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Abstract
We prove that the XCP equilibrium solves a constrained max-
min fairness problem by identifying it with the unique solu-
tion of a hierarchy of optimization problems. This is the
same set of problems solved by the standard max-min fair
allocation, but XCP solves them under an additional con-
straint. We describe an algorithm to compute this equilib-
rium and derive a lower and upper bound on link utilization.
While XCP reduces to max-min allocation at a single link,
its behavior in a network can be very different. We illustrate
that the additional constraint can cause flows to receive an
arbitrarily small fraction of their max-min fair allocations.
We confirm these results using ns2 simulations.

1 Introduction
TCP congestion control [1] has prevented severe conges-
tion while the Internet underwent explosive growth during
the last decade. However, the algorithm has shown serious
difficulties as the network continues to scale in size and ca-
pacity [2, 3]. This has motivated several recent enhance-
ments [4–8]. (See [6] for extensive references.) XCP [8]
is distinctive in that it requires explicit communication be-
tween the traffic sources and the network. Moreover, unlike
the other proposals which set the flow rates according to the
sum of congestion measures at the links of their paths, XCP
sets them according to the minimum “available capacity” in
their paths. This has the same flavor as MaxNet [9, 10] which
sets flow rates according to the maximum of congestion mea-
sures in their paths. In this paper, we reverse engineer XCP
to understand its equilibrium properties.

In Section 2, we present a deterministic fluid model of a
general XCP network with multiple links and multiple flows,
and summarize our notation. In Section 3, we analyze the
equilibrium rates of XCP. We show that the network queues
are empty in equilibrium, agreeing with the simulation re-
sults of [8]. We prove the existence and uniqueness of XCP
equilibrium rates by identifying them with the unique so-
lution to a hierarchy of optimization problems. This is the
same set of problems solved by the standard max-min fair
allocation, but XCP solves them under an additional con-

straint. While XCP reduces to max-min allocation at a single
link, its behavior in a network can be very different. We de-
scribe an algorithm to compute this equilibrium and derive
upper and lower bounds on link utilization.

In Section 4, we use these bounds to investigate the im-
pact of the choice of protocol parameters on link utilization
under the additional constraint. We show that flows can re-
ceive an arbitrarily small fraction of their max-min fair allo-
cations. Specifically, with a max-min fair allocation, as long
as a link is a bottleneck for some (not necessarily all) flows
that pass through it, it will be fully utilized. Under XCP,
this is no longer true: when the majority of flows using a
link are bottlenecked at other links, the remaining flows may
not make efficient use of the residual bandwidth. With the
values suggested in [8] however link utilization is at least
80% at any link. XCP has a “shuffling parameter” �����
to prevent the network from settling into an unfair state [8].
We show that, given any network topology, we can choose �
sufficiently small so that the resulting allocation is close to
max-min fairness. For any fixed �	��� , however, there are
topologies in which some flow rates can be far away from
their max-min allocations.

These properties and the accuracy of our algorithm are
verified by ns2 simulations in Section 5. We conclude in
Section 6 with limitations of this work.

2 Model
Consider a network with 
 links shared by � flows. Sources
are indexed by ��
�������������� , links by ��
�������������
 and
packets by � . Let � be the 
	��� routing matrix: � �"!#
$�
if flow � uses link � and 0 otherwise. Let 
&%'�)( be the set of
links in the path of flow � :


&%'�*(,+-
 .#�0/1�2�"!0
3�54
and 67%'�8( be the set of flows that use link � :

67%'�8(,+9
 .:�;/1�&�<!0
=�&4
Note that �?>@
&%'�)(BAC�;>@6D%E�E( .

We will present a continuous-time fluid model of XCP.
For flows � , define the following variables:
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��� !�% � ( : window size at time
�
, in packets.��� ! : round-trip propagation (and fixed processing) delay.��� ! % � ( : round-trip time (RTT) at time

�
.��� ! % � ( +-
 � ! % � (�� � ! % � ( : flow rate at time
�
.

For links � , define the following variables:�
	 � : capacity, in packets/sec.��� �)% � ( : backlog at time
�
, in packets.��
 � % � ( +-
�� ! � �"! � ! % � ( : aggregate input rate at link � at time�

. In equilibrium, we sometimes write 
 � % � ( to emphasize
the dependence on equilibrium rates � .

XCP divides time into control intervals of duration � ,
which is also used as a time scaling parameter. The original
paper [8] sets � to the mean RTT of all the flows at a link,
making � time-varying and potentially different at different
links. For simplicity, we assume � to be a global constant in
our model.

To simplify notation, we assume all packets have the
same size of 1 unit. We use “flow” and “source” interchange-
ably.

2.1 XCP description
In this subsection, we summarize the XCP algorithm. See [8]
for the design rationale and a detailed description. We ignore
feedback delay in our model because we are interested in
equilibrium properties in this paper.

For each packet, XCP generates a feedback signal pre-
scribing a change in window size. Let �� ��� % � ( be the feed-
back generated by link � for packet � at time

�
. The acknowl-

edgment for packet � received by its source contains in its
header the smallest feedback �����D� � ��� % � ( generated by links
along its path. The source adds this quantity to its current
window size.1 We now describe how to compute the feed-
back.

Let � � % � ( 
 ���7% 	 ��� 
 � % � ( ( � � � � % � (
where � , � � � are constants, 	 � is the link capacity, 
 � % � (
is the aggregate input rate, and � � % � ( is the backlog at time

�
.

Let
�"!� % � ( 
#�%$'& % � ��% � ( ��� ( and

�)(� % � ( 
#�%$'& % � � �)% � ( ��� ( .
The feedback on the � th packet at link � is�� ��� % � ( 
 �* ��� % � ( � �+ ��� % � (
where �* ��� % � ( and �+ ��� % � ( are the increase and decrease com-
ponents respectively:

�* ��� % � ( 
 %-, ��% � (). � !� % � ( ( �� � % � (� �� � % � (/� �� � % � (�103254�6578�9;: �� 8 % � (/� �� 8 % � ( (1)

�+ ��� % � ( 
 %-, � % � (). � (� % � (�( �� � % � (� �< �)% � ( (2)

1In practice, the window size has a lower bound of 1 packet, but for
notational simplicity, we ignore this.

where �� � % � ( and �� � % � ( are the round-trip time and window
size, respectively, of the flow which transmitted packet � ,
and
< �)% � ( is the total number of packets seen by link � over

the time interval % � � �D� �>= . Here, � % � ( 
 �%$?& %E� �)�@� 
 �)% � ( � / � ��% � (�/ (
is a “traffic shuffling” term with �BA � a constant. (Note that
we are using the definition of � from the appendix of [8],
which differs by a factor of � from that used in the corre-
sponding equation in [8].)

2.2 Dynamic model
We now translate the per-packet feedback �� ��� % � ( into per-
flow feedback. Let

� �"!�% � ( be the feedback generated by link
� for flow � at time

�
. In general, a quantity with a tilde ( � )

pertains to a packet while the corresponding variable without
a tilde pertains to a flow.

Substituting �� � % � (;
 �� � % � (��C�� � % � ( in (1) gives

�* ��� % � ( 
 �� � % � (�� � % � ( , � % � (�. �D!� % � (�E� 0 2 4F657! 9D8 �G� �� 8 % � ( � (3)

< �)% � ( is the total number of packets arriving at link � in pe-
riod % � � � � �>= . For simplicity, we assume that< �)% � ( 
 
 �)% � (H�=
I�KJ

!
�&�<! � !�% � (

Of these packets, we assume that � �"! � ! % � (L� packets are from
flow � . Hence0M2N4F657J8�9�: ��� 8 % � ( 
 OJ

! 9�: �2�"! � !�% � (H�QP �� ! % � ( 
 � �5�
Thus the per-packet feedback (3) becomes per-flow feedback* �"!�% � ( 


� ! % � (�SR , � % � (). �D!� % � (� � � ! % � (
Using

< �)% � ( 
 
 �)% � (H� again, the per-packet feedback (2) be-
comes + �"!�% � ( 


� ! % � (� R , � % � (). �T(� % � (
 �)% � (
The feedback per packet to flow � from link � is then� �"!�% � ( 


� ! % � (� R U , �)% � (). �D!� % � (
� � � ! % � ( � , �)% � (). �)(� % � (
 �)% � ( V

If flow � does not use link � , then set
� �"!�% � ( 
XW .

Let
� !�% � ( 
Y����� �[Z]\ 4 ! 7 � �<!�% � ( be the minimum feedback

along � ’s path. Since source � receives � ! % � ( feedback packets
per unit time (assuming every packet carries control informa-
tion and is acknowledged), its window evolves according to:^� ! % � ( 
 � ! % � (_P � ! % � (
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Substituting � !�% � ( 
 � ! % � (/� � ! % � ( , we have^� !�% � ( 
� !�% � (� R � ����[Z]\ 4 ! 7
U , �)% � (). �D!� % � (

� � � !�% � ( � , �)% � (). �)(� % � (
 �)% � ( V
Remark: The pseudo code in [8] and the NS-2 implementa-
tion contain “residual” terms not described in the text of [8].
These use the feedback from upstream links to modulate the
positive and negative components �* ��� % � ( and �+ ��� % � ( to pre-
vent excessive positive or negative feedback in each control
period. However, it can be proved (see a forthcoming paper)
that the modulation of the positive component has no effect
on the XCP equilibrium at all. The modulation of the neg-
ative component also has no effect on the equilibrium if the
average rate of flows bottlenecked at upstream links is signif-
icant (at least half that of flows bottlenecked at link � itself).
Otherwise, the negative feedback is limited and the resulting
link utilization is slightly increased (by around 4% in Sce-
nario 1 of Section 5). Since these residual terms seem to
impact primarily on dynamic rather than equilibrium proper-
ties, for simplicity, we ignore them in this paper.

In summary, an XCP network is described by the follow-
ing set of equations:^� !�% � ( 


� !�% � (� R ������[Z]\ 4 ! 7 � �"! % � ( (4a)^� �)% � ( 

� 
 �)% � ( � 	 � if � � % � (#� ��%$'& % 
 ��% � ( � 	 �*��� ( if � � % � (;
	� (4b)

where

� �"! % � ( 
 , � % � (). � !� % � (
� � � !�% � ( � , � % � (). � (� % � (
 �)% � ( (5a)� � % � ( 
 ���7% 	 �@� 
 � % � ( ( � � � � % � ( (5b), �)% � ( 
 ��$?& % �@� 
 �)% � ( � / � � % � (�/"��� ( (5c)� ! % � ( 


� ! % � (� !�% � ( (5d)
 � % � ( 
 J
!
� �"! � ! % � ( (5e)

� !�% � ( 
 � !D. J
�
�&�"!
� � % � (	 � (5f)

Here, � � � , � A � , � A � are constants, and
��!� % � ( 
�%$'& % � � % � ( ��� ( , �)(� % � ( 
 ��$?& % � � � % � (���� ( . Standard XCP

uses � 
	� � � , � 
 � ������� and ��
	� � � . We will study the be-
havior of the general model, which includes this as a special
case. As we will see below, the qualitative properties, such
as existence and uniqueness of equilibrium rates and their
fairness properties, do not depend on specific values of these
parameters (as long as ��� � ).

3 Equilibrium rates
This section characterizes the equilibrium of XCP and de-
scribes an algorithm to compute it; the next considers the
implications of these results on utilization and fairness.

Equations (4)–(5) describe the evolution of the window
vector � % � ( 
3% � ! % � ( , for all �)( and the backlog vector � % � ( 

% � � % � ( , for all �8( . A pair of rate and backlog vectors % � � � ( ,
with window vector � given by � ! 
 � ! % � ! . � � � �"! � � � 	 � ( ,
is said to be in equilibrium if both

^� % � (;
 � and
^� % � (:
	� .

We start by defining a bottleneck link and other notation
for XCP equilibrium. In general quantities without

�
depen-

dence denote equilibrium quantities, e.g., � ! � � ! � � ! � � �<! , etc.

Definition 1 A link � is said to be a bottleneck for source �
with respect to (w.r.t.) � if

� �"! is minimum among all the links
that � uses, i.e.,

� �<!?
1� ���	� Z]\ 4 ! 7 � � ! . In this case, source �
is said to be bottlenecked at link � w.r.t. � .
By definition, every source � has a bottleneck. Lemma 1
below implies that

� �<! 
	� in equilibrium at a bottleneck � .
We distinguish between links that are bottlenecks and

those that are not. Let 
 : % �)( be the set of links that are bot-
tlenecks for source � w.r.t a given equilibrium rate � :


 : % �)(,+-
 . �B> 
2% �)(#/ � �"!?
 � ���� Z]\ 4 ! 7 � � !04
and 
�
 %'�)( +-
 
&% �)(
� 
 : %'�*( be the set of links in � ’s path that
are not bottlenecks for source � w.r.t � . We also distinguish
between sources that are bottleneck locally and those that
are not. Let 6 : %E�E( be the set of sources bottlenecked at link �
w.r.t. a given equilibrium rate � :

6 : %'�E(,+-
 .:� >�67%'�E(#/ � �<!0
 ������ Z]\ 4 ! 7 � � !04
and 6�
 %'�8( +-
 6D%E�E(�� 6 : %'�8( be the set of sources bottlenecked
elsewhere. Let � � +9
 / 6D%E�E(�/ be the number of sources at link
� , � � 
 +-
 / 6 
 %E�E(�/ , and � � : +-
 / 6 : %'�8(�/ . Let � ��+9
 � � 
 ��� �
be the fraction of flows through link � which are not bottle-
necked at link � , and �D�?+-
 
 � 
 � 	 � be the fraction of the link’s
capacity consumed by such flows. Note that while 
2% �)( , 67%'�8( ,
and � � depend only on the routing matrix � , 
 : %'�)( , 
 
 %'�*( ,
6 : %'�8( , 6 
 %'�8( , � � 
 , � � : , � � and � � depend also on the equilib-
rium rate � through

� �"! .
From (4) and the definition of 6 
 %'�8( , we have

Lemma 1 The rate and backlog vector % � � � ( is in equilib-
rium if and only if

1. for all � , 
 ��� 	 � with equality if � � � � and
2. for all � , ����� �[Z]\ 4 ! 7 � �<!0
	� .

Moreover,

3. if � >�6�
 %'�8( and � > 6 : %E�E( then
� �"! � � and

� � 8 
 � .
4. if 6 : %'�8(��
�� then , � 
 � implies

� � 
 � .
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Proof: Parts 1 to 3 are immediate. To see part 4, note that, � 
 � implies

� �"! 

� !�
� � � ! � � (�
 �

By part 2,
� �"!B
	� for all �:>�6 : %'�8( . Since at most one of

� !�
and
�)(� can be nonzero,

��!� 
 �)(� 
 � , whence
� � 
 � . �

3.1 The need for bandwidth shuffling
Without bandwidth shuffling, XCP would have ��
	� , giving, �)% � ( 
 � for all � and

�
. In particular, ,D� 
	� in equilibrium.

Theorem 2 Suppose ��
 � . Then % � � � ( with � !;
 � !>� � ! is
an equilibrium if and only if

1. for all � , 
 ��� 	 � and � � 
 � , and
2. for all � , there exists �?>�
&% �)( with 
 � 
 	 � .

Proof: The first condition in the theorem implies that for all
� , � � A � . Combined with , � 
 � , this implies

� �<! A �
for all � . The second condition then implies that for all � ,����� �[Z]\ 4 ! 7 � �"! 
 � . Hence, the conditions in the theorem are
sufficient, by (4) and the first part of Lemma 1.

For necessity, there are two cases. If 6 : %E�E(��
 � then
� � 


� by the second part of Lemma 1, and (5b) implies 
 �:
 	 �
and � �0
 � , since 
 � � 	 � , � � A � , and � � � . Otherwise � >�
! 
 
 % �)( and

� �"! � � by definition of 
 
 %'�*( . This implies� !� � � , and hence 
 ��� 	 � , � � 
 � in equilibrium. �

Remark: Without bandwidth shuffling, any (possibly un-
fair) boundary point of the set . � / � � � 	 4 would be an
equilibrium. These are exactly the rates � which maximize
aggregate throughput. This is why XCP uses � � � [8].

The rest of the paper considers the more complicated
case of ��� � .
3.2 ����� case: main results
This subsection provides a conceptually simple characteriza-
tion and uses it to prove the existence and uniqueness of XCP
equilibrium. In the next subsection, we provide an iterative
algorithm to compute this equilibrium.

From (4)–(5) and Lemma 1, % � � � ( is an XCP equilibrium
if and only if

1. For all � , 
 � � 	 � with equality if � �?� � .
2. For all sources � , ����� �[Z]\ 4 ! 7 � �<! 
 � .

Using (5a), condition 2 becomes: for all � , for all �?>@
&%'�)( ,

� ! � 
 �
� �
, � . � !�, � . � (� 
 +
	 � (6)

with equality for some ��> 
2% �)( . Hence for links � with
6 : %'�8( �
 � , all flows � > 6 : %'�8( that are bottlenecked at link �

must have the common rate 	 � . This has important implica-
tions as we will see below.

Several of the results will use the following technical
lemma, which is proved in Appendix A.

Lemma 2 For all �
1. � !�� � 8 
�	 � if �:> 6 
 %'�8( and � > 6 : %E�E( .
2. � ��� � � if 6 
 %E�E( �
 � .
3. 	 � A 
 � ��� � with equality if and only if 6 
 %'�8(;
�� .
4. , �?� � if 6 : %E�E(��
 � .
5. 
 � � 	 � A � � with equality if and only if 6 : %E�E(;
 � .
Unlike in the � 
	� case, we characterize the equilibrium

backlogs and rates separately. The following result says that
the equilibrium queue under XCP is zero. This originates
from the definition of

� � in (5b), which is nonnegative in
equilibrium. The same property is used in REM [11] to drive
the queue to zero, or more generally, to a target value.

Theorem 3 In equilibrium, � � 
 � and
� � A � for all � .

Proof: Links can be of three types: (a) 6 : %'�E(��
 � , 6 
 %E�E(;
 � ,
(b) 6 : %'�8( 
 � , 6�
 %E�E( �
 � , and (c) 6 : %'�8( �
 � , 6�
 %'�E( �
 � . Each
of these will be considered in turn.

Type (a) links are bottlenecks for all flows passing through
them, i.e., links � where (6) holds with equality for all � >
67%'�8( . Since all flows have common rate 	 � , 
 � 
 � �
	 � ,
whence equality in (6) implies

��!� 
 �)(� . Thus
� � 
 � ,

and (5b) implies 
 �B
 	 � and � �?
 � , i.e., they share the link
capacity fully and equally, with no queueing delay.

Type (b) links are not bottlenecks for any of the flows
they carry. Hence, for all � >@67%'�E( ,� ! �


 �
� �
, � . �D!�, � . �)(�

Multiplying both sides by � �"! and summing over � , we have
 � �

 �
� �
, � . � !�, � . � (� P J ! � �"!

Hence , � . � !�, � . � (� � �

Since both numerators and denominators are positive,
�@!� �� (� . This implies

� �B� � whence 
 ��� 	 � and � � 
	� .
Type (c) links are bottleneck links for some but not all of

the flows using them. From (6), we have, � . � !�, � . � (� 
 	 �
 � � � � � �

where the inequality follows from Lemma 2. As for type (b)
links, this implies

� � � � , 
 � � 	 � and � � 
	� . �

4



We next characterize the equilibrium rates of XCP. De-
fine � � as

� � % � ( +9
 � 
 R�
� ��� % ��.
�?( 
 � � � 	 � =

where 
 � 
X� ! � �"! � ! . Since � � % � ( depends on � only through
 � , we will abuse notation and also write � � % 
 � ( or � � % 
 � % � (�( .
Define the feasible set of source rates � to be

� 
 +-
�� � >�� O! / � �)% 
 �'( � � or � ! � � �)% 
 �E(��	� �)� � >�67%'�E(�

(7)

where � ! denotes the set of nonnegative real numbers. We
will later show that the XCP equilibrium must be in

� 
 .
Note that � > � 
 implies

� � � 	
To see this, multiply both sides of the inequality in (7) by � �"!
and sum over � to get
 � 
 J

!
� �"! � ! � � 
 R�

% � .��B( 
 � � � 	 �
Rearranging the above inequality yields 
 � � 	 � . The con-
verse may not be true, i.e.,

� 
 may be a strict subset of
. � / � � � 	 4 .

Our main result is to prove the existence and uniqueness
of XCP equilibrium in a general network, and that this equi-
librium solves a constrained max-min fairness problem.

Definition 4 A rate vector � � > � 
 is constrained max-min
fair if for any other feasible � > � 
 , � ! � � �! implies that
there is a � with � 8 � � �8 and � �8 � � �! .
Intuitively, a constrained max-min fair vector � � is such that
it is not possible to increase a component � �! without reduc-
ing another smaller or equal component � �8 . This differs from
standard max-min fairness only in that the feasible set

� 
 is
a subset of . � / � � � 	 4 [12]. This restriction has important
ramifications, as we will see in the next section.

We will prove constructively that the unique XCP equi-
librium is constrained max-min fair by identifying it with
the solution of a hierarchy of optimization problems over the
feasible set

� 
 : it maximizes the smallest source rates in
� 
 ,

and then maximizes the second smallest rates over all rates
that solve the first problem, and so on. These maximization
problems are defined inductively, following the idea of [13].

Let 
 
 
 � and 6 
 
 � . The sets %'
 
 ��6 
 � � 
 ( define
the first problem P : , whose solution is described by the sets
%'
 : ��6 : � � : ( . These sets in turn define the second problem
P R , and so on. To simplify notation, let



��+-
����� � 
 � 6�� +-
����� � 6 �

Given sets % � 
 ��
 
 ��6 
 ( , ����� , % � � ( : ��
�� ( : ��6�� ( : ( , if 6�� ( :
contains all flows, then we stop. Otherwise, we define prob-
lem P � and its solution 

�7��6�� � � � , + A � , as follows.

P � : ��$?&� Z�������� � ���!! Z "#����� � ! (8)

Let

	$� +-
 ������% Z \&����� �%$?&� Z�� �'��� � �)% � ( (9)


 � +-
 . minimizing � in (9) 4 (10)

6 � +-
 �
�[Z]\&� 67%'�8(
� 6 � (11)

� � +-

� � > � � ( :)(((( � !

� 
 	 � �*� �;> 6 �
� 	+� �*� � �> 6��

,
(12)

A few important properties are immediate from these
definitions. First, the rates 	 � are monotonic:������ 	 �

� � 
 	 : � 	 R �XP P P � 	$� (13)

Second, 
 � and 6 � are nonempty; moreover they are disjoint
from 
 � ( : and 6 � ( : , respectively. Hence 6 � will eventually
contain all the flows and there are only a finite number of
problems P � . Finally,

� � are strictly nested:

� 
.- � : - P P P - � �
Indeed it will become clear that

� � is exactly the set of so-
lutions to problem P � , i.e.,

� : is the set of feasible rates� > � 
 whose smallest rates are maximized,
� R is a subset

of
� : whose second smallest rates are also maximized, and

so on. We prove below that if P ��/ is the last problem, then� ��/ is a singleton that solves all problems P : ������� , P ��/ .
To contrast XCP equilibrium with the standard max-min

fair allocation, we derive a “bottleneck” characterization that
is analogous to that for max-min fairness; see the beginning
of Section 4.

Lemma 3 Suppose � is the XCP equilibrium rate vector.
Link � is a bottleneck for source � > 6D%E�E( w.r.t. � if and
only if

1. � ! 
0� � % � ( , and
2. � ! A � 8 for all � >@6D%E�E( .

Proof: Suppose link � is a bottleneck link for source � w.r.t.
equilibrium � . Then Lemma 1(2) implies that

� �"! 
3� , i.e.,
equality holds in (6). Since

� �_A � by Theorem 3 and , �B� �
by Lemma 2, (5c) becomes ,D� 
 �@� 
 � � � � . Thus from (6)� ! 
 	 � 



 �
� �

�@� 
 �
��� 
 � � � � 
1� � % � ( (14)

proving the first condition. Condition (6) then implies the
second condition.
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Conversely, suppose the two conditions are satisfied. If, � 
 � , then
� �"!&
$� from (5a). Lemma 1(2) then implies� �"! is the minimum among links in source � ’s path, i.e., link �

is a bottleneck. On the other hand, if ,D�B� � , then, as above,� �EA � and , �;
 �@� 
 � � � � . Then � !:
 � �)% � ( is equivalent
to
� �"!?
	� , proving that � is a bottleneck. �

Motivated by this lemma, we call link � a nonbottleneck w.r.t.� if either � � % � ( � � or � ! � � �)% � ( for all � >@6D%E�E( .

Our main result is

Theorem 5 The problems P � are well-defined and have a
unique solution. Moreover, the following are equivalent:

1. � � is an XCP equilibrium.
2. � � is the unique rate vector that solves all the prob-

lems P � .
3. � � is constrained max-min fair.
4. � � > � 
 and every flow has a bottleneck w.r.t. � � , i.e.,

for all � , there is an � > 
&% �)( such that � �! 
 � �)% � � (
and � �! A � �8 for all � > 67%'�8( .

Before presenting our proof, we derive a (centralized)
algorithm to compute the XCP equilibrium.

3.3 Algorithm for computing equilibrium
The equilibrium rates of XCP can be found using an algo-
rithm analogous to that of [12] for max-min fairness. How-
ever, because the constraint on the link throughput in (6) de-
pends on the aggregate flow rate through , � and

� � , some
extra bookkeeping is required.

Theorem 6 The utilization of a bottleneck link � satisfies
 �	 � 
 � . % � . �B( � � . � %N� � % � . �B( � � (HR3. �S� � � � %)� � � � (� % � � � .
�B(
(15)

The rates of all sources �:> 6 : %'�8( bottlenecked at � satisfy

	 � 

	 �
� �
� �B� � � � � � � = . � � �B� . � � � � � = R � � � � � �)% � � � � �E(

� %)� � � �'(�% � � � .
�?(
(16)

where

�B� 
�% � � � .
�?(�%)� � � �8( � � � ��% � � � � �8( (17)

Proof: Substituting 	 � 
�% 
 �'� 
 � 
1(�� %E� �G� � � 
 ( into (14) and
solving the resulting quadratic equation gives


 � 
 � 	 � .	% �%.
�?( 
 � 
�� � % � 	 � .	% ��.��B( 
 � 
 ( R � <� % � � � 
G� � � .
�B( (18)

where
< 
 �S� 	 � 
 � 
 % � � � 
 ��� �T.X�B( . By Lemma 8 in Ap-

pendix A, only the larger solution of (18) satisfies part 5 of
Lemma 2, and is a valid equilibrium. Rearranging the term
in the square root gives (15).

To obtain (16), instead substitute 
 � 
=%E� � � � � 
 ( 	 � . 
 � 

into (14), giving

� �
U 	 � � �	 ��V R .��2� 	 � � �	 � .	�:� 
 � � (19)

where
� � 
 % � � � �'(�% � � � .��B(
�2� 
 � � � � � � � � � � � �#%)� � � �E(
�:� 
 � � � R� �

Since 
 � is increasing in 	 � , it is again only the larger root
which represents the XCP equilibrium. Thus

	 � � �	 � 
 � �B� � � � � � � = . � � �B� � � � � � � = R � � � �
�:�
� %)� � � �'(�% � � � .
�?( �

where � � is given in (17). Rearranging the expression in the
square root gives (16). �

Note that the right-hand side of (16) depends on the rate
vector � throughput � � and � � . Hence it is not an explicit for-
mula for the throughput of a general flow. However it says
that the common “bottleneck” rate at each link � depends on
the rate vector � only through 
 � 
 and � � 
 that are bottle-
necked elsewhere. These are source rates smaller than the
“bottleneck” rate at link � , by Lemma 1. This motivates an
algorithm similar to the max-min algorithm of [12] that cal-
culates the throughput � ! of each flow in increasing order,
without the need for recourse to simulation.

1 Set �6�

� � , �
 

� � , � � %'� (�� � , � � %E� (�� � for all
� , + � �

2 repeat
2.1 For each link, � �> 
 � ( : find 	 � % + ( from (16)

using � � % + � � ( and � � % + � �1( from rates al-
ready allocated

2.2 Set 	 � � � ��� 8 	 8 % + (
2.3 Set 

��� . �?+ 	 � % + (;
�	$�74
2.4 foreach �B>�

�

2.4.1 Set 	 � � 	+�
2.4.2 For each flow �;>@67%'�E( � �6 � , set � !�� 	 �

endfor
2.5 Set 6������ 8 Z]\ � 67% � (
� �6��
2.6 Set �6 � � �6 � ( :�� 6 �
2.7 Set �

��� �

� ( : � 

�
2.8 foreach �B> � !! Z��" � 
&% �)(

2.8.1 Set � � % + (�� � � % + � � (/. � !5Z�" � �2�"! � !>� 	 �
2.8.2 Set � � % + (�� � � % + � �1( . � !5Z�" � �&�<!>��� �

endfor
2.9 Set + � + .	�
until �6�� 
=. all flows 4

This solves each of the optimization problems, P � , in
turn. The key is that, by keeping track of the used capacity of
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each link, � � % + ( and � ��% + ( , it can compute the maximization
in (9) in closed form. For each � , the values �7� % + ( and � �)% + (
vary during the algorithm. For the algorithm to be correct,
they must have the right values when link � is the minimum in
step 2.2. This occurs as long as the link rates are allocated in
increasing order, as is guaranteed by the following theorem,
proved in Appendix C.

Theorem 7 The above algorithm calculates the correct equi-
librium rates of XCP.

If ��
 � then (16) reduces to 	 � 
�% 	 �'� 
 � 
�(�� %'� �'� � � 
�( ,
and hence the algorithm reduces to the algorithm in [12] to
compute the max-min fair allocation. This suggests that,
given any topology specified by the routing matrix � and
link capacity vector 	 , one can choose � � � to be suffi-
ciently small so that the equilibrium of (4) is close to max-
min fair. On the other hand, with small � , the convergence of
individual rates to fairness can be very slow. We will return
to this point in Section 4.

3.4 ����� case: proofs and intuitions
In this subsection we prove Theorem 5. The proofs of lem-
mas are relegated to Appendix B. We start with a simple
observation that greatly simplifies the solution of P � .

Lemma 4 Suppose
� � is nonempty. The maximization in

(9) can be taken over � > � � that have equal � ! for � �> 6�� .

In view of Lemma 4, we can replace
� � in (12), for + A

� , by their subsets:�� ��+-
 � � > � � ( : (((( � !0

�
	 � � � �;>�6 �
	+� . � � � � �> 6�� � � � � , (20)

and use them instead of
� � ( : in computing 	 � :

	$� +9
 � ����% Z \������ �%$'&� Z��� �'��� � �)% � (
This greatly reduces the complexity of (9) from maximizing
over + -vectors � > � � to over a scalar � � � .

Denote an � > �� � by � % ��� + ( , with� !�% ��� + ( 

�
	 � � � >�6 � ��� � +
	+� . � � � �> 6�� (21)

and let � %'� � + ( +-
	������

� 
 � % ��� + ( . Note that � %'� � + ( , + A
� , is not in

� � according to definition (12), though it is in� 
 . We will see in Lemma 6 below that � %'� � + ( plays an
important role in the proof of Theorem 5. The vector � % ��� + (
induces link flows
 � % ��� + (�
 J

!
�&�"! � !�% ��� + (



�J� 9�: 	 � J!NZ�"�� �&�"!�. 	+�KJ!  Z " � �2�"!D. � J!  Z "#� �2�"! (22)

This motivates the following main technical lemma.

Lemma 5 Given any scalars ��A � , �=� � , and � A � ,
define �� � % � (,+-
 �� � % ��� � ��� ( +9
 � � %�� .�� � (


 �B%
� .�� � ( R
� � % % � .��B(�%
� .�� � ( � � 	 � ( (23)

for some � ��A � , � � � , ��� � and 	 �B� � .
1. If either

�� � %E� ( � � or � � �� � %'� ( then there exists a
unique � � A � such that � .�� � � 
 �� � % � � ( , where� � 
 � if and only if � 
 �� � %'� ( .

2. Moreover, over . � / �� � % � (#� � 4 , �K.�� � � �� � % � ( if and
only if � � � � .

For later reference, we will denote the mapping from
%
� ��� ��� ( to the unique � � in Lemma 5 by� � %��D��� ��� ( 
 � � (24)

This function is used in the rest of the proof.
Lemma 5 implies that if link � is a bottleneck for some

source � with respect to an � > � 
 , then the rate of source
� cannot be increased without violating the feasibility con-
straint in (7). For instance, let + A � be such that � > 
)� .
Setting ��
 
 � %'� � + � �1( , � 
 	+� ( : and � 
 � !  Z " ����� �&�"!
gives � � 
 	+� � 	$� ( : and � is a bottleneck for all �:> 6$� w.r.t.� % � � � + � �1( . Lemma 5(b) then implies that rates greater than
	+� are infeasible at link � .

The next lemma implies that all links �:> 
)� are bottle-
necks w.r.t. all � > �� � , and all links � �> 
�� are nonbottle-
necks w.r.t. � %E� � + ( . In particular, this implies that

� � are
nonempty.

Lemma 6 For each + A � ,
1. if � > 

� , then � ! 
 � �)% � ( for all � >=6�� w.r.t. all� > �� � .
2. if � �> 
 � , then either � �)% � %E� � + (�( � � or � !�%'� � + ( �� �)% � %'� � + ( ( for all �;>@67%'�E( .
Lemmas 5 and 6 suggest the following abstract algorithm

to compute the solution of problems P � , analogous to the
one of the previous section to find the XCP equilibrium. At
the start of iteration + .3� , all links � > 
 � , � � + , are
bottlenecks for some sources � > 6 � w.r.t. all � > � � . A
source � > 6�� passes through at least one bottleneck �?> 

� ,
and hence its rate cannot be raised further without violating
the constraint in (7). All links � �> 
)� are nonbottleneck
links w.r.t. � %'� � + ( defined in (21). Sources � �> 6 � pass
through only these nonbottlenecks, and hence their rates can
be increased further, starting from 	 � . At each nonbottleneck
link � , nonbottlenecked sources � �> 

� can raise their rates
to (using (24), (21), and (22))

	 � . � � �� �J� 9�: 	 � J!NZ�" � � �<! . 	 � J!  Z " � � �"! � J!  Z " � � �<! � 	 ��� 
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to make � a bottleneck. The smallest of these rates, smallest
over � �> 
�� , is 	$� ! : . It is assigned to all previously nonbot-
tlenecked sources going through the new bottleneck links,
and is the optimal objective value for problem P � . These
new bottleneck links are collected into 
)� ! : , the newly bot-
tlenecked sources into 6 � ! : and their rates into

�� � ! : (or� � ! : ). The other non-minimizing links remain nonbottle-
neck w.r.t. the new rates � > �� � ! : , and the cycle repeats,
until all sources are assigned their bottleneck rates.

The solution of each problem P � fixes the components� ! � � >$6 � , to be rate 	 � , until all components have been
assigned. Hence, if P � / is the last problem, then

� � / 

. � � 4 is a singleton.

The above discussion is summarized in the following
lemma, which justifies Theorem 5.

Lemma 7 The problems P � are well-defined.
� � is exactly

the set of solutions to problem P � . There is a unique solution
to the hierarchy of problems.

We now prove Theorem 5.

Proof (Theorem 5) : Lemma 7 implies that P � are well-
defined and have a unique solution. It is clear that character-
izations 2 and 3 are equivalent, i.e., � � is the unique solution
to the hierarchy of problems P � if and only if it is constrained
max-min fair. We will first prove the equivalence of charac-
terizations 3 and 4, and then that of 1 and 4. We will use the
equivalent definition of bottleneck links in Lemma 3.

Equivalence of characterizations 3 and 4: We will prove
that � � is constrained max-min fair if and only if both � � >� 
 and every flow � has a bottleneck link w.r.t. � � , i.e., for
all � , there is an �;> 
&% �)( such that � �! 
 � �)% � ( and � �! A � �8
for all �	>367%'�8( . The proof follows the same approach as
the corresponding result for standard max-min fairness; see
[12]. The difference is in the use of Lemma 5 because of the
more complicated feasible set

� 
 .
Suppose � � > � 
 and every flow � has a bottleneck link

w.r.t. � � . If � � is not constrained max-min fair, then there
exists another � > � 
 such that � !&� � �! for some � , and if� �8 � � �! then � 8 A � �8 . We will derive a contradiction. Let
�?>@
&% �)( be a bottleneck for � w.r.t. � � . Then � �! A � �8 for all� >�67%'�E( , and hence � 8 +-
 � 8 � � �8 A � for all � >@67%'�E( , with� ! �=� . Write the link flow 
 � % � ( due to rates � in terms of� 8 and the link flow 
 � % � � ( due to � � :
 � % � ( 
 J 8 � � 8 % � �8 . � 8 (


 
 �)% � � ().�J 8 �2� 8 � 8
Let the scalar � be the average � 8 :� 
 � 8 � � 8 � 8� 8 � � 8 � �

Then the rate vector
�� defined by

�� 8 
 � �8 . � if � > 67%'�8(
and

�� 8 
 � �8 otherwise induces the same flow rate at link �
as � does:
 � % �� ( 
 
 � % � � (). � P J 8 � � 8 
 
 � % � ( (25)

Since � � ��$?& 8 � 8 , and � is feasible, we must have, for all� > 67%'�8( , �� 8 � �%$'&�� Z�" 4 � 7 � ��� � � % 
 � % � (�(

 � �)% 
 � % �� (�( (26)

where the last equality follows from (25). Hence
�� is also

feasible. But link � is a bottleneck for source � w.r.t. � � , i.e.,� �! 
 � �)% 
 �)% � � (�( � � (27)

and so applying Lemma 5(1) with �@
 
 �)% � � ( , � 
 � �! and� 
X� 8 � � 8 gives � � 
 � . Since
�� 8 
 � �8 . � for all � >�6D%E�E( ,

with � � � � , Lemma 5(2) and (25) imply that�� ! � � �)% 
 �)% �� ( (
contradicting (26). Hence � � is constrained max-min fair.

Conversely, let � � > � 
 be constrained max-min fair. If
there is a source � that has no bottleneck link w.r.t. � � , then
for all �?>@
&%'�*( , either � � % 
 � % � � (�( � � or � �! � � � % 
 � % � � (�( for
all �;>@67%'�E( . Lemma 5 then implies that there exists a unique
scalar � !B� � , given by� ! 
 ������[Z]\ 4 ! 7 � � % 
 �)% � � ( ����� � �! (
such that � > � 
 , given by � ! 
 � �! . � ! and � 8 
 � �8
for � �
 � , strictly increases component � without having to
reduce other components � , contradicting the fact that � � is
constrained max-min fair.

Equivalence of characterizations 1 and 4: We will prove
that a vector � � > � O! is an XCP equilibrium if and only if� � > � 
 and every flow � has a bottleneck link w.r.t. � � .

The discussion at the beginning of Section 3.2 shows that� � is an XCP equilibrium if and only if, for all � , (6) holds for
all �?>@
&%'�*( , with equality for some �0>@
2% �)( . This, with (14),
establishes � � > � 
 . As observed after Definition 1, every
flow has a bottleneck by definition.

To show characterization 4 implies characterization 1, it
suffices to show that the characterization in Lemma 3 implies
statements 1. and 2. at the start of Section 3.2. The discus-
sion after (7), and setting � 
C� , establishes Statement 1.
This shows

� (� 
	� for all � . If � ! � � � % � ( then (5c) and (5a)
give

� �<!�A � , with equality when � ! 
 � �)% � ( . Otherwise,� �)% � ( � � giving ,�
 � and, by (5a),
� �<! A � . �
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4 Utilization and fairness
In this section, we discuss some implications of the results in
Section 3 on link utilization and fairness of the equilibrium
rates. Theorem 5 shows that XCP equilibrium is constrained
max-min fair. It is instructive to compare the XCP equilib-
rium with the (standard) max-min fair allocation and a class
of algorithms proposed in [13].

It is proved in [13] that a (standard) max-min fair rate
vector � � is the unique solution of the same hierarchy of
problems P � (8)–(12) defined in Section 3, except that the
feasible set

� 
 in (7) is replaced with the superset
� 
 +-
 . � >�� O! /�� � � 	 4 (28)

The key feature that results from this much simpler feasible
set
� 
 is that the bottleneck links under a max-min fair allo-

cation are all fully utilized. Indeed, a rate vector � � > � 
 is
max-min fair if and only if, for every source � , there is a link
�?>@
&% �)( in its path such that [12]

1. 
 �)% � � (;
 	 �
2. � �! A � �8 for all � > 67%'�8( ,

From Theorem 5, condition 1 is replaced with the fixed point
equation � �! 
 � �)% 
 � % � � ( ( for XCP equilibrium. The simpler
condition for max-min fairness has several implications.

First it allows a much simpler proof of max-min fair vec-
tor as the unique solution of the problems P � ; see [13]. Sec-
ond the (centralized) algorithm to compute the max-min fair
rate vector (see [13, 12]) is simpler than that in Section 3.3
for the constrained max-min fair vector. Third, and most
importantly, the XCP equilibrium can underutilize link ca-
pacities and deviate by an arbitrarily large factor from the
max-min fair allocation, as we illustrate below.

Max-min fairness is generalized in [13] by restricting the
feasible set to a (strict) subset of

� 
 in (28). Like XCP,
the restriction is specified as additional constraints on source
rates � ! and link flows 
 � . An example is that, in addition to
being in

� 
 , a feasible rate vector � must also satisfy� ! � �� R 	 � % 	 ��� 
 � ( R �7� � � � >@
2% �)(
This is motivated by an explicit design objective of trading
off full link utilization for the ability to accommodate ran-
dom rate fluctuations. If the standard deviation of the rate
of source � is � � ! , then it is shown in [13] that the standard
deviation of the link flow 
 � is less than the spare capacity	 � � 
 � , so that overshoot is avoided, i.e., 
 � % � ( � 	 � for all�

in the absence of feedback delay. An alternative additional
constraint in [13] is� ! �

� !
� � %
	 � � 
 �E( � � �!� � >@
&% �)(

This is again motivated by an explicit design objective: the
link parameter � � controls utilization and source parameter

� ! controls fairness, akin to XCP’s efficiency and fairness
controllers. A distributed algorithm to compute the equi-
librium rates is also provided in [13], and its convergence
proved. Like XCP, explicit feedback is required: each link
� feeds back the spare capacity 	 � � 
 �)% � ( to sources that go
through this link. Sources adjust their individual rates based
on feedback on its path in a way that is distributed, yet avoids
overshoot.

We now illustrate the effect of the additional constraint
(7) in XCP on link utilization and fairness.

As we explained in the proof of Theorem 3, there are
three types of links. The first type are bottlenecks for all the
flows that go through that link. All links of this type, such as
all �B> 
 : in problem P : , are fully utilized, 
 � 
 	 � . The sec-
ond type are bottlenecks for none of the flows that go through
that link. They are underutilized, 
 �
� 	 � , because the flow
rates going through the link are constrained elsewhere. The
third type are bottlenecks for some, but not all, of the flows
that go through the link. In contrast to the standard max-min
fair allocation, these links are also underutilized, 
 � � 	 � .
We can bound the utilization of these partial bottlenecks.

Theorem 8 If �B>�
 : % �)( for some � then�
� � � .
� � 
 �	 � � � � � � ��% � � � � �8(� � � .
�

Proof: Noting that � � � � (and that � % � � � . �B(#� � ), remov-
ing the last term from the square root in (15) gives the lower
bound: 
 �	 � A � . % ��.
�?( � �". /<%N� � % �%.��B( � �8(�/

� % � � � .��B(A �
� � � .�� (29)

where the second inequality is an equality if � � � � % � . �?( .
To derive the upper bound, first note that � � A � � from

Lemma 2(2). Since � %)� � � �'(�% � � ��.X�B(�� � and � A � ,
removing the last term from the square root of (16) yields

	 � � �	 � � � � � �
� � � � � � � � % � � � � �E(

%)� � � � (�% � � � .
�?( (30)

Multiplying both sides by % � � � � ( and adding � � lead to the
upper bound on utilization
 �	 � � � � � � �)% � � � � �E(� � � .
� (31)

�

Substituting either � 
 � or � �5
 � � into either the ex-
act expressions (15) and (16) or the upper and lower bounds
(29) and (30) gives full utilization as in the max-min case:
 � 
 	 � and 	 � 
 	 � % � � � �E(/� %'� �)%)� � � �E( ( . This shows
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that XCP could be made to approach max-min fairness if the
bandwidth shuffling were reduced.

On the other hand, link utilization could be arbitrarily
low if � and � had been chosen poorly. With the values sug-
gested in [8] however the utilization is at least 80%. Con-
sider a network of two links. Link 1 has 	 : 
C� and car-
ries � : flows, while link 2 has 	 R 
C� .	�T�?� and carries
� R 
 � : .�� flows, consisting of all the traffic on link 1
plus one other flow. As � :�� W we get � R � � . This
gives � R 
I� � % � . �?( in the limit. Thus, both terms in
the square root of (15) go to zero, and (29) becomes tight,
and 
 � � 	 � � � as �)�'� � W . However, with � 
 � � � and
��
	� � � [8], (15) gives 
 � � 	 � 
 � � � .

Similarly, a given flow may obtain an arbitrarily small
proportion of its max-min fair bandwidth for any � � � and
� � � . The ratio of the upper bound on XCP bandwidth (30)
to the max-min fair bandwidth, 	 ��� � � 
 	 � %)� � � �E(/� %E� �)%)� �
� �'( ( , is minimized with respect to �D� when � � 
 ��� � � � R� .
Substituting this value into (16) and dividing by 	 ��� � � gives

	 �
	 ��� � � 


� � �: (�� 2 .
� 	
�Y. �: (
� 2�� R � 
: (
� 2� % � % ��� ��� � R� (T.
�?( (32)

where

� 
 �B�>� %)� � � �'(:
 � � � % � � � �E().
� �� 
 � � R� % � � � �E(� 
 ��� � R� � �
Thus

	 �
	 ��� � � 


� � �: (�� 2 . �: (
� 2 � �3. 4 : (
� 2 7��� � � � R3. R�� � ( 
: (�� 2��� % � % � � ��� � R� (T.��B(
Applying the identity � �3. � � �_. � ��� , for � A � � , gives

	 �
	 ��� � � � � . � � � �� � � R . � � � � �

� �� % � � � % � � � � ().
�B( � (33)

In the limit as � � � � , the right hand side tends to 0 for any
� �
 � . This demonstrates that, for any non-zero amount of
bandwidth shuffling, XCP can be arbitrarily unfair for some
topology.

Hence, although the equilibrium of (4) converges to max-
min as � � � , this convergence is not uniform with respect
to topology. In other words, given any topology specified by
%'� � 	 ( , we can choose � sufficiently small so that the result-
ing allocation is close to max-min fairness. However, for any
fixed � � � , such as 0.1 used by XCP, there are topologies in
which some source rates can be far away from their max-min
allocations.

This behavior can be exhibited by a simple two link net-
work: one link has capacity 1 and carries + R flows, while

the other carries + R � � of those same flows and has ca-
pacity % + � �1(/� + . This network has � R 
 % + � � (�� + and� R 
 % + R � �1(/� + R 
 � � R � � RR . Hence, � R � � as + � W
and 	 R � 	 R � � � � � .

These asymptotic results will be illustrated and confirmed
by simulation in the following section.

5 Simulation results
In this section, we present simulation results using the im-
plementation available from [8] for NS-2 [14]. These results
verify the accuracy of our algorithm in Section 3.3 and con-
firm our qualitative discussion in Section 4 on the utilization
and fairness properties of XCP.

All sources always have packets to send. All links have
equal propagation delay of � � in both directions. The vari-
able avg rrt in the XCP implementation ( � in the anal-
ysis) is fixed to the maximum of all RTTs in the network,
� P � � . The XCP default parameters � 
 � � � , � 
 � �������
and � 
 � � � are used. All our simulations use the unmod-
ified XCP code in NS-2 that includes the “residual” terms.
Though these terms are omitted in our model, as we remark
in Section 2.2, they do not impact significantly the equilib-
rium properties. Hence, the simulation results agree well
with theoretical predictions, as we now show.

The topology used for Scenarios 1 and 2 is shown in Fig-
ure 1 and consists of two links, with �". � sources traversing
link L1 and � sources traversing L2.

Scenario 1 investigates the utilization of L1 as the num-
ber of sources traversing L1 and L2 is changed. In the ex-
periment �KA � , with 	 : 
 155Mbps and 	 R 
 100Mbps. The
utilization of L1 for a range of � and � is shown in Figure 2.
A max-min fair allocation would result in a full utilization
of L1 for all � and � combinations. However, as the number
of sources bottlenecked at L2 increases, XCP’s utilization of
L1 decreases.

Since XCP’s “residual” terms depend on feedback from
upstream nodes, the equilibrium rates depend on the order
in which links are traversed. If the direction of flow in this
network were reversed, then the utilization would be 0–4%
higher than for the case considered (and the theoretical pre-
dictions will be 0–4% lower than the simulation results).

Scenario 2 demonstrates that XCP can be arbitrarily un-
fair for some topology. Let 	 : 
 155Mbps, 	 R 
 	 : % + � �1(/� + ,
� 
 + R � � and � 
 � . The ratio of the rate of the source
traversing only L1 to the max-min fair rate is plotted in Fig-
ure 3. Indeed the unfairness increases with the number of
sources in the network, confirming the theory.

Scenario 3 demonstrates the claim that as �)�'� � W ,
 R � 	 R � � . We set 	 R 
 200Mbps, 	 : 
 	 R % �Q. �T�?�?( ,�2
 ��� � and � 
 � . The parameter � is varied from � ��� � �
to � � � � � and the utilisation of L1 as a function of �T�?� , as
well as the upper and lower bounds from ( 31) and ( 29), are
plotted in Figure 4.

10



Scenario 4 tests the rate allocation algorithm for a more
complicated topology as shown in 5. The link capacities in
Mbps are 	 : 
 �1� , 	�� 
 � , 	�� 
 � , 	�� 
 �

, 	�� 
 � and	 R is varied in this experiment. Delay is set to � � 
 10ms.
The source rates are plotted in Figure 6. There is a good
agreement between the predicted and measured rates even
though the lower bandwidth delay product makes the fluid
flow approximation more questionable.

Figure 1: Topology for Scenarios 1 and 2.
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Figure 2: Scenario 1: utilization.

6 Conclusion
We have presented a dynamic model of XCP and used it to
completely characterize its equilibrium properties. We have
shown that XCP clears the queues in equilibrium, and has
unique equilibrium rates that solve a constrained max-min
fairness problem. The additional constraint under XCP can
lead to unfairness for some network topologies. XCP gives a
utilization of at least 80%, but a poor choice of � or � could
lead to arbitrarily low utilization. We have provided an algo-
rithm to compute the equilibrium for general networks, and
have presented simulation results to illustrate these findings.

An important question that we have not pursued is the
dynamic properties of XCP, such as its stability. Even though
the “residual” terms in XCP code do not seem to affect equi-
librium properties drastically, they may be important in de-
termining its dynamic properties, and hence should be taken
into account in such an analysis. It is important to under-
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Figure 3: Scenario 2: unfairness, 	 R � 	 R � � � � � as + � W .
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Figure 4: Scenario 3: utilisation of L1 as function of �T�?� .

stand the stability of individual source rates � ! % � ( , in addi-
tion to the aggregate rate 
 � % � ( , as studied in [8], in general
networks in the presence of delay. Since equilibrium queues
are zero, the usual practice of linearizing around the equilib-
rium needs caution at the tightest bottlenecks that have zero
queue yet full utilization.

A Valid equilibrium rate
Proof (Lemma 2) :

Figure 5: Scenario 3 topology.
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1. By Lemma 6,
� �"!;� � and

� � 8 
 � . This implies, � . �D!�
� � � ! � , � . �)(�
 � 
 , � . �D!�

� � � 8
2. If this were not the case, then the average rate of flows

in 6 
 %'�8( (and hence the rate of at least one such flow)
would be greater than 	 � ��� � . Part 1 would then require
the total rate to exceed the capacity.

3. From part 1,

� � 	 � 
 � � : 	 � . � � 
 	 �A � � : 	 � . 
 � 
 
 
 �
with equality if and only if 
 � 
 
	� .

4. Otherwise, ,D� 
 � and
� � 
 � since 6 : %'�E( �
 � (by

Lemma 1). Then 
 � 
 	 � and � �2
 � , whence , �2
��$?& % ��� 	 � � � ��� (:� � .
5. � � 
 
 � 
?� 	 ��� 
 � � 	 � with equality if and only if 
 � 
 

 � . �

Lemma 8 The smaller solution to (18) does not give a valid
equilibrium rate for link � .
Proof: For a rate, 
 � , to be valid requires 
 � � 	 � � � � , by
Lemma 2(5).

Let � 
3% ��.@�)�'�B( � � and � 
=% �;. � � �)�'�B( � � � � . Then
dividing the numerator and denominator of (18) by � gives
 �	 � 
 �3.�� � � % �K.�� ( R � ���

��� � � � �

If the lower root were valid, then

�3.�� � ��� � � %)�3.�� ( R � ���

whence

% �3.�� ( R � �D% �3.�� (�� . ��� R � %)�3.�� ( R � ���
But � � � � � , which yields a contradiction. Thus the lower
root is not valid. �

B Properties of optimization problems
Proof (Lemma 4) : Note that � � % � ( 
 � � % 
 � ( depends on �
only through 
 � . Now � > � � are all of the form� ! 


�
	 � �;>@6 � ��� � +
	$� . � ! � �> 6��

where � !B� � . Write � > � � as � % � !�� � �> 6�� ( . Hence we can
write 
 � also as a function of % � ! � � �> 6 � ( :
 �	� � ! ��� �> 6���




�J� 9�: 	 � J!5Z�"�� �2�"!". J!  Z " � �2�"!�% 	$� . � ! (



� ( :J� 9�: 	 � J!5Z�"�� �2�"!". 	$� J!  Z " �'��� �2�"!". J!  Z " � �2�"! � ! (34)

Given any % � ! � � �> 6 � ( , define the average � by� PXJ
!! Z " �'��� � �"! 
 J

!  Z " � � �"! � !
and consider the vector % � ! 
 � � � �> 6 � ( with equal com-
ponents. From (34), this vector produces the same link flow
 � . Moreover, � % � (@+-
 � % � ! 
 � � � �> 6 � ( defined by this
vector also satisfies � ! % � ( � � � % 
 � ( for all � > 6D%E�E( , and
hence is in

� � . This is because for � > 6 � , � � + ,� !�% � ( 
 	 � � � �)% 
 �8( since the original � %�% � !�� � �> 6�� (�( is
in
� � . For � �> 6�� ,� !�% � (;
�	$� . � � 	+� .��%$'&! � ! � � �)% 
 �E(

where the first inequality follows because � is the average
of � ! , and the last inequality follows because the original� % % � !�� � �> 6�� (�( is in

� � . Hence, if % � �! � � �> 6�� ( achieves
the maximum in (9), the vector % � �! 
 � � � � �> 6�� ( with a
common value � � also achieves the maximum. �

Proof (Lemma 5) : Define

� % � (,+-
 �� �)% � ( � %
�3.�� � (
We will show that there exists � � A � , with equality if and
only if � 
 �� � %E� ( , such that

� % � � (&
 � under the conditions
given in the lemma. Consider the two cases separately.
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Case 1: � � �� �)%E� ( . If � 
 �� �)%'� ( then
� %'� (5
3� and � �;
=� .

Otherwise,
� %'� (#� � and it remains to show that there exists

a suitable � �?� � . Consider�����
 ��� � % � (;
 �����
 ��� �� �)% � ( � % �K.�� � (

 �����
 ��� � %�� .�� � ( R

� � %�% ��.
�B(�%�� .�� � ( � � 	 � ( � %
�K.�� � (

 �����
 ��� � PU �����
 ��� � %�� � � .�� ( R

� � % % �%.��B(�%
� � � .�� ( � � 	 � � � ( � %
�'� � .�� ( V

 �����
 ��� � P � U �� � �

��.
� � � V

 � W

since � � A�� . This implies that there exists � : sufficiently
large such that

� % � : ( �=� . Since
�

is continuous on � � � � : = ,
there exists an � � > %'� � � : ( such that

� % � � ( 
 � . This is
illustrated in Figure 7.
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Figure 7:
�� � % � ( in (23) and

� % � (;
 �� � % � ( � %
�3.�� � ( .
Case 2:

�� �)%E� ( � � . Then� � � 	 �
��.��

and hence � +-
 �� U � 	 ��%.�� � � V � �

Moreover, as � � � from above,
�� �)% � ( � . W . Since

�� �)% � (
is continuous for � � � , there exists � 
 � � such that � .� � 
 � �� �)% � 
 ( , i.e.,

� % � 
 ( � � . The same argument as in
Case 1 shows that there exists an � : with

� % � : ( �3� . Since�� � is continuous on � � 
 � � : = , there exists � �2> % � 
 � � : ( where
� % � �'(;
 � .

We now prove that � � is unique. The argument also shows
that over . � / �� � % � ( �3� 4 , �C. � � � �� � % � ( if and only if � �

� � . First note that � may be negative. They key observation,
illustrated in Figure 7, is that

1. for � � � , �� � % � ( is negative, concave, and approaches� W as � � � from below.
2. for � � � , �� � % � ( is positive, convex, attains its mini-

mum at � 
 �� U �]� 	 ���.�� � � V
and approaches . W as � � � from above.

A moment of thought then convinces one that it suffices to
show that

�� � % � ( grows less rapidly than �E.�� � , i.e.,� �� �� � � � (35)

Letting 
 � 
 � .�� � , we have� �� �� � 
 �
� � P � 
 �*% % �%.
�?( 
 � � �]� 	 �E(%�% ��.
�?( 
 � � � 	 �'( R

Since � ��A � , if (35) is violated, the above implies that

� 
 �)% % ��.��B( 
 � � �]� 	 �'(
% % �%.
�?( 
 ��� � 	 � ( R A �

which implies � R % 
 � . 	 � ( R .
� � 
 R� � �
which is a contradiction since 	 � , � �C� and � , 
 � AC� .
Hence, (35) must hold and � . � � � � � % � ( if and only if� � � � whenever � � % � (#� � . �

Proof (Lemma 6) : The first assertion follows directly from
the definitions of 

� , 6 � and

�� � in (10), (11) and (20), re-
spectively. We will prove the second assertion by induction
on + .
Base case + 
3� : Fix any � > �� : .

Consider an � �> 
 : 
 
 : . Then 	 � � � � � 	 : by (13).
Now � ! % ��� �1( 


�
	 : � >�6 :
	 : . � � �>�6 :

Hence

� � % � %'� � � ( ( 
 �B%E� � 	 : ( R
� � %�% ��.
�?( � � 	 : � � 	 �8(

If

� �
	 : � �
��.
� 	 �

then � �)% � %'� � � ( ( �	� . Otherwise, ���)% � %E� � �1( (5�	� . We claim
that � !�%E� ���1( 
 	 : � � ��% � %E� � �1( ( for all � >�67%'�E( . If not, then

	 : A � %'� �
	 : ( R
� �)%�% � .��B()� � 	 : � � 	 �E(
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yielding � �
	 : A 	 � , a contradiction. Hence, if � �> 
 : , then
either � �)% � %'� � �1(�( � � or � !�%E� � � ( � � �)% � %'� � � ( ( for all � >
67%'�E( .
Induction hypothesis: Suppose the second assertion holds
for + . We will prove it for + . � .
Induction: Fix an � �> 
�� ! : . First note that � �> 
�� . Con-
sider all links

�
� �> 
�� . By the induction hypothesis, either� �� % � %'� � + ( ( � � or � !�%'� � + ( � � �� % � %'� � + ( ( for all � > 6D%

�
�'( .

For an � �> 6 � , we have from (21), for � A � ,� !�% ��� + ( 
 	$� . �
 �� % ��� + ( 
 � �� .�� �� � ��
where, from (22),

� �� +-

�J� 9�: 	 � J!NZ�"�� � ��<! . 	+� J!  Z " � � ��"!� �� +-
 J
!! Z " � � ��"!

From (23),
�� �� %E� ( 
 � �� %�� �� ( = � �� % � %'� � + ( ( � � , and hence

the induction hypothesis implies that either
�� �� %E� ( � � or

	$��� �� �� %'� ( . Lemma 5 then implies that, for each
�
� �> 

� ,

there exists a unique � �� � � such that 	+� . � �� 
 �� �� % � �� ( =
� �� %�� �� . � �� � �� ( . The minimum � �� %
� �� . � �� � �� ( over

�
���> 
�� is 	+� ! : ,

and these minimizing
�
� constitute 

� ! : . All the sources � �>

6�� that go through a link in 
)� ! : are assigned the common
rate 	$� ! : , and they are collected into

� � ! : .
Since � �> 
 � and � �> 
 � ! : , the corresponding � � satis-

fies

	$� . � ��
 � �)%��1� .�� � � �E( (36a)

	$� . � � � 	$� ! : 
 	$� . �������  Z \ � � �� (36b)

But � !�% ��� + . �1(�
 	$� ! : . � for all � �> 6�� ! : . Hence (36) and
Lemma 5(2) (with � 
 
 � %'� � + ( , ��
 	 � , � 
 � !  Z " � � �<! )
imply that either � � % � %'� � + .$�1( ( � � or � ! %E� � + . � ( 

	 � .�� ��� ��5Z \ � � �� � �� � %5����� ��[Z \ � � �� (&
 � � % � %E� � + . �1( ( . The
proof is completed by noting that � � % � %'� � + . �1( (��
 � , since
 � A 	 : � � . �

C Correctness of rate algorithm
To establish the correctness of the algorithm in Section 3.3
to find XCP’s equilibrium rates, it is sufficient to show that
the calculated values satisfy the two conditions stated in Sec-
tion 3.2.

Each source � is assigned a rate in the same step as a
particular link � . If 	 � is chosen according to (16) with the
true equilibrium values of � � and � � , then

� �"!0
 � , since that
is the condition from which (16) was derived. Similarly, (16)
implies 
 � � 	 � , as established in the proof of Theorem 8.

The correctness of the algorithm can thus be established
by showing that the true equilibrium values of �D� and � � are
used when the final value 	 � is calculated in step 2.4.1. For
each link � , the values of � � and � � depend only on network
parameters and flows � with rates � ! ��	 � , by Lemma 2(1).
That is, if the rates selected by the algorithm are such that
the rate 	 � of each link � is greater than the rates of the flows
flowing through � but bottlenecked elsewhere, then the rates
must form an equilibrium of XCP. The theorem then results
from the following lemma.

Lemma 9 For each � and + for which 	 � % + . �1( is defined,
	 � % + . �1( A 	$� . Moreover, if � � � , then for each � and +
for which 	 � % + . � ( is defined, 	 � % + . � (3A 	 � % + ( .
Proof: Consider an arbitrary link, � , and iteration, + . If � does
not carry any flows in

� % + ( , then 	 � % + . �1( 
 	 � % + ( � 	+�
as required. Consider now the case that � does carry a flow
in
� % + ( .
Let � 
 	+� � � � 	 � be the rate of flows allocated in iter-

ation + , normalized to link � . Let � %�� ( 
 � �)% + (K.�� and
� %�� ( 
 � � % + (3.�� � . Then �7%E� ( and � %'� ( are the fraction
of allocated flows and allocated capacity on link � before
step 2.4.1 of iteration + , while �7%�� ( and � %�� ( are the values
after the update, where � 
�� � % + . � ( � � � % + ( � � .

Let �D%�� ( be the value of 	 � � � � 	 � calculated from (19)
using � %�� ( and � %�� ( . Note that ��A � by Lemma 2(3), since	 � A 
 � . Moreover, � � �D%E� ( , since if �7%'� ( � � then link �
would have been an element of � % + ( and 	 � % + . � ( would
not be defined. To prove the lemma, it is sufficient to show
that �7%�� (KA � and that if � ��� then � � �'�	� A � .

Below, the argument %�� ( will be dropped when no am-
biguity can arise. Differentiating (19) with respect to � , and
noting that �7%�� ( is the larger of the two solutions of (19),
gives

� 
 � � ��	� � R . � � � � � ��
� . � �&��	� � .�� � � ��
� . � �:��	�



�
� R� � � � �
� � � ��
� . � � ��	� � R . � �2��
� � . � �:��	� �

Now� � ��	� � R . � � ��
� � . � � ��
�

 � � %)� � � ( � % � � .
�B( = � R. � � � � � � � % � � � (T. � % � � .
�B( = � � � � � �

 % � � � ( � �7%N� � � (T. � �B%
��� � � ( =

giving � ��
� 
�%�� � � ( � �D% � � � (T. � � %�� � � � ( =�
� R� � � � �
�:�

If � �1� then � � �'�	� �	� , and � remains greater than � .
This is because � �B%
��� � � (KA � , since ��A � and � � � � � .
This establishes the second part of the lemma.

14



If � A � then the right hand side need not be positive.
However, the second factor is bounded, and so � approaches� exponentially as � increases, and so can never drop below� . In particular, �7%�� (5� � , which establishes the first part of
the lemma. �
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