source is to fix the two parameters�
ED,g

�
. Its terminal current and power (I,s) will be

determined by the interaction of its external model (5)

1.  is neutral voltage


2. Negative signs are only due to directions of  and  (out of device)


3. total terminal power   =  total internal power   +  power delivered across neutral

γ := Vn

I s
1𝖳s 1𝖳sY



Outline

1. Overview


2. Mathematical properties


3. Three-phase device models

• Conversion rules


• Devices in  configuration


• Devices in  configuration


•  transformation


4. Three-phase line models


5. Three-phase transformer models

Y
Δ

Y-Δ
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Voltage source :  configuration(EΔ, zΔ) Δ
Internal model

1. Internal voltages and currents


 


2. Internal powers: 

VΔ = EΔ + zΔ IΔ

sΔ := diag (VΔIΔH) = diag (EΔIΔ𝖧) + diag (zΔ IΔIΔ𝖧)
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

independent of  configY/Δ



Voltage source :  configuration(EΔ, zΔ) Δ
External model

1. Internal model


 


2. Conversion rule for  configuration


VΔ = EΔ + zΔ IΔ

Δ

VΔ = ΓV, I = − Γ𝖳IΔ
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Voltage source :  configuration(EΔ, zΔ) Δ
External model

1. Internal model


 


2. Conversion rule for  configuration





3. Two (asymmetric) relations between terminal vars  


• Given , 1st relation uniquely determines   (hence  as well)


• Given , 2nd relation determines  up to zero-sequence voltage  

VΔ = EΔ + zΔ IΔ

Δ

VΔ = ΓV, I = − Γ𝖳IΔ

(V, I)

V I (VΔ, IΔ)
I V γ
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Asymmetry is because  contains more info ( ) than  does (which contains no info 

about zero-sequence current  )

V γ I

β :=
1
3

1𝖳IΔ

288 EE 135 Notes May 18, 2022

8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Voltage source :  configuration(EΔ, zΔ) Δ
External model

4. Given 





,    


5. Given  with ,





V,

I = (Γ𝖳yΔ) EΔ − YΔ V

YΔ := Γ𝖳yΔ Γ =
yab + yca −yab −yca

−yab yab + ybc −ybc

−yca −ybc yca + ybc

yΔ := (zΔ)−1

I 1𝖳I = 0

V = Γ̂EΔ − ZΔI + γ1, 1𝖳I = 0

Γ̂ :=
1
3

Γ𝖳 (𝕀 −
1
ζ

z̃Δ 1𝖳), ZΔ :=
1
9

Γ𝖳zΔ (𝕀 −
1
ζ

1 z̃Δ𝖳) Γ
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Voltage source :  configuration(EΔ, zΔ) Δ
External model

4. Given 





,    


5. Given  with ,





V,

I = (Γ𝖳yΔ) EΔ − YΔ V

YΔ := Γ𝖳yΔ Γ =
yab + yca −yab −yca

−yab yab + ybc −ybc

−yca −ybc yca + ybc

yΔ := (zΔ)−1

I 1𝖳I = 0

V = Γ̂EΔ − ZΔI + γ1, 1𝖳I = 0

Γ̂ :=
1
3

Γ𝖳 (𝕀 −
1
ζ

z̃Δ 1𝖳), ZΔ :=
1
9

Γ𝖳zΔ (𝕀 −
1
ζ

1 z̃Δ𝖳) Γ
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Voltage source :  configuration(EΔ, zΔ) Δ
External model

6. Terminal power in terms of  or :
V I

s = diag (VI𝖧) = diag (V (Γ𝖳yΔEΔ − YΔ V)𝖧)
s = diag (VI𝖧) = diag ((Γ̂EΔ − ZΔI) I𝖧) + γI
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

Power due to zero-sequence voltage 

Total power  is independent of  because  

γ
1𝖳s γ γ1𝖳I = 0



Voltage source :  configuration(EΔ, zΔ) Δ
External model

7. Comparison


Single-phase :  


Three-phase : 


    


V = E − zI

V = Γ̂EΔ − ZΔI + γ1, 1𝖳I = 0
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Chapter 4

Other devices

This chapter is now a random collection of devices often encountered in power flow models. Needs major
revision later.

4.1 Generator

A circuit model of a round-rotor generator is shown in Figure 4.1 (upper panel). It models a generator as
a voltage source with a constant open-circuit internal voltage Ea in series with an impedance zs = r + ix

network#Ea

+

−

Ia

Va

+

−

zs

network#Is

Ia

Va

+

−

ys

equiv#generator#model#

z#
z#

Figure 4.1: Per-phase circuit model of a round-rotor generator with an open-circuit internal voltage Ea
and series impedance zs (upper panel). The generator as a voltage source can be equivalently modeled as
a current source Is i n parallel with a shunt admittance ys (lower panel).

consisting of a winding resistance r and a synchronous reactance x. Given a generator (Ea,zs), its terminal
voltage and current (Va, Ia) are related by

Va = Ea � zsIa

156

E

I

V

1-phase device
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Voltage source :  configuration(EΔ, zΔ) Δ
Ideal source

1. Assumption


• 


2.     


3.   External model


zΔ = 0

⟹ Γ̂ =
1
3

Γ𝖳, ZΔ = 0

⟹

V =
1
3

Γ𝖳EΔ + γ1, 1𝖳I = 0

s =
1
3

diag (Γ𝖳EΔI𝖧) + γI
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

Zero-sequence voltage γ



Voltage source :  configuration(EΔ, zΔ) Δ

Voltage source specifies  which does not uniquely determine terminal 
voltage 


• Because the zero-sequence voltage  is arbitrary


•  needs to be specified, e.g., fixed by a reference voltage or grounding


• … for both ideal or non-ideal voltage sources

EΔ

V

γ :=
1
3

1𝖳V

γ
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Current source :  configuration(JΔ, yΔ) Δ
Internal model

1. Internal voltages and currents


 


2. Internal powers: 


IΔ = JΔ + yΔ VΔ

sΔ := diag (VΔIΔH)
= diag (VΔJΔ𝖧) + diag (VΔVΔ𝖧yΔ𝖧)
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Current source :  configuration(JΔ, yΔ) Δ
External model

1. Internal model


 


2. Conversion rule





3.   External model


    


where (as before):  

IΔ = JΔ + yΔ VΔ

VΔ = ΓV, I = − Γ𝖳IΔ

⟹

I = − (Γ𝖳JΔ + YΔ V)

YΔ := Γ𝖳yΔ Γ =
yab + yca −yab −yca

−yab yab + ybc −ybc

−yca −ybc yca + ybc
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Current source :  configuration(JΔ, yΔ) Δ
External model

1. Internal model


 


2. Conversion rule





3.   External model


    


IΔ = JΔ + yΔ VΔ

VΔ = ΓV, I = − Γ𝖳IΔ

⟹

I = − (Γ𝖳JΔ + YΔ V)
s = diag (VI𝖧) = − diag (VJΔ𝖧 Γ + VV𝖧 YΔ𝖧)
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Current source :  configuration(JΔ, yΔ) Δ
External model

4. Comparison


Single-phase :  


Three-phase :   


     

I = J − yV

I = − Γ𝖳JΔ − YΔ V

YΔ := Γ𝖳yΔ Γ
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Chapter 4

Other devices

This chapter is now a random collection of devices often encountered in power flow models. Needs major
revision later.

4.1 Generator

A circuit model of a round-rotor generator is shown in Figure 4.1 (upper panel). It models a generator as
a voltage source with a constant open-circuit internal voltage Ea in series with an impedance zs = r + ix

network#Ea

+

−

Ia

Va

+

−

zs

network#Is

Ia

Va

+

−

ys

equiv#generator#model#

z#
z#

Figure 4.1: Per-phase circuit model of a round-rotor generator with an open-circuit internal voltage Ea
and series impedance zs (upper panel). The generator as a voltage source can be equivalently modeled as
a current source Is i n parallel with a shunt admittance ys (lower panel).

consisting of a winding resistance r and a synchronous reactance x. Given a generator (Ea,zs), its terminal
voltage and current (Va, Ia) are related by

Va = Ea � zsIa

156

J

I

V

1-phase device

Note: directions of  are oppositeJ
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Current source :  configuration(JΔ, yΔ) Δ
Ideal source
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1. Assumption


• 


2.   External model


yΔ = 0

⟹
I = − Γ𝖳JΔ

s = − diag(VJΔ𝖧Γ)
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8.3.2 Single-terminal devices in D configuration

In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.

(a) Voltage source (b) Current source

(c) Power source (d) Impedance

Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Voltage & current sources: comparison

1. Voltage source specifies  which does not uniquely determine 
terminal voltage  


• 


• due to arbitrary zero-sequence voltage  


2. Current source specifies  which uniquely determines terminal 
current 


• 


•  contains its zero-sequence current  

EΔ

V

V = Γ̂EΔ − ZΔI + γ1, 1𝖳I = 0

γ :=
1
3

1𝖳V

JΔ

I
I = − (Γ𝖳JΔ + YΔ V)
JΔ β :=

1
3

1𝖳JΔ
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Power source :  configurationσΔ Δ
Internal model

1. Internal powers


 
sΔ := diag (VΔ IΔ𝖧) = σΔ
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Power source :  configurationσΔ Δ
External model

1. Internal model


 


2. Conversion rule





3.   External model 


 relation:  


sΔ = σΔ

VΔ = ΓV, I = − Γ𝖳IΔ

⟹

IV σΔ = −
1
3

diag (Γ (VI𝖧) Γ𝖳) + βΓV, 1𝖳I = 0
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Power source :  configurationσΔ Δ
External model

1. Internal model


 


2. Conversion rule





3.   External model 


 relation:  


Equivalent model:   


sΔ = σΔ

VΔ = ΓV, I = − Γ𝖳IΔ

⟹

IV σΔ = −
1
3

diag (Γ (VI𝖧) Γ𝖳) + βΓV, 1𝖳I = 0

σΔ = diag (ΓVIΔ𝖧)
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Power source :  configurationσΔ Δ
External model

4. Comparison


Single-phase :  


Three-phase :   


     


    

s = σ

s = − diag (VIΔ𝖧Γ)

σΔ = diag (ΓVIΔ𝖧) =
(Va − Vb) Iab

(Vb − Vc) Ibc

(Vc − Va) Ica
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

Given  (and ),  and hence  are uniquely determined

Given  (and ), only  is uniquely determined, not  nor 

V σΔ IΔ s
IΔ σΔ ΓV V s



Power source :  configurationσΔ Δ
Ideal source
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1. Assumption


• Assumption C8.1 with  : 


2.   External model


zn = 0 Vn = 0

⟹

s = − σY
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Impedance :  configurationzΔ Δ
Internal model

1. Internal voltage and current:


 


2. Internal power: 

VΔ = zΔ IΔ

sΔ = diag (VΔIΔ𝖧) := diag (zΔIΔIΔ𝖧)
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Impedance :  configurationzΔ Δ
External model

1. Internal model


 


2. Conversion rule





3.   External model


Given ,  


Given ,   


                

VΔ = zΔ IΔ

VΔ = ΓV, I = − Γ𝖳IΔ

⟹

V I = − YΔV := − (Γ𝖳yΔΓ) V

I V = − ZΔI + γ1, 1𝖳I = 0

ZΔ :=
1
9

Γ𝖳zΔ (𝕀 −
1
ζ

1 z̃Δ𝖳) Γ
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In this subsection we first present parameters of the same single-phase devices studied in Chapter 8.3.1,
but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Impedance :  configurationzΔ Δ
External model

4. Terminal power  can be related to  or to :


Given ,  


Given ,   


               

s V I

V s = diag (VI𝖧) = − diag (VV𝖧YΔ𝖧)
I s = diag (VI𝖧) = − diag (ZΔII𝖧) + γI
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

As for voltage source, the asymmetry is 
because  contains more info ( ) than  doesV γ I



Impedance :  configurationzΔ Δ
External model

5. Comparison


Single-phase :    or  


Three-phase :





    


I = − yZ V = − zI ∈ ℂ

I = − YΔV ∈ ℂ3

V = − ZΔI + γ1, 1𝖳I = 0
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.



Impedance :  configurationzΔ Δ
Balanced impedance

1. Assumption


• 


2. External model





zab = zbc = zca

V = − ZΔI + γ1, 1𝖳I = 0

ZΔ =
zab

3 (𝕀 −
1
3

11𝖳)
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1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

phases are coupled (  is not diagonal)ZΔ



Impedance :  configurationzΔ Δ
Balanced impedance

1. Assumption


• 


2. External model








3. Sequence impedance  is decoupled in sequence coordinate


zab = zbc = zca

V = − ZΔI + γ1, 1𝖳I = 0

ZΔ =
zab

3 (𝕀 −
1
3

11𝖳)
Z̃Δ

Z̃Δ =
zab

3 [
0 0 0
0 1 0
0 0 1]
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but arranged in D rather than Y configuration. For each device we then specify its internal behavior. These
internal models generalize (8.4) for ideal devices. Finally we apply the general conversion rule (8.6) (8.7)
to the internal model of each device to derive its external models (8.8).

Internal specification. The three-phase devices we study are shown in Figure 8.5.
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Figure 8.5: Three-phase devices in D configuration. (a) A voltage source. (b) A current source. (c) A
power load. (d) An impedance. Note the direction of JD and sD.

1. Voltage source
�
ED,zD�

. A three-wire voltage source in D configuration as shown in Figure 8.5(a)
is specified by its internal line-to-line voltage ED := (Eab,Ebc,Eca) and series impedance matrix
zD := diag

�
zab,zbc,zca�. We assume that zab + zbc + zca 6= 0.

phases are coupled (  is not diagonal)ZΔ

zero-sequence component (first row & col) is zero because Ia + Ib + Ic = 0
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with those of other devices on the network through
current or power balance equations.

2) Current source JD: Multiplying �GT to both sides of
the internal model ID = JD of an ideal current source
and applying the conversion rule I = �GTID in (4a),
we obtain the external model:

I = �GTJD, s = �diag
⇣

V JDHG
⌘

(6)

To specify the external model of an ideal current source
is to fix the internal current JD (which also fixes
its zero-sequence current b := 1

3 1TJD). Its terminal
voltage and power (V,s) will be determined by the
interaction of its external model (6) with those of
other devices on the network through current or power
balance equations.

3) Impedance zD: Define the admittance matrix yD :=�
zD��1. Substituting into the internal model yDV D = ID

of an impedance, multiplying both sides by �GT and
applying the conversion rule I =�GTID, we get

I = �Y DV (7a)

where Y D is a complex symmetric Laplacian matrix
given by

Y D := GT yD G =

2

4
yca + yab �yab �yca

�yab yab + ybc �ybc

�yca �ybc ybc + yca

3

5

Note that the terminal current I given by (7a) satis-
fies 1TI = 0. The terminal power injection s can be
expressed in terms of V :

s = diag
⇣

V IH
⌘

= �diag
⇣

VVHY DH
⌘

(7b)

The external models (5) (6) (7) of ideal D-configured devices
are summarized in Table III.

Device D configuration
Voltage source V = 1

3 GTED + g1, 1TI = 0 s = 1
3 diag

�
GTEDIH

�
+ gI

Current source I =�GTJD s =�diag
�
V JDHG

�

Power source sD = diag
�
GV IDH�

Impedance I =�Y DV s =�diag
�
VVHY DH�

TABLE III: External models of ideal single-terminal devices
in D configuration

⇣
g := 1

3 1TV,b := 1
3 1TID

⌘
.

Remark 3 (Non-ideal devices). For simplicity of exposition,
we have presented in this paper the external models of only
ideal devices where the internal series impedances of voltage
sources and shunt admittances of current sources are assumed
zero. These models can be extended to non-ideal devices (see
[23]).

Remark 4 (D-Y transformation). From the external model
(5) of an ideal D-configured voltage source and that of an

Y -configured voltage source in Table II, the Y equivalent of�
ED,g

�
, not necessarily balanced, is given by

EY :=
1
3

GTED, V n := g

If ED is balanced then GT ED = (1�a2)ED =
p

3e�ip/6 ED

and the Y equivalent EY reduces to the familiar expression:

EY =
1p

3eip/6
ED

Similarly an ideal D-configured current source JD has an
Y equivalent JY given by

JY = �GTJD

If JD is balanced then

JY = �(1�a2)JD = �
p

3
eip/6 JD

D. Three-phase line model

A three-phase line has three wires one for each phase
a,b,c. It may also have a neutral wire which may be grounded
at one or both ends if the device connected to that end of the
line is in Y configuration. The electromagnetic interactions
among the electric charges in wires of different phases couple
the voltages on and currents in these wires. The relation
between the voltages and currents in these phases can be
modeled by a linear mapping that depends on the line
characteristics. For simplicity we will restrict ourselves to
a three-wire line model that takes into account the effect of
neutral or earth return on the impedance of a transmission
line. All analysis extends to four-wire models (including a
neutral line) or five-wire models (including a neutral line
and the ground return) almost without change with proper
definitions that include neutral and ground variables.

A three-phase line ( j,k) is characterized by three 3⇥ 3
matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
where ys

jk is the series admittance

matrix and
⇣

ym
jk,y

m
k j

⌘
are the shunt admittance matrices,

not necessarily equal. The terminal voltages (Vj,Vk) and
the sending-end currents

�
I jk, Ik j

�
respectively are related

according to

I jk = ys
jk (Vj �Vk) + ym

jk Vj (8a)
Ik j = ys

jk (Vk �Vj) + ym
k j Vk (8b)

Note that the voltages (Vj,Vk) and currents (I jk, Ik j) are
terminal voltages and currents regardless of whether the
three-phase devices connected to terminals j and k are in
Y or D configuration.

Recap: external models
-configured devices (ideal)Δ
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1.  is zero-seq terminal voltage


2. total terminal power   is independent of  because 

γ :=
1
3

1𝖳V

1𝖳s γ 1𝖳I = 0



Outline

1. Overview


2. Mathematical properties


3. Three-phase device models

• Conversion rules


• Devices in  configuration


• Devices in  configuration


•  transformation


4. Three-phase line models


5. Three-phase transformer models

Y
Δ

Y-Δ
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-  transformationΔ Y
Ideal voltage source (EΔ, γ)
1. External model





2.  equivalent


• Ideal voltage source    with





• Not necessarily balanced

V =
1
3

Γ𝖳EΔ + γ1, 1𝖳I = 0

Y

V = EY + Vn 1, 1𝖳I = − In

EY :=
1
3

Γ𝖳EΔ, Vn := γ, no neutral line so that  In = 0
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-  transformationΔ Y
Ideal voltage source (EΔ, γ)
3. If  is balanced then








 equivalent:    


EΔ

Γ𝖳 EΔ = (1 − α2)EΔ = 3 e−iπ/6 EΔ

V =
1

3
e−iπ/6 EΔ + γ1, 1𝖳I = 0

Y

EY =
1

3 eiπ/6
EΔ, Vn := γ, no neutral line so that  In = 0
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-  transformationΔ Y
Non-ideal voltage source (EΔ, zΔ, γ)
1. External model





where  


2. There is no  equivalent


•  equivalent has no neutral line so that 


• External model: 


•  is generally not diagonal (even if ), but  is diagonal

V = Γ̂EΔ − ZΔI + γ1, 1𝖳I = 0

Γ̂ :=
1
3

Γ𝖳 (𝕀 −
1
ζ

z̃Δ 1𝖳), ZΔ :=
1
9

Γ𝖳zΔ (𝕀 −
1
ζ

1 z̃Δ𝖳) Γ

Y
Y 1𝖳I = 0

V = EY − zYI + Vn1

ZΔ zΔ = zab𝕀 zY
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-  transformationΔ Y
Ideal current source JΔ

1. External model





2.  equivalent


• Ideal current source    with





3. If  is balanced then





I = − Γ𝖳JΔ

Y

I = − JY, 1𝖳I = − In

JY := Γ𝖳JΔ, no neutral line (1𝖳I = 0)

JΔ

JY = (1 − α2)JΔ =
3

eiπ/6
JΔ
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Outline

1. Overview


2. Mathematical properties


3. Three-phase device models


4. Three-phase line models

• 4-wire model

• 3-wire model


5. Three-phase transformer models
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4-wire line model
Series impedance matrix ̂zs

jk

1. Single-phase line: 


2. Three-phase line:   





3. Impedance matrix  depends on 

• wire materials, lengths, distances between wires, frequency, earth resistivity

Vj − Vk = zs
jk Ijk

̂Vj − ̂Vk = ̂zs
jk Ijk

Va
j

Vb
j

Vc
j

Vn
j

−

Va
k

Vb
k

Vc
k

Vn
k

=

̂zaa
jk ̂zab

jk ̂zac
jk ̂zan

jk

̂zba
jk ̂zbb

jk ̂zbc
jk ̂zbn

jk

̂zca
jk ̂zcb

jk ̂zcc
jk ̂zcn

jk

̂zna
jk ̂znb

jk ̂znc
jk ̂znn

jk

impedance matrix  ̂zs
jk

Ia
jk

Ib
jk

Ic
jk

In
jk

̂zs
jk
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4-wire line model
Interpretation
Complete circuit  only





              

a

Va
j

Vb
j

Vc
j

Vn
j

−

Va
k

Vb
k

Vc
k

Vn
k

=

̂zaa
jk ̂zab

jk ̂zac
jk ̂zan

jk

̂zba
jk ̂zbb

jk ̂zbc
jk ̂zbn

jk

̂zca
jk ̂zcb

jk ̂zcc
jk ̂zcn

jk

̂zna
jk ̂znb

jk ̂znc
jk ̂znn

jk

Ia
jk

0
0
0

̂zaa
jk =

Va
j − Va

k

Ia
jk

̂zba
jk =

Vb
j − Vb

k

Ia
jk
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4-wire line model
With shunt admittances
Each line is characterized by 


• Series admittance 


• Shunt admittances 


Terminal voltages  and terminal currents  satisfy


̂ys
jk := ( ̂zs

jk)
−1

( ̂ym
jk, ̂ym

kj)

( ̂Vj, ̂Vk) ( ̂Ijk, ̂Ikj)
̂Ijk = ̂ys

jk ( ̂Vj − ̂Vk) + ̂ym
jk

̂Vj

̂Ikj = ̂ys
jk ( ̂Vk − ̂Vj) + ̂ym

kj
̂Vk
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3-wire line model
Series impedance matrix zs

jk




1.  : can eliminate last column and row of 


• There is no neutral line, e.g., -configured device


2.  : can eliminate  


• Neutrals at both ends are grounded with  

Va
j

Vb
j

Vc
j

Vn
j

−

Va
k

Vb
k

Vc
k

Vn
k

=

̂zaa
jk ̂zab

jk ̂zac
jk ̂zan

jk

̂zba
jk ̂zbb

jk ̂zbc
jk ̂zbn

jk

̂zca
jk ̂zcb

jk ̂zcc
jk ̂zcn

jk

̂zna
jk ̂znb

jk ̂znc
jk ̂znn

jk

Ia
jk

Ib
jk

Ic
jk

In
jk

In
jk = 0 ̂zs

jk

Δ

Vn
j = Vn

k In
jk = −

1
̂znn
jk

( ̂zna
jk Ia

jk + ̂znb
jk Ib

jk + ̂znc
jk Ic

jk)
zn
j = zn

k = 0
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3-wire line model
Series impedance matrix zs

jk

Both cases can be modeled by  impedance matrix





Three-phase line:   

3 × 3

Va
j

Vb
j

Vc
j

−
Va

k

Vb
k

Vc
k

=

zaa
jk zab

jk zac
jk

zba
jk zbb

jk zbc
jk

zca
jk zcb

jk zcc
jk

zjk

Ia
jk

Ib
jk

Ic
jk

Vj − Vk = zs
jk Ijk
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3-wire line model
With shunt admittances
Each line is characterized by 


• Series admittance 


• Shunt admittances 


Terminal voltages  and terminal currents  satisfy


ys
jk := (zs

jk)
−1

(ym
jk , ym

kj)

(Vj, Vk) (Ijk, Ikj)
Ijk = ys

jk (Vj − Vk) + ym
jkVj

Ikj = ys
jk (Vk − Vj) + ym

kjVk

Steven Low     Caltech    3-phase line

EE 135 Notes May 20, 2022 301

This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)



3-wire line model
With shunt admittances
Each line is characterized by 


• Series admittance 


• Shunt admittances 


Terminal voltages  and line power matrices  satisfy


ys
jk := (zs

jk)
−1

(ym
jk , ym

kj)

(Vj, Vk) (Sjk, Skj) ∈ ℂ6×6

Sjk := Vj (Ijk)
𝖧

= Vj (Vj − Vk)
𝖧

(ys
jk)

𝖧
+ VjV𝖧

j (ym
jk)

𝖧

Skj := Vk (Ikj)
𝖧

= Vk (Vk − Vj)
𝖧

(ys
jk)

𝖧
+ VkV𝖧

k (ym
kj)

𝖧
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This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)

line flows are diag(Sjk), diag(Skj)



Comparison

 relation





 relation





IV
Ijk (Vj, Vk) = ys

jk (Vj − Vk) + ym
jkVj

Ikj (Vj, Vk) = ys
jk (Vk − Vj) + ym

kjVk

SV
Sjk (Vj, Vk) = Vj (Vj − Vk)

𝖧

(ys
jk)

𝖧
+ VjV𝖧

j (ym
jk)

𝖧

Skj (Vj, Vk) = Vk (Vk − Vj)
𝖧

(ys
jk)

𝖧
+ VkV𝖧

k (ym
kj)

𝖧
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1-phase 3-phase 
(4-wire)

3-phase 
(3-wire)

admittances


voltages


currents


line powers


ys
jk, ym

jk , ym
kj

Vj, Vk

Ijk, Ikj

Sjk, Skj

ℂ

ℂ

ℂ

ℂ ℂ4×4

ℂ4

ℂ4

ℂ4×4 ℂ3×3

ℂ3

ℂ3

ℂ3×3same expressions for 1 or 3 phases !



3-wire line model
Example

• Line model relates terminal voltages and currents at both ends of the line, regardless of device 
 configurationY/Δ
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This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)



3-wire line model
Example

Terminal vars  at bus  satisfy external device model and line model (that relate  to )


• Device  model:       


• Line  model:    

(Vj, Ij, sj) j (Vj, Ij, sj) Vk

j 0 = f ext
j (Vj, Ij), sj = diag (VjI𝖧

j )
( j, k) Ij = Ijk (Vj, Vk), sj = diag (Sjk (Vj, Vk))
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This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)



3-wire line model
Properties

1. Properties of admittance matrices  


• They are typically complex symmetric (not Hermitian)


•  is typically invertible

(ys
jk, ym

jk , ym
kj)

ys
jk
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Complex symmetry of  leads to single-phase 
equivalent of 3-phase networks (see later)

ys
jk

EE 135 Notes May 20, 2022 301

This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)



3-wire line model
Properties

1. Properties of admittance matrices  


• They are typically complex symmetric (not Hermitian)


•  is typically invertible


2. Symmetric line, e.g., through transpose and 
symmetric line geometry 


(ys
jk, ym

jk , ym
kj)

ys
jk

zs
jk =

z1
jk z2

jk z2
jk

z2
jk z1

jk z2
jk

z2
jk z2

jk z1
jk

, ys
jk =

y1
jk y2

jk y2
jk

y2
jk y1

jk y2
jk

y2
jk y2

jk y1
jk
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This has exactly the same form as (8.28a), except that the variables and admittances are vectors and
matrices respectively. It generalizes (8.28a) from a single-phase model to a three-phase model. We will
hence characterize a line ( j,k) by its series and shunt admittance matrices

⇣
ys

jk,y
m
jk,y

m
k j

⌘
. The three-wire

line model (8.31a) is illustrated in Figure 8.6.

Figure 8.6: A three-wire line characterized by 3⇥3 series and shunt admittance matrices
⇣

ys
jk,y

m
jk,y

m
k j

⌘
.

(SL: Add example/exercise from [64, Section 1.A.2] where the shunt admittance ym
jk takes a particular

form that models 3 capacitors in D configuration with each terminal grounded through another capacitor,
so ym

jk itself is an admittance matrix.)

Example 8.4 (External vs internal variables). Figure 8.7 shows a three-phase voltage source connected to
a three-phase impedance load through the line in Figure 8.6. As the figure highlights, the voltages (Vj,Vk)

Figure 8.7: A voltage source connected to an impedance load through the line in Figure 8.6.

and currents (I jk, Ik j) in (8.31a) are terminal voltages and currents regardless of whether the three-phase
devices connected to terminals j and k are in Y or D configuration. The relationship between the terminal
variables and internal variables are derived in Chapters 8.3.1 and 8.3.2.

To describe the relationship between the sending-end line power and the voltages
�
Vj,Vk

�
, define the

matrices S jk,Sk j 2 C
3⇥3 by

S jk := Vj
�
I jk

�H
= Vj

�
Vj �Vk

�H⇣
ys

jk

⌘H

+ VjVH

j

⇣
ym

jk

⌘H

(8.31b)

Sk j := Vk
�
Ik j

�H
= Vk

�
Vk �Vj

�H⇣
ys

jk

⌘H

+ VkVH

k

⇣
ym

k j

⌘H

(8.31c)



Outline

1. Overview


2. Mathematical properties


3. Three-phase device models


4. Three-phase line models


5. Three-phase transformer models

• General derivation method


•  configurations

• UVN-based model

YY, ΔΔ, ΔY, YΔ
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Review: single-phase transformer

1. Internal and terminal vars


• Internal vars:   and 


• Terminal vars:  and 


2. Internal model on internal vars between primary & secondary sides


• (Ideal) transformer gains:  


3. Conversion between internal & terminal vars on each side


( ̂Vj, ̂Ij) ( ̂Vk, ̂Ik)
(Vj, Vn

j , Ij) (Vk, Vn
k , Ik)

̂Vk = n ̂Vj, ̂Ik = a ̂Ij

Vj = y−1 ̂Ij + ̂Vj + Vn
j , Ij = ̂Ij

Vk = ̂Vk + Vn
k , Ik = − ̂Ik
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Figure 8.17: Single-phase transformer: internal variables (V̂j, Î j), (V̂k, Îk) and terminal variables
(Vj,V n

j , I j), (Vk,V n
k , Ik).

�
V̂k, Îk

�
. They are called internal variables. The dot notation on the ideal transformer indicates that the

internal currents are defined to be positive when Î j flows into and Îk flows out of the dotted terminals, as
indicated in Figure 8.17. The transformer gains are

V̂k = nV̂j, Îk =
1
n

Î j =: aÎ j (8.36a)

The terminal voltages
⇣

Vj,V n
j ,Vk,V n

k

⌘
are defined with respect to an arbitrary but common reference

point; in particular the primary and secondary windings are not assumed to be grounded. The terminal
currents

�
I j, Ik

�
are defined to be the sending-end currents from buses j and k respectively to the other

side, as shown in Figure 8.17. The terminal and internal variables are related by:

Vj = y�1Î j + V̂j + V n
j , I j = Î j (8.36b)

Vk = V̂k + V n
k , Ik = �Îk (8.36c)

An external model that relates the terminal variables can be derived by eliminating the internal variables
from (8.36a)–(8.36c):

I j = y
�
Vj �V n

j �a(Vk �V n
k )

�
, Ik = �aÎ j = �ay

�
Vj �V n

j �a(Vk �V n
k )

�

Hence the external model of a single-phase transformer is


I j
Ik

�
=


y �ay

�ay a2y

�✓
Vj
Vk

�
�


V n

j
V n

k

�◆
(8.36d)

It is often assume implicitly (e.g., in Chapter 3 and Chapter 5.1.2) that neutrals are grounded with zero
grounding impedance and voltages are defined with respect to the ground (assumption C8.1). In this case,
V n

j = V n
k = 0 and the model (8.36d) reduces to a P circuit model:


I j
Ik

�
=


y �ay

�ay a2y

�
Vj
Vk

�

These assumptions may not hold in distribution systems. In general we can represent the external model
(8.36d) by a four-node network by adding current injections from the neutrals:


In

j
In
k

�
= �


I j
Ik

�
=


�y ay
ay �a2y

�✓
Vj
Vk

�
�


V n

j
V n

k

�◆



Review: single-phase transformer

4. External model on external vars across pri & sec sides

• Eliminate internal vars from internal model and conversion





5. If neutrals are grounded with zero grounding impedance so that  (often assumed)





• Reduces to a  circuit

[
Ij

Ik] = [ y −ay
−ay a2y ] ([

Vj

Vk] − [
Vn

j

Vn
k ])

Vn
j = Vn

k = 0

[
Ij

Ik] = [ y −ay
−ay a2y ] [

Vj

Vk]
Π
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Figure 8.17: Single-phase transformer: internal variables (V̂j, Î j), (V̂k, Îk) and terminal variables
(Vj,V n

j , I j), (Vk,V n
k , Ik).

�
V̂k, Îk

�
. They are called internal variables. The dot notation on the ideal transformer indicates that the

internal currents are defined to be positive when Î j flows into and Îk flows out of the dotted terminals, as
indicated in Figure 8.17. The transformer gains are

V̂k = nV̂j, Îk =
1
n

Î j =: aÎ j (8.36a)

The terminal voltages
⇣

Vj,V n
j ,Vk,V n

k

⌘
are defined with respect to an arbitrary but common reference

point; in particular the primary and secondary windings are not assumed to be grounded. The terminal
currents

�
I j, Ik

�
are defined to be the sending-end currents from buses j and k respectively to the other

side, as shown in Figure 8.17. The terminal and internal variables are related by:

Vj = y�1Î j + V̂j + V n
j , I j = Î j (8.36b)

Vk = V̂k + V n
k , Ik = �Îk (8.36c)

An external model that relates the terminal variables can be derived by eliminating the internal variables
from (8.36a)–(8.36c):

I j = y
�
Vj �V n

j �a(Vk �V n
k )

�
, Ik = �aÎ j = �ay

�
Vj �V n

j �a(Vk �V n
k )

�

Hence the external model of a single-phase transformer is


I j
Ik

�
=


y �ay

�ay a2y

�✓
Vj
Vk

�
�


V n

j
V n

k

�◆
(8.36d)

It is often assume implicitly (e.g., in Chapter 3 and Chapter 5.1.2) that neutrals are grounded with zero
grounding impedance and voltages are defined with respect to the ground (assumption C8.1). In this case,
V n

j = V n
k = 0 and the model (8.36d) reduces to a P circuit model:


I j
Ik

�
=


y �ay

�ay a2y

�
Vj
Vk

�

These assumptions may not hold in distribution systems. In general we can represent the external model
(8.36d) by a four-node network by adding current injections from the neutrals:


In

j
In
k

�
= �


I j
Ik

�
=


�y ay
ay �a2y

�✓
Vj
Vk

�
�


V n

j
V n

k

�◆
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Combining with (8.36d) we have
2

664

I j
Ik
In

j
In
k

3

775 =

2

664

y �ay �y ay
�ay a2y ay �a2y
�y ay y �ay
ay �a2y �ay a2y

3

775

| {z }
Y

2

664

Vj
Vk
V n

j
V n

k

3

775 (8.36e)

The admittance matrix Y is complex symmetric and is represented by the network in Figure 8.18(a). Note

(a) General circuit model. (b) P circuit model.

Figure 8.18: Circuit model of single-phase transformer in general (a) and when neutrals are grounded with
zero grounding impedance, V n

j = V n
k = 0.

that Y has zero row sums and therefore there are no shunt admittances at the four nodes in Figure 8.18(a).
When V n

j =V n
k = 0, the four-node network reduces to a P circuit shown in Figure 8.18(b) in which parallel

branches to the ground are combined into shunt admittances.

We now explain how these relations (8.36) extend naturally to three-phase transformers in an unbal-
anced setting.

8.5.2 General derivation method

The external model of a three-phase transformer depends on the models of its constituent single-phase
transformers and their configuration on each side of the three-phase transformer. In particular each of the
primary and secondary sides can be in Y or D configuration, giving four configurations for a three-phase
transformer. The external model can be derived in three simple steps:

1. For each of the primary and secondary sides, relate the terminal variables (Vj,V n
j , I j), (Vk,V n

k , Ik) to
the internal variables (V̂j, Î j), (V̂k, Îk).

2. Couple these relations through the transformer gains (8.36a) on (V̂j, Î j), (V̂k, Îk) for each of the
single-phase transformers.

3. Relate the external variables by eliminating the internal variables.



Three-phase transformers

1. Three-phase transformers consists of 3 single-phase transformers in  configuration 


2. External models can be derived following the same procedure

Y/Δ
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General method
Primary side

1. Internal vars (defined across individual windings)





2. Terminal vars (voltages wrt common reference, e.g., ground)


,    for  configuration: 


3. Leakage admittance matrix 

̂VY
j :=

̂Van
j

̂Vbn
j

̂Vcn
j

, ̂IY
j :=

̂Ian
j

̂Ibn
j

̂Icn
j

, ̂VΔ
j :=

̂Vab
j

̂Vbc
j

̂Vca
j

, ̂IΔ
j :=

̂Iab
j

̂Ibc
j

̂Ica
j

Vj :=

Va
j

Vb
j

̂Vc
j

, Ij :=

Ia
j

Ib
j

̂Ic
j

Y (Vn
j , In

j )

y := diag (ya, yb, yc)
Steven Low     Caltech    3-phase transformers

314 Draft: EE 135 Notes August 7, 2022

This method is modular and applicable in a general setting where the single-phase transformers may have
different admittances or turns ratios, the neutrals of Y configurations may or may not be connected to the
other side, may or may not be grounded with zero or nonzero grounding impedances. Moreover the single-
phase transformer model may include shunt admittances, have admittances on the secondary side as well,
or be characterized by a complex turns ratio, though our description will mostly be restricted to the simple
model in (8.36a) (but see Example 8.7.). The method can be generalized to non-standard transformers
such as open transformers and split-phase transformers.

We now describe these steps in more detail.

Primary side. Consider the primary side of a three-phase transformer in Y or D configuration in Figure
8.19. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.19: Primary side of a three-phase transformer in Y (left) or D (right) configuration.

V̂Y
j :=

2

4
V̂ an

j
V̂ bn

j
V̂ cn

j

3

5 , ÎY
j :=

2

4
Îan

j
Îbn

j
Îcn

j

3

5 , V̂ D
j :=

2

4
V̂ ab

j
V̂ bc

j
V̂ ca

j

3

5 , ÎD
j :=

2

4
Îab

j
Îbc

j
Îca

j

3

5

The terminal voltages and currents are denoted by

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5

regardless of the configuration. For Y configuration the neutral voltage and current are denoted by
⇣

V n
j , In

j

⌘

in the direction shown in Figure 8.19.
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This method is modular and applicable in a general setting where the single-phase transformers may have
different admittances or turns ratios, the neutrals of Y configurations may or may not be connected to the
other side, may or may not be grounded with zero or nonzero grounding impedances. Moreover the single-
phase transformer model may include shunt admittances, have admittances on the secondary side as well,
or be characterized by a complex turns ratio, though our description will mostly be restricted to the simple
model in (8.36a) (but see Example 8.7.). The method can be generalized to non-standard transformers
such as open transformers and split-phase transformers.

We now describe these steps in more detail.

Primary side. Consider the primary side of a three-phase transformer in Y or D configuration in Figure
8.19. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.19: Primary side of a three-phase transformer in Y (left) or D (right) configuration.
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Îbn

j
Îcn

j

3

5 , V̂ D
j :=

2

4
V̂ ab

j
V̂ bc

j
V̂ ca

j

3

5 , ÎD
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The terminal voltages and currents are denoted by

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5

regardless of the configuration. For Y configuration the (terminal) neutral voltage and current are denoted
by

⇣
V n

j , In
j

⌘
in the direction shown in Figure 8.19.

Y

Δ



General method
Primary side

4. Conversion between internal and terminal vars


•  configuration





•  configuration


Y

Ij = y (Vj − Vn
j 1 − ̂VY

j ), Ij = ̂IY
j , In

j = − 1𝖳 ̂IY
j

Δ

̂IΔ
j = y (ΓVj − ̂VΔ

j ), Ij = Γ𝖳 ̂IΔ
j
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This method is modular and applicable in a general setting where the single-phase transformers may have
different admittances or turns ratios, the neutrals of Y configurations may or may not be connected to the
other side, may or may not be grounded with zero or nonzero grounding impedances. Moreover the single-
phase transformer model may include shunt admittances, have admittances on the secondary side as well,
or be characterized by a complex turns ratio, though our description will mostly be restricted to the simple
model in (8.36a) (but see Example 8.7.). The method can be generalized to non-standard transformers
such as open transformers and split-phase transformers.

We now describe these steps in more detail.

Primary side. Consider the primary side of a three-phase transformer in Y or D configuration in Figure
8.19. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.19: Primary side of a three-phase transformer in Y (left) or D (right) configuration.
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Îbn

j
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The terminal voltages and currents are denoted by

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5

regardless of the configuration. For Y configuration the neutral voltage and current are denoted by
⇣

V n
j , In

j

⌘

in the direction shown in Figure 8.19.
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other side, may or may not be grounded with zero or nonzero grounding impedances. Moreover the single-
phase transformer model may include shunt admittances, have admittances on the secondary side as well,
or be characterized by a complex turns ratio, though our description will mostly be restricted to the simple
model in (8.36a) (but see Example 8.7.). The method can be generalized to non-standard transformers
such as open transformers and split-phase transformers.

We now describe these steps in more detail.

Primary side. Consider the primary side of a three-phase transformer in Y or D configuration in Figure
8.19. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.19: Primary side of a three-phase transformer in Y (left) or D (right) configuration.
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Îbc

j
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The terminal voltages and currents are denoted by

Vj :=

2

4
V a

j
V b

j
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j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j
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regardless of the configuration. For Y configuration the (terminal) neutral voltage and current are denoted
by

⇣
V n

j , In
j

⌘
in the direction shown in Figure 8.19.
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General method
Secondary side

1. Internal vars (defined across individual windings)





2. Terminal vars (voltages defined wrt common reference, e.g., ground)


,    for  configuration: 


3. Admittances in secondary side assumed to have been referred to primary

̂VY
k :=

̂Van
k

̂Vbn
k

̂Vcn
k

, ̂IY
k := −

̂Ian
k

̂Ibn
k

̂Icn
k

, ̂VΔ
k :=

̂Vab
k

̂Vbc
k

̂Vca
k

, ̂IΔ
k := −

̂Iab
k

̂Ibc
k

̂Ica
k

Vk :=

Va
k

Vb
k

̂Vc
k

, Ik :=

Ia
k

Ib
k

̂Ic
k

Y (Vn
k , In

k )
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The leakage admittances of the transformer are denoted by the diagonal matrix y := diag
�
ya,yb,yc�.

The terminal variables are related to the internal variables according to the single-phase transformer model
(cf. (8.36b)):

Y configuration: I j = y
�
Vj � V n

j 1 � V̂Y
j
�
, I j = ÎY

j , In
j = �1TÎY

j (8.37a)

D configuration: ÎD
j = y

⇣
GVj � V̂ D

j

⌘
, I j = GTÎD

j (8.37b)

Here the expression ÎD
j = y

⇣
GVj �V̂ D

j

⌘
follows from Ohm’s law on each branch, e.g., Îab

j = ya
⇣

V a
j �V b

j �V̂ ab
j

⌘
.

Secondary side. Consider the secondary side of a three-phase transformer in Y or D configuration in Figure
8.20. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.20: Secondary side of a three-phase transformer in Y (left) or D (right) configuration.
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The negative signs on ÎY and ÎD are due to the convention that the transformer current gain is defined
for secondary current leaving the dotted terminal of the secondary winding. The terminal voltages and
currents are denoted by

Vk :=

2

4
V a

k
V b

k
V̂ c

k

3

5 , Ik :=

2

4
Ia
k

Ib
k

Îc
k

3

5

regardless of the configuration. For Y configuration the neutral voltage and current are denoted by
�
V n

k , In
k
�

in the direction shown in Figure 8.20.

The terminal variables are related to the internal variables according to the single-phase transformer
model (cf. (8.36c)):

Y configuration: Vk = V̂Y
k + V n

k 1, Ik = �ÎY
k , In

k = 1TÎY
k (8.38a)

D configuration: V̂ D
k = GVk, Ik = �GTÎD

k (8.38b)

Draft: EE 135 Notes August 7, 2022 315

The leakage admittances of the transformer are denoted by the diagonal matrix y := diag
�
ya,yb,yc�.
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�
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j (8.37a)

D configuration: ÎD
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follows from Ohm’s law on each branch, e.g., Îab
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Secondary side. Consider the secondary side of a three-phase transformer in Y or D configuration in Figure
8.20. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.20: Secondary side of a three-phase transformer in Y (left) or D (right) configuration.
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The negative signs on ÎY and ÎD are due to the convention that the transformer current gain is defined
for secondary current leaving the dotted terminal of the secondary winding. The terminal voltages and
currents are denoted by
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regardless of the configuration. For Y configuration the neutral voltage and current are denoted by
�
V n

k , In
k
�

in the direction shown in Figure 8.20.

The terminal variables are related to the internal variables according to the single-phase transformer
model (cf. (8.36c)):

Y configuration: Vk = V̂Y
k + V n

k 1, Ik = �ÎY
k , In

k = 1TÎY
k (8.38a)

D configuration: V̂ D
k = GVk, Ik = �GTÎD

k (8.38b)



General method
Secondary side

4. Conversion between internal and terminal vars


•  configuration





•  configuration


Y

Vk = ̂VY
k + Vn

k 1, Ik = − ̂IY
k , In

k = 1𝖳 ̂IY
k

Δ
̂VΔ
k = ΓVk, Ik = − Γ𝖳 ̂IΔ

k
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This method is modular and applicable in a general setting where the single-phase transformers may have
different admittances or turns ratios, the neutrals of Y configurations may or may not be connected to the
other side, may or may not be grounded with zero or nonzero grounding impedances. Moreover the single-
phase transformer model may include shunt admittances, have admittances on the secondary side as well,
or be characterized by a complex turns ratio, though our description will mostly be restricted to the simple
model in (8.36a) (but see Example 8.7.). The method can be generalized to non-standard transformers
such as open transformers and split-phase transformers.

We now describe these steps in more detail.

Primary side. Consider the primary side of a three-phase transformer in Y or D configuration in Figure
8.19. The internal voltages and currents associated with the ideal transformer are denoted by

Figure 8.19: Primary side of a three-phase transformer in Y (left) or D (right) configuration.
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The terminal voltages and currents are denoted by
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regardless of the configuration. For Y configuration the neutral voltage and current are denoted by
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in the direction shown in Figure 8.19.
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The terminal voltages and currents are denoted by
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regardless of the configuration. For Y configuration the (terminal) neutral voltage and current are denoted
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in the direction shown in Figure 8.19.
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General method
Internal model

1. Voltage gain (real) ,  turns ratio 


• Voltage gains (or turns ratios) may be different across phases 


2. Transformer gains on internal vars across primary and secondary sides


n := diag (na, nb, nc) ∈ ℝ3×3 a := n−1 ∈ ℝ3×3

a, b, c

YY configuration:  ̂VY
k = n ̂VY

j , ̂IY
k = a ̂IY

j

ΔΔ configuration:  ̂VΔ
k = n ̂VΔ

j , ̂IΔ
k = a ̂IΔ

j

ΔY configuration:  ̂VY
k = n ̂VΔ

j , ̂IY
k = a ̂IΔ

j

YΔ configuration:  ̂VΔ
k = n ̂VY

j , ̂IΔ
k = a ̂IY

j
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Voltage and current gains follow the same gains as those for single-phase transformers, regardless of 3-phase configuration 



General method
External model: summary

1. Couple internal vars  across pri and sec sides through transformer 
gains, the same way as in single-phase transformers


2. Relate terminal vars  to internal vars  on 
each of primary and secondary sides


3. Eliminate internal vars from equations in Steps 1 and 2 (in previous slides) to obtain an 
external model relating only terminal vars 

( ̂VY/Δ
j , ̂IY/Δ

j ), ( ̂VY/Δ
k , ̂IY/Δ

k )

(Vj, Vn
j , Ij), (Vk, Vn

k , Ik) ( ̂VY/Δ
j , ̂IY/Δ

j ), ( ̂VY/Δ
k , ̂IY/Δ

k )

(Vj, Vn
j , Ij), (Vk, Vn

k , Ik)
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The method is modular with respect to  configurations, as we will seeYY, ΔΔ, ΔY, YΔ



3-phase transformers
Overview
• Let  and 


• Define  admittance matrix  and column vector





 where  


External models:       where


,  ,   ,   

V := (Vj, Vk) ∈ ℂ6 I := (Ij, Ik) ∈ ℂ6

6 × 6 YYY

YYY := [ y −ay
−ay a2y ], γ := (Vn

j 1, Vn
k 1)

a := diag (aa, ab, ac), y := diag (ya, yb, yc)

I = D𝖳YYYD (V − γ)
YY : D := [𝕀 0

0 𝕀] ΔΔ : D := [Γ 0
0 Γ] ΔY : D := [Γ 0

0 𝕀] YΔ : D := [𝕀 0
0 Γ]

Steven Low     EE/CS/EST 135    Caltech



3-phase transformers
Overview
External models:       where


,  ,   ,   


•    is block symmetric and has 3-phase  circuit representation


•   Not

I = D𝖳YYYD (V − γ)
YY : D := [𝕀 0

0 𝕀] ΔΔ : D := [Γ 0
0 Γ] ΔY : D := [Γ 0

0 𝕀] YΔ : D := [𝕀 0
0 Γ]

YY, ΔΔ : D𝖳YYYD Π

ΔY, YΔ :
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Next: derive external models for each configuration in detail
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We now illustrate this method by deriving the external models of three-phase transformers in YY ,
DD, DY and Y D configurations. We then generalize the method to open transformers and split-phase
transformers.

8.5.3 YY configuration

Figure 8.21: YY -configured transformer.

Referring to Figure 8.21 and combining the variables defined above for each configuration, the internal
voltages and currents associated with the ideal transformer are:

V̂Y
j :=

2

4
V̂ an

j
V̂ bn

j
V̂ cn

j

3

5 , ÎY
j :=

2

4
Îan

j
Îbn

j
Îcn

j

3

5 , V̂Y
k :=

2

4
V̂ an

k
V̂ bn

k
V̂ cn

k

3

5 , ÎY
k := �

2

4
Îan
k

Îbn
k

Îcn
k

3

5

The terminal voltages and currents are:

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5 , Vk :=

2

4
V a

k
V b

k
V̂ c

k

3

5 , Ik :=

2

4
Ia
k

Ib
k

Îc
k

3

5

as well as the the neutral voltages and currents
⇣

V n
j , In

j

⌘
and

�
V n

k , In
k
�

as shown in the figure. The relation
between the internal and terminal variables is given by (8.37a) and (8.38a) for Y configurations on the
primary and secondary sides respectively:

I j = y
�
Vj � V n

j 1 � V̂Y
j
�
, I j = ÎY

j , In
j = �1TÎY

j (8.40a)

Vk = V̂Y
k + V n

k 1, Ik = �ÎY
k , In

k = 1TÎY
k (8.40b)

1. Internal vars (defined across individual windings)





2. Terminal vars (voltages wrt common reference, e.g., ground)





̂VY
j :=

̂Van
j

̂Vbn
j

̂Vcn
j

, ̂IY
j :=

̂Ian
j

̂Ibn
j

̂Icn
j

, ̂VY
k :=

̂Van
k

̂Vbn
k

̂Vcn
k

, ̂IY
k := −

̂Ian
k

̂Ibn
k

̂Icn
k

,

Vj :=

Va
j

Vb
j

̂Vc
j

, Ij :=

Ia
j

Ib
j

̂Ic
j

, Vk :=

Va
k

Vb
k

̂Vc
k

, Ik :=

Ia
k

Ib
k

̂Ic
k

(Vn
j , In

j ), (Vn
k , In

k )
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We now illustrate this method by deriving the external models of three-phase transformers in YY ,
DD, DY and Y D configurations. We then generalize the method to open transformers and split-phase
transformers.

8.5.3 YY configuration

Figure 8.21: YY -configured transformer.

Referring to Figure 8.21 and combining the variables defined above for each configuration, the internal
voltages and currents associated with the ideal transformer are:

V̂Y
j :=

2

4
V̂ an

j
V̂ bn

j
V̂ cn

j

3

5 , ÎY
j :=

2

4
Îan

j
Îbn

j
Îcn

j

3

5 , V̂Y
k :=

2

4
V̂ an

k
V̂ bn

k
V̂ cn

k

3

5 , ÎY
k := �

2

4
Îan
k

Îbn
k

Îcn
k

3

5

The terminal voltages and currents are:

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5 , Vk :=

2

4
V a

k
V b

k
V̂ c

k

3

5 , Ik :=

2

4
Ia
k

Ib
k

Îc
k

3

5

as well as the the neutral voltages and currents
⇣

V n
j , In

j

⌘
and

�
V n

k , In
k
�

as shown in the figure. The relation
between the internal and terminal variables is given by (8.37a) and (8.38a) for Y configurations on the
primary and secondary sides respectively:

I j = y
�
Vj � V n

j 1 � V̂Y
j
�
, I j = ÎY

j , In
j = �1TÎY

j (8.40a)

Vk = V̂Y
k + V n

k 1, Ik = �ÎY
k , In

k = 1TÎY
k (8.40b)

1. External model








2. If both neutrals are grounded with zero impedance and 
voltages are defined wrt ground





which can be represented as a  circuit

[
Ij

Ik] = [ y −ay
−ay a2y ]

YYY

[
Vj

Vk] − [
Vn

j 1

Vn
k 1]

In
j = − 1𝖳Ij, In

k = − 1𝖳Ik

[
Ij

Ik] = [ y −ay
−ay a2y ] [

Vj

Vk]
Π



Comparison
With single-phase transformer
External models: exactly the same expression





• Single-phase:  


• Three-phase:  

[
Ij

Ik] = [ y −ay
−ay a2y ]

YYY

[
Vj

Vk] − [
Vn

j 1

Vn
k 1]

YYY ∈ ℂ2×2

YYY ∈ ℂ6×6
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We now illustrate this method by deriving the external models of three-phase transformers in YY ,
DD, DY and Y D configurations. We then generalize the method to open transformers and split-phase
transformers.

8.5.3 YY configuration

Figure 8.21: YY -configured transformer.

Referring to Figure 8.21 and combining the variables defined above for each configuration, the internal
voltages and currents associated with the ideal transformer are:

V̂Y
j :=

2

4
V̂ an

j
V̂ bn

j
V̂ cn

j

3

5 , ÎY
j :=

2

4
Îan

j
Îbn

j
Îcn

j

3

5 , V̂Y
k :=

2

4
V̂ an

k
V̂ bn

k
V̂ cn

k

3

5 , ÎY
k := �

2

4
Îan
k

Îbn
k

Îcn
k

3

5

The terminal voltages and currents are:

Vj :=

2

4
V a

j
V b

j
V̂ c

j

3

5 , I j :=

2

4
Ia

j
Ib

j
Îc

j

3

5 , Vk :=

2

4
V a

k
V b

k
V̂ c

k

3

5 , Ik :=

2

4
Ia
k

Ib
k

Îc
k

3

5

as well as the the neutral voltages and currents
⇣

V n
j , In

j

⌘
and

�
V n

k , In
k
�

as shown in the figure. The relation
between the internal and terminal variables is given by (8.37a) and (8.38a) for Y configurations on the
primary and secondary sides respectively:

I j = y
�
Vj � V n

j 1 � V̂Y
j
�
, I j = ÎY

j , In
j = �1TÎY

j (8.40a)

Vk = V̂Y
k + V n

k 1, Ik = �ÎY
k , In

k = 1TÎY
k (8.40b)



 configurationΔΔ
Internal and terminal vars
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1. Internal vars (defined across individual windings)





2. Terminal vars  same as for  config 


• without neutral vars


̂VΔ
j :=

̂Vab
j

̂Vbc
j

̂Vca
j

, ̂IΔ
j :=

̂Iab
j

̂Ibc
j

̂Ica
j

, ̂VΔ
k :=

̂Vab
k

̂Vbc
k

̂Vca
k

, ̂IΔ
k := −

̂Iab
k

̂Ibc
k

̂Ica
k

(Vj, Ij), (Vk, Ik) YY
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Figure 8.22: DD-configured transformer.

The terminal voltages and currents are denoted by (Vj, I j), (Vk, Ik), as for a YY -configured transformer. The
relation between the internal and terminal variables is given by (8.37b) and (8.38b) for D configurations:

ÎD
j = y

⇣
GVj � V̂ D

j

⌘
, I j = GTÎD

j (8.42a)

Ik = �GTÎD
k , V̂ D

k = GVk (8.42b)

The transformer gains that relate the internal variables are:

V̂ D
k = nV̂ D

j , ÎD
k = a ÎD

j (8.42c)

To derive an external model, eliminate the internal variables from (8.42) to get:

I j = GTÎD
j =

⇣
GTyG

⌘
Vj �

⇣
GTayG

⌘
Vk

These matrices are explicitly (cf. Y D in (8.21a)):

GTyG =

2

4
ya + yc �ya �yc

�ya yb + ya �yb

�yc �yb yc + yb

3

5 , GTayG =

2

4
ŷa + ŷc �ŷa �ŷc

�ŷa ŷb + ŷa �ŷb

�ŷc �ŷb ŷc + ŷb

3

5

where ŷf := af yf for f 2 {a,b,c}. In the special case where the single-phase transformers are identical,
i.e., y = ya

I and a := aa
I, these matrices are particularly simple:

(ya)GTG = ya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 , (aaya)GTG = aaya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 (8.43)

Again from (8.42), we have

Ik = �GTÎD
k = �GTa ÎD

j



 configurationΔΔ
External model
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External model





• Can be represented as  circuit 


• Conversion matrices due to  configurations

[
Ij

Ik] = [Γ𝖳 0
0 Γ𝖳] [ y −ay

−ay a2y ]
YYY

[Γ 0
0 Γ] [

Vj

Vk]
Π

Δ

Draft: EE 135 Notes August 7, 2022 319

Figure 8.22: DD-configured transformer.

The terminal voltages and currents are denoted by (Vj, I j), (Vk, Ik), as for a YY -configured transformer. The
relation between the internal and terminal variables is given by (8.37b) and (8.38b) for D configurations:

ÎD
j = y

⇣
GVj � V̂ D

j

⌘
, I j = GTÎD

j (8.42a)

Ik = �GTÎD
k , V̂ D

k = GVk (8.42b)

The transformer gains that relate the internal variables are:

V̂ D
k = nV̂ D

j , ÎD
k = a ÎD

j (8.42c)

To derive an external model, eliminate the internal variables from (8.42) to get:

I j = GTÎD
j =

⇣
GTyG

⌘
Vj �

⇣
GTayG

⌘
Vk

These matrices are explicitly (cf. Y D in (8.21a)):

GTyG =

2

4
ya + yc �ya �yc

�ya yb + ya �yb

�yc �yb yc + yb

3

5 , GTayG =

2

4
ŷa + ŷc �ŷa �ŷc

�ŷa ŷb + ŷa �ŷb

�ŷc �ŷb ŷc + ŷb

3

5

where ŷf := af yf for f 2 {a,b,c}. In the special case where the single-phase transformers are identical,
i.e., y = ya

I and a := aa
I, these matrices are particularly simple:

(ya)GTG = ya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 , (aaya)GTG = aaya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 (8.43)

Again from (8.42), we have

Ik = �GTÎD
k = �GTa ÎD

j



Comparison
With single-phase transformer

Single-phase: 





• No neutral lines


Three-phase: 





• Conversion matrices due to  configurations

YYY ∈ ℂ2×2

[
Ij

Ik] = [ y −ay
−ay a2y ]

YYY

[
Vj

Vk]

YYY ∈ ℂ6×6

[
Ij

Ik] = [Γ𝖳 0
0 Γ𝖳] [ y −ay

−ay a2y ]
YYY

[Γ 0
0 Γ] [

Vj

Vk]
Δ
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Figure 8.22: DD-configured transformer.

The terminal voltages and currents are denoted by (Vj, I j), (Vk, Ik), as for a YY -configured transformer. The
relation between the internal and terminal variables is given by (8.37b) and (8.38b) for D configurations:

ÎD
j = y

⇣
GVj � V̂ D

j

⌘
, I j = GTÎD

j (8.42a)

Ik = �GTÎD
k , V̂ D

k = GVk (8.42b)

The transformer gains that relate the internal variables are:

V̂ D
k = nV̂ D

j , ÎD
k = a ÎD

j (8.42c)

To derive an external model, eliminate the internal variables from (8.42) to get:

I j = GTÎD
j =

⇣
GTyG

⌘
Vj �

⇣
GTayG

⌘
Vk

These matrices are explicitly (cf. Y D in (8.21a)):

GTyG =

2

4
ya + yc �ya �yc

�ya yb + ya �yb

�yc �yb yc + yb

3

5 , GTayG =

2

4
ŷa + ŷc �ŷa �ŷc

�ŷa ŷb + ŷa �ŷb

�ŷc �ŷb ŷc + ŷb

3

5

where ŷf := af yf for f 2 {a,b,c}. In the special case where the single-phase transformers are identical,
i.e., y = ya

I and a := aa
I, these matrices are particularly simple:

(ya)GTG = ya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 , (aaya)GTG = aaya

2

4
2 �1 �1

�1 2 �1
�1 �1 2

3

5 (8.43)

Again from (8.42), we have

Ik = �GTÎD
k = �GTa ÎD

j
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1. Internal vars (defined across individual windings)





2. Terminal vars  same as before


̂VΔ
j :=

̂Vab
j

̂Vbc
j

̂Vca
j

, ̂IΔ
j :=

̂Iab
j

̂Ibc
j

̂Ica
j

, ̂VY
k :=

̂Van
k

̂Vbn
k

̂Vcn
k

, ̂IY
k := −

̂Ian
k

̂Ibn
k

̂Icn
k

,

(Vj, Ij), (Vk, Ik)
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Substituting ÎD
j = y

�
GVj � aV̂ D

k
�

= y
�
GVj � aGVk

�
we therefore have

Ik = �
⇣

GTayG
⌘

Vj +
⇣

GTa2yG
⌘

Vk

The external model of a three-phase transformer in DD configuration is hence


I j
Ik

�
=


GTyG �GTayG

�GTayG GTa2yG

�

| {z }
YDD


Vj
Vk

�
(8.44a)

This can also be written in terms of the admittance matrix YYY in (8.41a):


I j
Ik

�
=


GT 0
0 GT

�
y �ay

�ay a2y

�

| {z }
YYY


G 0
0 G

�
Vj
Vk

�
(8.44b)

Clearly YDD is a complex symmetric admittance matrix and hence can be represented as a P circuit.

8.5.5 DY configuration

This is a popular configuration for stepdown transformers in distribution systems. Referring to Figure

Figure 8.23: DY -configured transformer.

8.23, the internal voltages and currents associated with the ideal transformer are:

V̂ D
j :=

2

4
V̂ ab

j
V̂ bc

j
V̂ ca

j

3

5 , ÎD
j :=

2

4
Îab

j
Îbc

j
Îca

j

3

5 , V̂Y
k :=

2

4
V̂ an

k
V̂ bn

k
V̂ cn

k

3

5 , ÎY
k := �

2

4
Îan
k

Îbn
k

Îcn
k

3

5
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1. External model





2. Comparison with  and  configurations (modular)


•  depends on  similarly to  config 


•  depends on  similarly to  config


• Even though there is no neutral line on primary side,  depends on 
 on secondary side


• If , i.e., identical single-phase transformers, then  
becomes independent of  (because )

[
Ij

Ik] = [Γ𝖳 0
0 𝕀] [ y −ay

−ay a2y ]
YYY

[Γ 0
0 𝕀] [

Vj

Vk] − [−Γ𝖳ay
a2y ] Vn

k 1

YY ΔΔ
Ij (Vj, Vk) ΔΔ

Ik (Vj, Vk) YY

Ij
Vn

k

a = aa𝕀, y = ya𝕀 Ij
Vn

k Γ𝖳1 = 0
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Substituting ÎD
j = y

�
GVj � aV̂ D

k
�

= y
�
GVj � aGVk

�
we therefore have

Ik = �
⇣

GTayG
⌘

Vj +
⇣

GTa2yG
⌘

Vk

The external model of a three-phase transformer in DD configuration is hence


I j
Ik

�
=


GTyG �GTayG

�GTayG GTa2yG

�

| {z }
YDD


Vj
Vk

�
(8.44a)

This can also be written in terms of the admittance matrix YYY in (8.41a):


I j
Ik

�
=


GT 0
0 GT

�
y �ay

�ay a2y

�

| {z }
YYY


G 0
0 G

�
Vj
Vk

�
(8.44b)

Clearly YDD is a complex symmetric admittance matrix and hence can be represented as a P circuit.

8.5.5 DY configuration

This is a popular configuration for stepdown transformers in distribution systems. Referring to Figure

Figure 8.23: DY -configured transformer.

8.23, the internal voltages and currents associated with the ideal transformer are:

V̂ D
j :=

2

4
V̂ ab

j
V̂ bc

j
V̂ ca

j

3

5 , ÎD
j :=

2

4
Îab

j
Îbc

j
Îca

j

3

5 , V̂Y
k :=

2

4
V̂ an

k
V̂ bn

k
V̂ cn

k

3

5 , ÎY
k := �

2

4
Îan
k

Îbn
k

Îcn
k

3

5
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1. External model





2. Same modular structure as for  configuration


•  depends on  similarly to  config 


•  depends on  similarly to  config


• Even though there is no neutral line on secondary side,  depends 
on  on primary side


• If , i.e., identical single-phase transformers, then 
 becomes independent of  (because )

[
Ij

Ik] = [𝕀 0
0 Γ𝖳] [ y −ay

−ay a2y ]
YYY

[𝕀 0
0 Γ] [

Vj

Vk] − [ y
−Γ𝖳ay] Vn

j 1

ΔY
Ij (Vj, Vk) YY

Ik (Vj, Vk) ΔΔ

Ik
Vn

j

a = aa𝕀, y = ya𝕀
Ik Vn

j Γ𝖳1 = 0
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Figure 8.24: Y D-configured transformer.


I j
Ik

�
=


y �ayG

�GTay GTa2yG

�

| {z }
YY D


Vj
Vk

�
�


y

�GTay

�
V n

j 1

or in terms of the admittance matrix YYY in (8.41a):


I j
Ik

�
=


I 0
0 GT

�
y �ay

�ay a2y

�

| {z }
YYY


I 0
0 G

�
Vj
Vk

�
�


y

�GTay

�
V n

j 1

The derivation is left as Exercise 8.22.

8.5.7 Open transformer

Open transformers where at least one leg of a three-phase transformer is open (not connected) are widely
used in distribution systems to connect single-phase loads, e.g., a household. The analysis of a closed
transformer can be adapted to that of an open transformer. Indeed their external models are identical,
except that the leakage admittance matrix is ỹ = diag

�
ya,yb,0

�
for an open transformer without the third

leg as opposed to y = diag
�
ya,yb,yc� for the closed version (compare (8.44) with (8.47) for an open DD

transformer).

We now derive the external model of an open DD transformer. Other configurations, such as open YY ,
open DY , or open Y D, can be analyzed in a similar manner. Once the relation between the internal and
terminal variables and the transformer gains, (8.48a) below, are modified to represent the open transformer
leg, the rest of the analysis proceeds in the same manner as for its closed version. (SL: Exercise.)

Figure 8.25 shows an open DD-configured transformer where only two single-phase transformers are
used. The leakage admittances of these transformers are

�
ya,yb� and their voltage gains are

�
na,nb�. The



Other transformers
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Same method can be applied to derive external models for other transformers

• Open transformer


• Split-phase transformer


• See textbook 
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Figure 8.25: Open DD-configured transformer.

internal voltages and currents associated with the ideal transformer are:

V̂ D
j :=

2

4
V̂ ab

j
V̂ bc

j
V̂ ca

j

3

5 , ÎD
j :=

2

4
Îab

j
Îbc

j
Îca

j

3

5 , V̂ D
k :=

2

4
V̂ ab

k
V̂ bc

k
V̂ ca

k

3

5 , ÎD
k := �

2

4
Îab
k

Îbc
k

Îca
k

3

5

The terminal voltages and currents are denoted by (Vj, I j) 2 C
6, (Vk, Ik) 2 C

6, as before. We will show
that its external model is


I j
Ik

�
=


GTỹG �GTaỹG

�GTaỹG GTa2ỹG

�

| {z }
YopenDD


Vj
Vk

�
(8.47a)

or


I j
Ik

�
=


GT 0
0 GT

�
ỹ �aỹ

�aỹ a2ỹ

�
G 0
0 G

�
Vj
Vk

�
(8.47b)

where

ỹ := y(I�E3) =

2

4
ya 0 0
0 yb 0
0 0 0

3

5

and a := diag
�
aa,ab,ac�. The constant ac is introduced for notational convenience and can take any

arbitrary nonzero finite value, e.g. ac = 1, as its value does not affect the external model. Hence the
admittance matrix YopenDD in (8.47a) is the same as YDD in (8.44) for a closed DD transformer, except that
yc = 0 on the third leg that has no transformer.

The fact that the third leg of the transformer is open requires two adjustments to the analysis of a closed
DD transformer:

Open  transformerΔΔ
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where ŷf := af yf for f 2 {a,b}.

Again from (8.42), we have

Ik = �GTÎD
k = �GTa ÎD

j = �GTay
⇣

GVj �V̂ D
j

⌘

Proceeding the same way as for (8.49) we have

Ik = = �
⇣

GTay(I�E3)G
⌘

Vj +
⇣

GTa2y(I�E3)G
⌘

Vk

This verifies the second row of the external model (8.47a).

8.5.8 Split-phase transformer

Split-phase transformers, e.g., with a center-tapped wire on a transformer leg, are also widely used in
distribution systems to connect single-phase loads, e.g., a household. A split-phase transformer provides
such a load with more voltage levels, e.g., both 120V and 240V are popular in the US. Its external model
can be derived by adapting the analysis of its counterpart without split phases, as we now illustrate using
the DD configuration.

Figure 8.26(a) shows a split phase DD transformer with three wires on the primary side and six on
the secondary side. As before its leakage admittance matrix is y := diag

�
ya,yb�, voltage gain matrix is

(a) Split-phase transformer (b) Definition of internal currents

Figure 8.26: Split-phase DD transformer.

n := diag
�
na,nb,nc�, and turns ratio matrix is a := n�1. The internal voltages and currents

⇣
V̂ D

j , ÎD
j

⌘
on the

primary side and the terminal voltages and currents (Vj, I j), (Vk, Ik) are as defined before. On the secondary
side the following internal and external variables are defined (see Figure 8.26(b) for the definition of the

Split-phase transformer
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YY, ΔΔ, ΔY, YΔ
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(a) YY configuration












































































































(b) DD configuration

Figure 8.28: Three-phase transformer models with unitary voltage networks.

External vars:





Transformer parameters:








I := [
Ij

Ik] ∈ ℂ6, V := [
Vj

Vk] ∈ ℂ6

M := [
diag(1/Nabc

j ) 0

0 diag(1/Nabc
k )] ∈ ℂ6×6

yi := diag (ya
i , yb

i , yc
i ) ∈ ℂ3×3, i = 0,j, k

Unitary voltage network per phase
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(a) YY configuration












































































































(b) DD configuration

Figure 8.28: Three-phase transformer models with unitary voltage networks.

External vars:





Transformer parameters:








I := [
Ij

Ik] ∈ ℂ6, V := [
Vj

Vk] ∈ ℂ6

M := [
diag(1/Nabc

j ) 0

0 diag(1/Nabc
k )] ∈ ℂ6×6

yi := diag (ya
i , yb

i , yc
i ) ∈ ℂ3×3, i = 0,j, k

Unitary voltage network per phase
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Figure 8.26: Unitary voltage network in each phase f of a three-phase transformer.

8.6.1 Unitary voltage network per phase

The internal variables on the unitary voltage network in each phase f are defined in Figure 8.26. These
variables satisfy (3.9) for each phase f :

Ĵf
j = yf

j (Û
f
j �Ûf

0 ), Ĵf
k = yf

k (Ûf
k �Ûf

0 ), Ĵf
0 + Ĵf

j + Ĵf
k = yf

0Ûf
0 , f 2 {a,b,c} (8.56)

Let

Ĵi :=

2

4
Ĵa

i
Ĵb

i
Ĵc

i

3

5 , Ûi :=

2

4
Ûa

i
Ûb

i
Ûc

i

3

5 , yi := diag
⇣

ya
i ,y

b
i ,y

c
i

⌘
i = 0,1,2

Then (8.56) is in vector form

Ĵ j = y j(Û j �Û0), Ĵk = yk(Ûk �Û0), Ĵ0 + Ĵ j + Ĵk = y0Û0

or in terms of an 9⇥9 admittance matrix
2

4
Ĵ0
Ĵ j
Ĵk

3

5 =

2

4
Âi yi �y j �yk
�y j y j 0
�yk 0 yk

3

5

2

4
Û0
Û j
Ûk

3

5 (8.57)

where Âi yi = y0 + y j + yk. Since Ĵ0 = 0 2 C
3 we can eliminate Û0 and derive the 6 ⇥ 6 Kron-reduced

admittance matrix Yuvn that maps Û := (Û j,Ûk) 2 C
6 to Ĵ := (Ĵ j, Ĵk) 2 C

6 (Exercise 8.24):

Ĵ = YuvnÛ where Yuvn :=

0

@I2 ⌦
 

Â
i

yi

!�1
1

A


y j(y0 + yk) �y jyk
�y jyk yk(y0 + y j)

�
(8.58)

and Ik is the identity matrix of size 2. Note that the phases of these internal variables are decoupled in
(8.58) since the admittance matrices yi 2 C

3⇥3 are diagonal. The phases will be coupled in the terminal
variables (Vj,Vk) and (I j, Ik) through Y or D configuration, as we now explain.

Admittance matrix in 
ℂ9×9

̂J0

̂Jj

̂Jk

=
∑i yi −yj −yk

−yj yj 0
−yk 0 yk

Û0

Ûj

Ûk

Since , can eliminate  to obtain Kron reduced 
admittance matrix





where


̂J0 = 0 Û0

̂J = Yuvn Û

Yuvn := 𝕀2 ⊗ (∑
i

yi)
−1

[
yj(y0 + yk) −yjyk

−yjyk yk(y0 + yj)]

̂Jj = yk(Ûj − Û0), ̂Jk = yk(Ûk − Û0)

y0Û0 = ̂J0 + ̂Jj + ̂Jk
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 config:  
Y

Ûj = Mj (Vj − Vn
j 1), ̂Jj = M−1

j Ij
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(a) Y configuration










































































































(b) D configuration

Figure 8.27: Primary side of a three-phase transformer with unitary voltage networks.
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(a) Y configuration










































































































(b) D configuration

Figure 8.27: Primary side of a three-phase transformer with unitary voltage networks.
 config:  
Δ

Ûj = MjΓVj, ̂Jj = M−1
j IΔ

j , Ij = Γ𝖳IΔ
j

neutral may or may not be grounded!
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Primary circuit





Secondary circuit


Y configuration:  Ûj = Mj (Vj − Vn
j 1), ̂Jj = M−1

j Ij

Δ configuration:  Ûj = MjΓVj, ̂Jj = M−1
j IΔ

j , Ij = Γ𝖳IΔ
j

Y configuration:  Ûk = Mk (Vk − Vn
k 1), ̂Jk = M−1

k Ik

Δ configuration:  Ûk = MkΓVk, ̂Jk = M−1
k IΔ

k , Ik = Γ𝖳IΔ
k
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Eliminate internal vars :





(Û, ̂J)

I = D𝖳(MYuvnM)D (V − γ)

where


 : neutral voltages in  configuration


 : configuration dependent


 

γ := (Vn
j 1, Vn

k 1) YY

D ∈ ℂ6×6

YY config:  D := [ 𝕀 0
0 𝕀 ]

ΔΔ config:  D := [Γ 0
0 Γ]

ΔY config:  D := [Γ 0
0 𝕀 ]

YΔ config:  D := [ 𝕀 0
0 Γ]

For both single-phase & three-phase transformers:


• This model is equivalent to  equivalent circuit

• Different from simplified circuit (approximation)

• If shunt adm = 0, then all 3 models are equivalent

T


