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Abstract— The simplest adequate models for congestion ~ Most results on nonlinear stability analysis concen-
control for the Internet are in the form of deterministic trate on handcrafted Lyapunov-Razumikhin functions, a
nonlinear delay differential equations. However the ab- procedure that was followed in most of the analyses of

sence of efficient, algorithmic methodologies to analyze - .
them at this modelling level usually results in the in- congestion control schemes for simple network topolo-

vestigation of their linearizations including delays; or in  gies restricted to single bottlenecks [3], [7], [19], [20].
the analysis of nonlinear yet undelayed models. In this Even in the case of systems described by ODEs,

paper we present an algorithmic methodology for efficient  stability analysis has always been a challenging task. An
stability analysis of network congestion control schemes at algorithmic methodology was proposed recently [16]
the nonlinear delay-differential equation model level, using [14] that allows analysis of such systems by al orithmil
the Sum of Squares decomposition and SOSTOOLS. > y y_ y g
cally constructing eLyapunov functioras a certi cate
. INTRODUCTION for stability of the zero equilibrium using the Sum of
. _ . Squares decomposition and SOSTOOLS [17].

Internet congestion control is an algorithm to_allocate This methodology can be extended to the construction
available resources to competing sources ef ciently S@¢ | yanunov-Krasovskii functionals for nonlinear TDSs
as to avoid congestion collapse. The simplest adequal@q’the analysis of network congestion control models
models are in the form of deterministic nonlinear delayy|qqrithmically. The functionals that we use have struc-
differential equations [18], [8] but their analysis iSyres that are similar to the complete functionals used for
dif cult and researchers are constrained to the inveSsiapility analysis of linear TDSs but they have kernels
tigation of the properties of their nonlinear undelayeq,5¢ arepolynomials This allows the use of the Sum of

versions, or the linearised delayed ones. Analysis &g ares decomposition to check the resulting stability
the linearizations is usually misleading: any result i$ongitions through the solution of LMIs.

Ioce}l as nonlinear phenomenq are ignored. Alsq analysus In Section Il of this paper we present the unied

of linearized undelayed versions may result in Majof,qqe| framework used in congestion control, and the
pitfalls, as delays are k_nown_t_o_usuallycause C_jegradat'%ngestion control schemes we wish to analyze. In
of performance and instabilities. No analysis atttmpgeciion 111 we present key results on functional differen-

th.rough exhaustive simulations of the nonIinQar model§a| equations and develop the algorithmic methodology
with delays can ever providemoof of the functionality 14t we propose to use. In Section IV we apply the

of the protocol. _ theory developed to the stability analysis of the network
Stability analysis of time-delay systems (TDS) haggngestion control schemes presented in Section 1.
been under intense research in the past years [9], [5] Notationis standard [6]R" is an n-dimensional real
and algorithmic analysis procedures were developegd,clidean space with norin |. Forb > a denoteC" =
for linear TDSs. As far as time-domain procedureq:([a, b], R") the Banach space of continuous functions
are concerned, there are two Lyapunov-based metholq\'apping the intervala, b] into R™ with the topology
ologies: using Lyapunov-Krasovskii (L-K) functionals o niform convergence. Fap Q" the norm ofg is
and Lyapunov-Razumikhin (L-R) functions. These Lya(je ned as[@L = sup,—g, |9(8)], where|-| is a norm in

punov certi cates are constructed through the solutiofn \ve also denote bg" the set{g [T : [@L < y}.
of Linear Matrix Inequalities — LMIs [2]. Lyapunov- v

Razumikhin LMI criteria are in general more conserva- II. CONGESTION CONTROL
tive than the Lyapunov-Krasovskii ones [S]. Consider a network of. communication links shared
) by S sources. De ne the routing matriR by:
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Xi . vi A. The dual congestion control scheme
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For this congestion control algorithm we have [10]:

= o= o LS SER Ty
| - — : _ ) AN AERY!
TeP| % =fixiq: ) & = 5y p: ) AOM max{0, ylc|CI} if pi(t) =0.
= ()
—9iqi(®
Xi(t) = Xmax i€ M5, Fi(0i, T) (8)
9 a=rup; &e? whereM; is an upper bound on the number of bottleneck

links that sourcei sees in its patha; are (positive)

Fig. 1. The internet as an interconnection of sources akd tirough source gains, antmax,i are source constants. Com-

delays. bining (2-8) the system has the following closed loop
dynamics:
. S Rii —oi o1 Rmipm(t*rif.lffs),m)
pi(t) = {; oy Xmaxie Ll l}
| | : ©)
wih forward time delays,; for py > 0, andp, is equal to the positive projection of

the right hand side of (9) iy = 0. For the linearisation

1 ;
t) = Rixi(t—tT) . re(x,1r 2 of system (9) we have: B
n(® - =T, G T (2) Theorem 1: [10] If the matrix R obtained from

i eliminating non-bottleneck elements frarhis full row
The resourcebreact to the aggregate rateby settinga 4, anda; < T1/2 then the system described by (1-4)

price pi. This is the Active Queue Management (AQM) 4 (7_g) is linearly stable for arbitrary delays and link
part of the algorithm. The prices of all the links thatcapacities.

sourcei uses are added to forgy, the aggregate price

: : he
for sourcei, again through a delay;): B. The Primal-Dual congestion control scheme

_ b b The drawback of the dual control law is that it puts a
(= Rup(t—T), P, T) (3)  restriction on the sources' demand curves, as the source
I=1 law is static A primal-dual congestion control scheme,
The pricegy; can then be used to set the rateof source  developed in [11], alleviates this problem. Apart from
i. This is the Transmission Control Protocol (TCP) part);, y; andp; given by (3), (2) and (7) respectively,
of the algorithm, which completes the picture shown in

—a;qgj (t)

Figure 1. The capacity of link is denoted byc,. The Xi(t) = Xm,iede ™in (10)
forward and backward delays can be combined to yield : _ Bi
the Round Trip Time (RTT) for sourck T;: G = ?i[uiqxi(t)) — Gi(0)] 11)

Ti = TI, + T{f, (4) whereU;(x;) is the utility function of sourcé andp; is a
parameter. We have the following result for the stability
of the linearised system:

Theorem 2: [11] Assume that for every sourcke
Ti < 1. Then the system described by 1-4), (7) and (10—
i = fi(xi, G, Ti), (5) 11), witho; < /2 andz = B = 1 for n [(D,1)
small enough depending om = q; the closed loop
system is linearly stable.

This setting isuniversa) and what needs to be speci ed
are two control laws that describe how tith source
reacts to the price signaj that it sees

and how thdth router reacts to the signg it observes

Pi = gi(y1, pr, €1)- (6)
) [1l. STABILITY ANALYSIS
Here f; models TCP algorithms (e.g. Reno or Vegas)
andg, models AQM algorithms (e.g. RED, REM). Global nonlinear stability analysis of the above net-

work congestion control schemes was performed in [19],

We will be concerned with two congestion control[20] in the single bottleneck case based on Lyapunov-
schemes, a dual [11] (i.e. with dynamics only at thdRazumikhin (L-R) functions. Other attempts to analyze
links) and a primal-dual [10] (i.e. with dynamics at bothstability of time delay systems arising from network
sources and links). congestion control include a passivity approach in [4].



Attempts to construct L-R functions for general topol-We assume thatj, andb;, andf(x¢, p) are polynomial
ogy networks can be found in [1], [22]. A Lyapunov- functions in their arguments for alf andi,. We further
Krasovskii approach can be found in [13]. require thatf (X¢, p) has no singularity if2 CCI'<R™,

Here we will be concerned with autonomous Retardefle ned as follows:
Functional Differential Equations (RFDEs) given by & — {(xe,p) CC" x R™ | &, (X¢, p) < 0, bi, (¢, p) = 0
, . (Xt,p) =0, by, (X, ,

X(t) = F(x). (12) for all i; andi,}.

wheref : Q - R", Q [CI', "' represents the right- The inequalitiesa;, can be used to constru®@ or

hand derivative andk; [Q, x¢(8) = x(t +8), 8 [ de ne the parametric uncertainty region in ths. The

[—T,0]. Stability de nitions for the equilibriumx—bf equalitiesb;, may result from a change of coordinates,

this system satisfyind(x")'= 0, can be found in [6]. to ensure that the equilibrium is at the origin as the
Assessing the equilibrium stability properties ofparametersp vary. Without loss of generality, it is

(12) can be done usingime-domain (Lyapunov- assumed thaf(xt, p) =0 for x¢ = 0 andp [Pl, where

based) methodologies. From the two equally im- _ =

portant Lyapunov-based procedures, Razumikhin and P ={p CRI(0.p) -

Krasovskii, we will concentrate on the latter. The L-KWe have the following extension of the Lyapunov-

theorem can be seen as a generalization of the Lyapunivasovskii stability theorem:

theorem for systems described by ODEs, in which the Theorem 4:Suppose that for the system (13-15)

existence of a positive de nite functiovi (x) de ned in  {,ere exists a functional (Xt, p), polynomialsu;, (x¢, p)
a region of the zero equilibrium with a negative de nite 5,4 Wi, (Xe, p) = 0 de ned in O such thatV (e, p) is
(X, p) = 0 ¢ '

derivative proves its asymptotic stability. positive de nite in Q. Then
More speci cally letQ [CJ', deneV :Q - R a .
continuous functional and lat denote theright upper -V (Xhlp)il Uiy (¢, P)ai, (Xe, P)+
Dini Derivative. Then we have the following theorem: + Wi, (X, P)bi, (Xe, p) = 0 (16)

Theorem 3:(Lyapunov-Krasovskii) [6] Suppos¥ : . o )
functions ¢(s), and 9(s) such thatdp(s) — oo as Stable equilibrium of the system. Requiring positive

s - oo, $(0) = 9(0) =0 and de niteness of (16) yields uniform asymptotic stability
. of the equilibrium.
¢(e@N =V (). V() =—(e(0)) for all ¢ Proof: The rst Lyapunov condition is satis ed, as

Then the solutiorx = 0 of (12) is stable. If, in addition, V (Xt,p) is positive de nite inQ. The second Lyapunov
9(s) is positive de nite, then the solutior = 0 of (12) condition is also satis ed, as

is asymptotically stable. V(X p) = — U, Oce, P)ai, (%e, )
The functiond(s) makes the Lyapunov functionpbsi- L1

tive definiteéin Q. We de ne the regio = C,} for some - Wi, (Xt, P)bi (X¢, p) =0
y > 0. From this condition, a number of constraints can =
be written onx;,; for example, one can write by virtue of the fact that inQ we haveb;, = 0 and
aj, = 0, and we have chosen;, = 0. Hence the
gui , (Xi(t+6)—y)(xi(t+06)+y)=<0, equilibrium of the system is stable. If Condition (16) is
wheref 1,0], whose by-products are: made positive de nite, then uniform asymptotic stability
HHT.0] P of the equilibrium follows. |
%i O -V&i®+y)=<0 To use the above theorem, one has to choose a
i, K- —-y)Xit—1)+Yy)=<0 structure for the functionaV (x;) and then construct

appropriate Lyapunov conditions. Here we concentrate
on functionals of integral form with polynomial kernels.
X(t) = F(Xe, p), (13) Let us choose the structure

Consider now a time-delay system of the form (12):

wh_ere p I:Rm encompasses uncertain parameters, (e, p) = Vo(x(t), p) + V1 (8, x(t), x(t + 8), p)do
This system is supplemented by a set of equalities and —t
inequalities of the form Ld L (x(0). p)dZds 17)
+ Vo (x(0), , 17
ai, Xe,p) = 0, forip =1,...,Nq, (14) —T t+8 ? P

bi, Xe,p) = 0, foriz=1,...,Ng, (15) whereV; are polynomials in their arguments. Then we



can write: for j =1,...,n with y a positive number andjl = 0.
Proposition 5: Consider the system given by (13) To impose the condition® [[#T, 0] and the inequalities
under the constraints (14-15). Suppose that there ethat arise from constraining the state-space, we use a
ist polynomialsVo(x(t), p), V1(8, X(t), x(t + 8),p) and process similar to the S-procedure. For example, the
V2 (x(¢), p) and a positive de nite functiog(x(t)) such polynomial a; (6, x(t), x(t + 6)) is required to be a
that the following conditions hold for allx¢, p) CCt Sum of Squares only wheh = 6(6 + 1) < 0 and

_ the inequalitiesa; and equalitiesh; are satis ed. We

1) Vo(x(t), x(t)) =0, o ; ;

2; Vige(z(tlc)))x(tq)i 9())F)3) >0 (T3, 0] therefore adjoin these constraints Y@ in the same

3) Vz(X,(Z) p’)zo T Y manner that was done in Theorem 4 using instead

4) V41(0, x(t), x(t), p) — V1(=T, x(t), x(t — 1), p) + of constant positive multipliers (S-procedure), Sum of
) 61\50 f (_2 TS/Z)(Ezt) p)l(_ TVE()X(t(+ B)) p%) + Squares multipliers for the inequality constraihtand
S foTov < O, 0 ’ aj and polynomial multipliers for the equality constraints
Tax(® Tae , L8 L3, 0], bi [14]. Then the four conditions in Proposition 5 will

96 =
Then the equilibriunD of the system given by (13-15) be four SOS constraints in a relevant Sum of Squares
is robustly stable programme which can be solved using SOSTOOLS [17].
Proof: Conditions (1-3) in the Proposition above In a similar manner, other Lyapunov functional struc-
require thatV (X¢,p) = ¢(x(t)) > 0 in Q, so the rst tures can be used other than (17), as we will see in the
Lyapunov condition is satis ed. The derivative &  examples to follow. See also [12]. Moreover if asymp-

along the system's trajectories is totic stability is required, condition (4) in Proposition 5
, Vo can be made negative de nite by constructing a positive
V (X, p) = 6X(t)f +V1(0, x(t), x(t), p) de nite 9(x(t)) and imposing a similar condition to (1)
0 /v av in Proposition 5, as required by Theorem 3.
1 1
Vil Tx@,x( 1.p) +,/_T <ax(t)f ﬁ) do IV. STABILITY OF INTERNET CONGESTION CONTROL

SCHEMES

0
- (V2(x(t),p)  Va(x(t + 6),p))do In this section we analyze the stability properties of
/0 ( V2 (0, X(0), X(0), P) + 200 + 1 24 F ) N the two congestion control schemes that were described

1

T

Vi( T X, x(E  T).p) TaaL in Section Il in simple network topologies.
+TV2(X(0),p)  TV2(X(t+ 6), D) A. Analysis of instances for the dual control law

The kernel of this is non-positive by condition (4), hence 1) A single source, single bottleneckiere we con-
V (Xt, p) =< 0in Q and the equilibrium is robustly stable. sider a single source and single bottleneck,3.e= L =
B 1 R =1 which setsc = 1. Underz = Xpax € ©. —1,

To check the above conditions in an algorithmic way we&ve have:
can use the Sum of Squares (SOS) decomposition and . a
semide nite programming (Linear Matrix Inequalities), 2() = —[z2(O) + 1z(t— 1), (19)
as it was done in the ODE case [14]. A detailedyhere—1 < z(t) < —1 + Xmax .
description about SOS and its algorithmic veri ablllty We assume that,ax > ¢, i.e. the link is a bottleneck.
can be found in [16]. For this the vector eld has to| jnearisation about the zero equilibrium givegt) =
be rendered polynomial in the variablegt), x(t —1) —9z(t — 1) and so stability is retained locally for
as described in [15] Construction of the semide niteo( < /2 [9] For the nonlinear version, we attempt to
programme can be cumbersome when the degree of tBgnstruct the following L-K functional:
polynomials is high. For this reason, conversion of SOS B
conditions to the corresponding semide nite programme V(@) _OVO(OZ(t))*'
has been automated in SOSTOOLS [17], a software / / V1 (8,8, z(t), z(t + 0), z(t + £)) dodE+
developed for this purpose. This software package was —t /-t
used for solving all the examples in this paper. ot ot

We now describe how Proposition 5 can be used in _'_/_T /t+e Vz(z(Z))dZd9+/_T /t+z Va(2(Q))dcde.
practice. We rst construct the polynomialg, VvV, and _ . _
V5, in SOSTOOLS (respecting the symmetric structure For o =1 we can construct thiy/ for |z¢| = 0.42

. When the order o¥/y andV; is 2 andV5 is 4 andV; is
if there should be one). We construp(x(t)) > 0 as not a function off, &. Lyapunov functionals with better

L e . ny2— properties can be constructed when the kernels are also
o(x(t) = Gx; (D)2, Gi=y, (18) made functions 06 andg, with higher order kernels. In
j=1 i=1 i=1 particular, av was constructed with-0.99 < z; < 1.

—T



Remark 6:(19) is Hutchinson’s Equation a well i=1 =2 A
known FDE [21]. It models single species growth strug-

gling for a common food. This reveals an interesting =1 =2
connection between competition models in ecology and =3 Y
network congestion control. The nonlinear equation (19)
has been analyzed in [21] wheiglobal stability is
proven fora < 37/24 = 1.5417 andz¢ > —1, by using
properties of the solution (non Lyapunov method).

2) Single bottleneck, many sourcedere we perform _
—op® values of the delay size. Fan = 0.2 and 1, = 0.3,

; — Xmaxip T — 2. i
g:e:??ggt% c;fe(t:gordlnates(t) B Bi with we can construct thi¥ with second ordeig, V; and

' s 4th orderVy1, Vo, for a = 1 and |z;,| = 0.44. When
Zi(t) = g[zi(t)+ l]p(t) = E[Zi(t)+1]22i(t ) T =0landt, = 0.3, we can construct thi¥ for

T S Ti ST a=1and—0.49 < z;, < 0.61.

for —é =zi(t) < —% + % Note that this transfor-  More complicated topologies can also be analyzed.
mation puts a-D system in ar5-D formulation. There
areS — 1 equality constraints that have to be imposed
of the form B. Analysis of simple cases for the primal-dual control

(Szi(®) + )" = (Sz;()+ D",  [il] law
In the case of two heterogeneous sources, we have: 1) Single source single link caseConsider the case

Fig. 2. A simple network.

. a of a single link and ow. The system equations can be

21() = _E[Zl(t) +05][ze(t— 1) + Z2(t — )], simpli ed to the following:

o« _ _ _

Z() = —[22() + 05][a1(t~ 1) + 22t~ 1)) (1) = K?B _ % Q(OX() — % I%lt)X(ct O _x®
(2z() + D™ = (225(0) + D)™ (t=1)

where—0.5 < zj(t) < —0.5+>*2_|n case of general q(t) = c 1

d he :
andt, we approximate by a ratlonal_ number whose The equilibrium for this system iz, = ¢ andgo = %
numerator and denom|_nator are small integers, and COVEL avoid numerical ill-conditioning when is large we
the rest in the uncertainty framework developed earlier.

This avoids high order terms in the equality constrainttscfaglzt_the state. Dene, =x/c—1andz; = g -1
For the linearisation of these equations about the '

equilibrium z; = z, = 0 we have the system 2 = @(2122 + 20 +22) g(zl(t)zl(t D+z:(t 1))
. a a Tc T
Z(t) = —27_1_12(1:—1'1) - EZ(t—Tz), (20) 7o = %Zl(t T)
wherez = z; for which we recall the following result: For the analysis we use=40,a =1, 1 =0.2, 3 = 3.2
Proposition 7: [9] The trivial solution of x(t) = and K = 20. We can construct a Lyapunov functional
—ayx(t — 11) — axXx(t — 12) is asymptotically stable if of the form
aiTy + aT, < /2. Ld L4
Therefore a stability condition for the system given by Vi(zt) = Vo(z1(1), z2(1)) + V2(z1(¢))d¢de
(20) isa < /2. 4 T owe
We now analyze the nonlinear case using SOS- V1(z1(t), z1 (t + 0), zo(t))d0 (1)
TOOLS. Since we have a system with two delays, we —t

have to use a different functional. We choose, denoting,qn, 2] < yi,20 > —1 for a = 1 andy; = 0.75
J = v .

2(t) = [22(0), 22(D)], with the polynomialsVy and V; second order and,
L 4th order. When their degree is increased by 2, then
V (z¢) = Vo(z(t)) + Vi (z(€))dCdb; these become-1 <z;, <3.4,z, > —1.
=1 Tt 2) A simple network exampleConsider the network
o h in Fi 2, f hich
+ Vi(z(1), 2(t +81), z(t + 6z))dede,.  STOWN N FIgUre & ToLThieh

-1 —T2

[EEN

In this case the stability analysis was tested for various R= 011



We assumej < 1/2 wheret is a delay overbound.
We let3; = B, = 3/2 =3, all thec; = ¢ anda; = a.

[1]
— K1+ K — K
equilibrium for this system is
~ .~ ~ Ki K
(X1,0,X2,0,X3,0, 01,0, 02,0) = (CKl, K1, Kz, —, Tz) [2]
cK1 cK1

We can perform the same manipulation to the closeds;
loop system as before, to get

z'1(t)=< — BB z1() + 2a(t) + 22 24(0)] ) (4]

Kict - >
—%[Zl(t) + 1][Kozz(t — 1) + K121 (t — 1)]

o= TReE® 20+ 20O Bl
=T z2(t) + 1][Kaz3(t — 1) + Ky 22(t — 1)] (6]
- Kliir [(z3za + 23 + 24)Ky + (2325 + 23 + 25)K2]
23(t) = 2 [za(® + 1] B 7]
X[z1(t = T)K1 + 22(t — 1)Ky + 2z3(t — T)K2]
24(t) = %(Rlzl(t —1) + Rozs(t— 1)) (8]
1
25(0) = T (K + Ka)za(t =) + Kaza(t =) 0]
We use the same values fara,T as before. We
calculatep = OT'GT“? and we letK; = 15, K, = [0
20, Kz = 25. We can construct a similar Lyapunov
functional to (21) with all polynomial¥g, V1 of second [11]
order andV, of order 4 for
0= X1, = 2.3X1,0, 0= Xo, = 2.3X2’0, [12]
0= X3, = 2.3X3,0, qg. >0, qgq2>0. [13]
V. CONCLUDING REMARKS [14]

We presented a methodology to construct Lyapunov-
Krasovskii functionals for time delay systems based oR®!
the Sum of Squares decomposition. The construction is
entirely algorithmic and is done through the solutior16]
of Linear Matrix Inequalities (LMIs). The nonlinear
stability of simple topologies of networks employing[17]
different congestion control algorithms was analyzed in
this way, taking account of the delays present in thﬁs
feedback mechanism. !

This method can be extended to discrete systems with
delays and systems with time-varying delays. These two®
cases have interesting applications to network conges-
tion control. A judicious choice for the structure of the[20]
Lyapunov functional would still be required.

Invariant sets in the region@ constructed above can [21]
also be identi ed using the Sum of Squares decomposi-
tion, as maximal level sets of the Lyapunov functionald??!
that were constructed using SOSTOOLS.

] Z. Wang and F. Paganini.
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