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Abstract— We prove that the XCP equilibrium solves
a constrained max-min fair nessproblem by identifying
it with the unique solution of a hierar chy of optimization
problems, namely those solved by max-min fair alloca-
tion, but solved by XCP under an additional constraint.
We describe an algorithm to compute this equilibrium
and derive a lower and upper bound on link utilization.
While XCP reducesto max-min allocation at a single
link, in a network the additional constraint can causea
o w to receve an arbitrarily small fraction of its max-
min allocation. We presentsimulation resultsto con rm
our analytical ndings.

Index Terms— Mathematical
optimization, Flow control.
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. INTRODUCTION

TCP congestioncontrol [1] has prevented severe
congestionwhile the Internet underwentexplosive
growth during the last decade.However, the algo-
rithm has shovn seriousdif culties as the network
continuesto scalein size and capacity[2], [3]. This
hasmotivatedseveralrecentenhancementg—9]. (See
[6] for extensie references.Of these, XCP [9] has
receved muchattentionfor grid computingnetworks
such as the OptlPuter where its need for explicit
communicationbetweenthe trafc sourcesand the
network is less of a deployment barrier than in the
current Internet. Unlike most proposals,which set
the ow ratesaccordingto the sum of congestion
measurest the links of their paths, XCP setsthem
accordingto the minimum“availablecapacity”in their
paths.This hasthe same a vor asMaxNet[10], [11].
XCP hasbeenshawn [9] to be stablewhenall round
trip times(RTTs) areequal;however, no otheranalytic
resultsare known. In this paper we reverseengineer
XCP to understandts equilibrium properties.

A deterministic uid model of a general XCP
network with multiple links and multiple ows is
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presentedn Sectionll. Sectionlll analyzeghe equi-
librium ratesof XCP, and shaws that all queuesare
empty in equilibrium. We prove the existence and
uniquenesof XCP equilibrium ratesby identifying
them with the unique solution to a hierarchy of
optimizationproblems.This is the sameset of prob-
lems solved by the standardmax-minfair allocation,
but XCP solvesthem underan additional constraint.
While XCP reducego max-minallocationat a single
link, its behaior in a network canbe very different.
We describean algorithmto computethis equilibrium
and derive boundson link utilization.

In SectionlV, we usetheseboundsto investigate
theimpactof thechoiceof protocolparametersnlink
utilization under the additional constraint.We shav
that ows can receive an arbitrarily small fraction
of their max-min fair allocations.Speci cally, with
a max-min fair allocation, as long as a link is a
bottleneckfor some (not necessarilyall) o ws that
passthroughit, it will be fully utilized. Under XCP,
this is no longer true: when the majority of ows
using a link are bottlenecled at other links, the
remaining o ws at that link may not make ef cient
use of the residual bandwidth. With the parameters
suggestedn [9] however link utilization is at least
80% at ary link. XCP has a “shufing parameter”

to prevent the network from settling into an
unfair state [9]. We show that, given arny network
topology we canchoose sufciently small so that
the resultingallocationis closeto max-minfairness.
For ary x ed , however, there are topologies
in which some o w ratescan be far away from their
max-min allocations.

Thesepropertiesandthe accurag of our algorithm
are veri ed by NS-2 simulationsin SectionV. We
concludein SectionVI with limitations of this work.
Someproofs are omitted due to spacelimitation but
canbefoundin the full versionon our web site [12].



Il. MODEL

Consideranetwork with  links sharecby o ws.
Sourcesare indexed by , links by
andpacletsby .Let bethe routing

matrix: if ow useslink andO otherwise.
Let be the setof links in the pathof ow :
and be the setof owsthatuselink :

Note that :
We will presenta continuous-timeuid model of
XCP. For ows , de ne the following variables:

: window sizeat time , in paclets.
: round-trippropagationand x ed processing)

delay
: round-triptime (RTT) attime .
: ow rateattime .

For links , de ne the following variables:

. capacity in paclets/sec.
: backlogat time , in paclets.

. aggreate input rate at
link attime . In equilibrium, we sometimes
write to emphasizethe dependenceon
equilibrium rates .

XCP dividestime into controlintervals of duration

, hominallythe meanRTT of the o ws atalink [9].

The RTT variesthroughoutthe network andin time,

andfor simplicity we model asa global constant.

To simplify notation, we assumeall paclets have

the samesize of 1 unit. We use“ o w” and"“source”
interchangeably

A. XCP description

We now summarizethe XCP algorithm. See [9]
for a detaileddescription.We do not modelfeedback
delaybecauseve consideronly equilibriumproperties
in this paper

For eachpaclet, XCP generates feedbacksignal
prescribinga changein window size. Let be
the feedbackgeneratedy link for paclket attime

. The acknavledgmentfor paclet receved by its
sourcecontainsin its headerthe smallestfeedback
generatedby links along its path. The

sourceaddsthis quantityto its currentwindow size?!
We now describehow to computethe feedback.
Let

where areconstants, is thelink capacity
is the aggreate input rate, and is the
backlog at time . Let and
. The feedbackon the th

paclet atlink is

where and aretheincreaseanddecrease
componentsespectiely:

(1)

(2)

where and are the round-trip time and
window size,respectiely, of the o w which transmit-
tedpaclet , and is the total numberof paclets
seenby link  over the time interval . Here

is a “traf ¢ shufing” term with a constant.
(Note that we are using the de nition of from the
appendixof [9], which differs by a factorof from
that usedin the correspondingequationin [9].)

B. Dynamicmodel

We now translatethe perpaclet feedback
into per o w feedback.Let be the feedback
generatedy link for ow attime . In generala
guantity with a tilde ( ) pertainsto a paclet while
the correspondingrariablewithout a tilde pertainsto
aow.

Substituting in (1) gives

(3)

is the total numberof pacletsarriving at link
in period . For simplicity, we assumehat

ln practice,the window size hasa lower boundof 1 paclet,
but for notationalsimplicity, we ignore this.



Of thesepaclets, we assumethat
arefrom ow . Hence

paclets

Thus the perpaclet feedback(3) becomesper ow
feedback

Using
(2) becomes

again,the perpaclet feedback

The feedbackper packetto ow from link is then

If ow doesnotuselink , thenset .

Let be the minimum
feedbackalong 's path.Sincesource receves
feedbackpacletsperunit time (assumingevery packet
carriescontrol informationandis acknavledged),its
window evolvesaccordingto:

Substituting , we have

Remark: The pseudocodein [9] containsadditional
“residual” terms. Theseuse the feedbackfrom up-
streamlinks to modulatethe positve and negative
components and to prevent excessie
positive or negative feedbackin eachcontrol period.
However, it can be proved that the modulation of

has no effect on the XCP equilibrium, and
the modulation of also has no effect on the
equilibrium if the averagerate of o ws bottlenecled
at upstreamlinks is signi cant (at leasthalf that of
o ws bottlenecled at link itself). Otherwise,the
link utilization is slightly increased(by around4%
in Scenariol of SectionV). Since theseresidual
terms seemto impact primarily on dynamic rather
than equilibrium properties for simplicity, we ignore

themin the analysis(but not the simulations)in this
paper

In summary an XCP network is describedby the
following setof equations:

(42)

it
it (4b)

where

(5a)

(Sb)
(5¢0)

(5d)

(Se)
(5f)

Here, ) ) are constants,and

StandardXCP uses : and :
We will study the behaior of the generalmodel,
which includes this as a special case.As we will
seebelaw, the qualitative propertiessuchasexistence
anduniquenes®f equilibriumratesandtheir fairness
properties,do not dependon speci ¢ valuesof these
parametergaslong as ).

[11. EQUILIBRIUM RATES

This sectioncharacterizeshe equilibrium of XCP
and describesan algorithm to computeit; the next
considerghe implicationsof theseresultson utiliza-
tion andfairness.

Equations (4)—(5) describethe evolution of the

window vector , for all and the
backlog vector , for all . A pair of
rate and backlog vectors , with window vector

given by , Is saidto be
in equilibriumif both and :

We start by de ning a bottlenecklink and other
notation for XCP equilibrium. In generalquantities
without dependencalenoteequilibrium quantities,
e.g., , etc.



De nition 1: A link is said to be a bottleneck

for source with respectto (w.r.t.) if is min-
imum among all the links that uses,i.e,,
. In this case souice is said to be

bottlenecled at link  w.r.t.

By de nition, every source hasabottleneckLemma
1 belonv implies that in equilibrium at a
bottleneck .

We distinguishbetweenlinks that are bottlenecks
andthosethatarenot. Let bethesetof links that
are bottlenecksfor source w.r.t a given equilibrium
rate :

and . We also distinguish
betweensourceghat are bottlenecklocally andthose
that are not. Let be the set of sourcesbottle-
necled at link w.r.t. a given equilibriumrate :

and . Let be the
numberof sourcesatlink ,and

. Let be the fraction of ows
throughlink  which are not bottlenecled at link
and be the fraction of the link's capacity

consumeddy such o ws. Note that while , ,

and dependonly on the routing matrix ,
, , , , , and dependalso
on the equilibriumrate through
From (4) andthe de nition of , we have
Lemmal: Therate and badlog vector isin
equilibriumif and only if
1) for all , with equality if and
2) for all |, :
Moreover,
3) if and then and
4) if then implies
Proof: Partsl to 3 areimmediate.To seepart4,
note that implies
By part 2, for all . Sinceat mostone
of and canbenonzero, , whence
[ |

A. Theneedfor bandwidthshufing

Without bandwidthshufing, XCP would have
, giving forall and . In particular
in equilibrium.
Theoem?2: Suppose . Then
is an equilibrium if and only if
1) for all , and , and
2) for all , there exists with
Proof: The rst conditionin thetheoremimplies
that for all , . Combinedwith , this
implies for all . The secondcondition then
implies that for all , . Hence,the
conditionsin the theoremare sufcient, by (4) and
the rst partof Lemmal.
For necessitytherearetwo caseslf then
by the secondpart of Lemma 1, and (5b)

with

implies and , since , :
and . Otherwise and by
de nition of . This implies , and hence

, in equilibrium. [ |

Remark: Without bandwidthshufing, any (possibly
unfair) boundarypoint of the set would
beanequilibrium. Theseareexactlytherates which
maximize aggreate throughput. This is why XCP
uses [9].

The rest of the paperconsidersthe more compli-
catedcaseof

B. case:mainresults

This subsectionprovides a conceptually simple
characterizatiomndusesit to prove the existenceand
uniquenes®f XCP equilibrium. In the next subsec-
tion, we provide aniterative algorithmto computethis
equilibrium.

From (4)-(5) and Lemma 1,
equilibriumif andonly if

1) Forall |, with equalityif

2) For all sources, .
Using (5a), condition2 becomesfor all , for all

is an XCP

(6)

. Hencefor links  with
, all ows that are bottlenecled

at link  must have the commonrate . This has

importantimplicationsas we will seebelow.

with equalityfor some



Several of the resultswill usethe following tech-
nical lemma,whoseproof is omitted.
Lemma2: For all

1) if and

2) if .

3) with equalityif andonly if

4) if :

5) with equalityif and only if

Unlike in the casewe characterizehe equi-

librium backlogsand ratesseparatelyThe following
result says that the equilibrium queue under XCP
is zero. This originatesfrom the de nition of in
(5b), which is nonnayative in equilibrium. The same
propertyis usedin REM [13] to drive the queueto
zero,or more generally to a tamget value.
Theoem3: In equilibrium, and
all

Proof: Links canbeof threetypes:(a) :
, (b) , , and(c) ,

. Eachof thesewill be consideredn turn.
Type (a) links are bottleneckdor all o ws passing
throughthem,i.e., links where(6) holdswith equal-

for

ity for all . Since all ows have common

rate , Whenceequality in (6) implies
. Thus , and (5b) implies

and , i.e., they sharethelink capacityfully and

equally with no queueingdelay
Type (b) links are not bottlenecksfor ary of the
o ws they carry. Hence,for all ,

Multiplying both sidesby
we have

and summingover

Hence

Sinceboth numeratorsanddenominatorsre positive,
. This implies whence and

Type (c) links arebottlenecKinks for somebut not
all of the o ws usingthem.From (6), we have

where the inequality follows from Lemma2. As for
type (b) links, this implies , and :
[ |

We next characterizghe equilibrium ratesof XCP.
Dene as

where

through
or

rates to be

. Since dependsn only
, we will abuse notation and also write
. De ne the feasibleset of source

or

(7)

where denotesthe set of honneative real num-

bers. We will later shav that the XCP equilibrium
mustbein . Note that implies

To seethis, multiply both sidesof the inequality in
(7) by andsumover to get

Rearranginghe above inequality yields . The
corversemay not be true, i.e., may be a strict
subsetof :

Our main result is to prove the existence and
uniquenes®f XCP equilibriumin a generalnetwork,
and that this equilibrium solves a constiained max-
min fairnessproblem.

De nition 4: A rate vector is constrained
max-minfair if for anyotherfeasible :
impliesthat thereis a with and .
Intuitively, a constrainedmax-min fair vector is
suchthatit is not possibleto increasea component
without reducinganothersmalleror equalcomponent

. This differs from standardnax-minfairnessonly
in thatthe feasibleset  is a subsetof
[14]. This restriction hasimportantrami cations, as
we will seein the next section.

We will prove constructvely that the unique XCP
equilibriumis constraineanax-minfair by identifying
it with the solution of a hierarchy of optimization
problemsover the feasibleset : it maximizesthe
smallestsourceratesin  , and then maximizesthe
secondsmallestratesover all ratesthat solve the rst



problem,andsoon. Thesemaximizationproblemsare
de ned inductively, following the ideaof [15].

Let and . Thesets de ne
the rst problemP , whosesolutionis describedby
the sets . Thesesetsin turn de ne the
secondproblemP , andso on. To simplify notation,
let

Given sets , , , if
containsall o ws, thenwe stop. Otherwise ,we
de ne problemP andits solution : :

asfollows.
P : ~ (8)
Let
_ )
minimizing in (9) (10)
- (11)
- (12)

A few important propertiesare immediate from
thesede nitions. First, therates are monotonic:

— (13)
Second, and arenonempty;morewer they are
disjointfrom  and  , respectiely. Hence
will eventually contain all the ows and there are
only a nite numberof problemsP . Finally, are
strictly nested:

Indeedit will becomeclear that
set of solutionsto problemP , i.e.,
of feasiblerates whose smallestrates are
maximized, is a subsetof whose second
smallestrates are also maximized, and so on. We
prove below thatif P is the last problem,then
is a singletonthat solvesall problemsP , P

To contrast XCP equilibrium with the standard
max-min fair allocation, we derve a “bottleneck”
characterizationhat is analogougo thatfor max-min
fairness;seethe beginning of SectionlV.

is exactly the
is the set

Lemma3: Suppose is the XCP equilibrium rate

vector Link is a bottlene& for source W.r.t.
if and only if
1) , and
2) for all
Proof: Supposelink is a bottleneck link
for source w.r.t. equilibrium . ThenLemmal1(2)
implies that , i.e., equality holdsin (6). Since
by Theorem3 and by Lemmaz2, (5c)
becomes . Thusfrom (6)

(14)

proving the rst condition.Condition(6) thenimplies
the secondcondition.

Corversely supposethe two conditionsare satis-
ed. If , then from (5a). Lemmal(2)
thenimplies  istheminimumamonglinks in source
's path,i.e.,link is a bottleneck.On the otherhand,
if , then,asabove, and :
Then is equivalentto , proving that

is a bottleneck. [ |
Motivatedby this lemma,we call link a nonbottle-
nek w.r.t. if either or for all

Our main resultis

Theoemb5: TheproblemsP are well-de nedand
have a unique solution. Moreover, the following are
equivalent:

1) is an XCP equilibrium.
2) is the uniquerate vectorthat solvesall the
problemsP .
3) is constained max-minfair.
4) and every ow hasa bottlene& w.r.t.
, i.e,, for all , thereis an sud that
and for all

Before presentingour proof, we derive a (central-
ized) algorithmto computethe XCP equilibrium.

C. Algorithm for computingequilibrium

The equilibrium ratesof XCP can be found using
an algorithm analogousto that of [14] for max-
min fairness.However, becausahe constrainton the
link throughputin (6) dependson the aggregate ow
rate through and , someextra bookkeepingis
required.



Theoem6: The utilization of a bottlene& link
satis es

, by Lemmal. This motivatesan algorithm similar
to the max-min algorithm of [14] that calculatesthe

throughput of eacho win increasingprder without
the needfor recourseto simulation.

(15) 1 Set , , ,
The rates of all sources bottlene&ed at for all |
satisfy 2 repeat
2.1 Foreachlink, nd from
— (16) using and from
(16) ratesalreadyallocated
whee 2.2 Set
2.3 Set
(17) 2.4 foreach
Proof: Substituting 2.4.1 Set
into (14) and solving the resultingquadraticequation 2.4.2 For each ow , Set
gives
endfor
2.6 Set
where . It canbe proved 2.7 Set
that only the larger solutionof (18) satis es part5 of 2.8 foreach
Lemmaz2, andis a valid equilibrium. Rearranginghe 2.8.1 Set
termin the squareroot gives (15).
To obtain (16), instead substitute 2.8.2 Set
into (14), giving
endfor
L L (19) 2.9_ Set
until all ows
where This solveseachof the optimizationproblems,P |,
in turn. The key is that, by keepingtrack of the used
capacityof eachlink, and , it cancompute
the maximizationin (9) in closedform. For each ,
the values and vary during the algorithm.
Since isincreasingn , it is againonly the larger For the algorithmto be correct,they must have the

root which representshe XCP equilibrium. Thus

where is givenin (17). Rearranginghe expression
in the squareroot gives (16). |
Notethattheright-handsideof (16) depend®nthe
ratevector throughput and . Henceit is notan
explicit formulafor the throughputof a general o w.
However it saysthatthe common“bottleneck”rateat
eachlink dependon theratevector only through
and thatarebottlenecledelsevhere.Theseare
sourceratessmallerthanthe “bottleneck”rate at link

right valueswhenlink is the minimumin step2.2.
This occurs becausethe link rates are allocatedin
increasingorder[12].

If then(16) reducedo

, andhencethealgorithmreducego thealgorithm
in [14] to computethe max-min fair allocation. This
suggeststhat, given ary topology speci ed by the
routing matrix  and link capacity vector , one
can choose to be sufciently small so that
the equilibrium of (4) is closeto max-min fair. On
the other hand, with small , the corvergence of
individual ratesto fairnesscanbe very slow. We will
returnto this pointin SectionlV.



D. case:proofsand intuitions

In this subsectionwe establishTheorem5. For
the completeproof, see[12]. We startwith a simple
obsenation that greatly simpli es the solutionof P .

Lemma4: Suppose is nonempty The maxi-

mizationin (9) can be taken over that have
equal for
In view of Lemmad4, we canreplace in (12),

for , by their subsets:

and usetheminsteadof in computing

feasibility constraintin (7). For instance]et be
suchthat . Setting ,

and - gives and isa
bottleneckior all W.r.t. . Lemma5(b)

thenimplies that ratesgreaterthan  are infeasible
atlink .

The next lemmaimplies that all links
bottlenecksw.r.t. all , and all links

are nonbottlenecksw.r.t. . In particular this

are

implies that are nonempty
_ (20) Lemma6: For eath ,
1) if , then for all W.r.t.
all .
2) if , then either or
for all

This greatlyreduceghe compleity of (9) from max-
imizing over -vectors to overascalar
Denotean by , with

- (21)

and let . Note that :
, is not in accordingto de nition (12),
thoughit isin . We will seein Lemma6 below
that plays an importantrole in the proof of

Theoremb5. The vector induceslink o ws

(22)

This motivatesthe following maintechnicalemma.

Lemmab: Given any scalars : , and

, de ne
(23)
for some , , and .

1) If either or thenthere exists
a unique suc that :
where if and only if

2) Moreover, over ,
if and only if

Lemmabs implies thatif link is a bottleneckfor
somesource with respecto an , thentherate
of source cannotbe increasedvithout violating the

A sketch of the proof of Theoremb is asfollows.
For details,see[12]. First note that the optimization
problemsare well de ned and that characterizations
2 and 3 are equivalent.

Lemmab can be shown to imply the equivalence
of characterization$8 and 4 by the following con-
tradiction agumentbasedon that for standardmax-
min fairness[14]. Assumethereis an unfair , for
which every ow has a bottleneck. Some ow, ,
bottlenecled at , can have its rate increasedgiving
rates . Thereexistan and suchthat(a)
if and otherwise,(b) ,

and (c) . Since is a bottleneck,
. Applying Lemma 5(1) with

: and gives
Since for all , with ,
Lemmab(2) implies that , contradict-

ing (c). Corversely if source hasno bottleneckthen
Lemmab givesan by which rate
canbe increased.

It remainsto show that1 and4 areequivalent. The
discussioratthe beginningof Sectionlll-B showvsthat

is an XCP equilibriumif andonly if, for all , (6)
holdsfor all , with equalityfor some
This, with (14), establishes . As obsenred
after De nition 1, every ow has a bottleneck by
de nition.

To showv 4 implies 1, it sufces to show that the
characterizationin Lemma 3 implies statementsl.
and 2. at the start of Sectionlll-B. The discussion
after (7), and setting , establishesStatementl.
This showvs for all . If then (5¢)
and(5a) give , with equalitywhen



Otherwise, giving and, by (5a),

IV. UTILIZATION AND FAIRNESS

In this section,we discusssome implications of
the results in Section Ill on link utilization and
fairnessof the equilibrium rates. Theorem5 shows
that XCP equilibrium is constrainedmax-min fair. It
is instructive to comparethe XCP equilibrium with
the (standard)max-min fair allocationand a classof
algorithmsproposedn [15].

It is proved in [15] that a (standard)max-min
fair rate vector is the unique solution of the
samehierarchyof problemsP (8)-(12) de ned in
Sectionlll, exceptthat the feasibleset in (7) is
replacedwith the superset

(24)

The key featurethat resultsfrom this much simpler
feasibleset  is that the bottlenecklinks undera
max-min fair allocationare all fully utilized. Indeed,
aratevector ~is max-minfair if andonly if,
for every source , thereis alink in its path
suchthat[14]

1)

2) for all :

From Theoremb5, condition 1 is replacedwith the
X ed point equation for XCP equi-
librium. The simpler condition for max-min fairness
hasseveralimplications.

First it allows a much simpler proof of max-min
fair vector as the unique solution of the problems
P ; see[15]. Secondthe (centralized)algorithm to
computethe max-minfair ratevector(see[15], [14])
is simplerthanthatin SectionllI-C for theconstrained
max-minfair vector Third, and mostimportantly the
XCP equilibrium canundetutilize link capacitiesand
deviateby anarbitrarily large factorfrom the max-min
fair allocation,aswe illustrate below.

Max-min fairnesss generalizedn [15] by restrict-
ing the feasiblesetto a (strict) subsetof  in (24).
Like XCP, the restriction is speci ed as additional
constraintson sourcerates andlink ows . An
exampleis that, in additionto beingin ~ , afeasible
ratevector mustalsosatisfy

This is motivated by an explicit design objectve
of trading off full link utilization for the ability to

accommodateandomrate uctuations. If the standard
deviation of therateof source is , thenit is showvn

in [15] thatthe standarddeviation of the link ow

is lessthanthe sparecapacity , Sothatovershoot
is avoided, i.e., for all in the absenceof

feedbacldelay An alternatve additionalconstraintin

[15] is

This is againmotivated by an explicit designobjec-
tive: the link parameter controls utilization and
sourceparameter controlsfairness,akin to XCP's
efciency and fairnesscontrollers. A distributed al-
gorithm to compute the equilibrium rates is also
provided in [15], and its cornvergenceproved. Like
XCP, explicit feedbackis required:eachlink feeds
back the spare capacity to sourcesthat
go throughthis link. Sourcesadjusttheir individual
ratesbasedon feedbackon its pathin a way thatis
distributed, yet avoids overshoot.

We now illustrate the effect of the additional con-
straint(7) in XCP on link utilization andfairness.

As we explainedin the proof of Theorem3, there
arethreetypesof links. The rst type arebottlenecks
for all the o ws that go throughthat link. All links
of this type, suchas all in problemP , are
fully utilized, . Thesecondypearebottlenecks
for noneof the o ws that go throughthat link. They
are underutilized, , becausethe ow rates
goingthroughthelink areconstrainecelsevhere.The
third type are bottlenecksfor some, but not all, of
the o ws that go throughthe link. In contrastto the
standardmax-minfair allocation,theselinks are also
underutilized, . We can boundthe utilization
of thesepartial bottlenecks.

Theoem?7: If for some then

Proof: Notingthat (andthat
), removing thelasttermfrom the squarerootin (15)
givesthe lower bound:

(25)



where the secondinequality is an equality if

To derive the upperbound, rst note that
from Lemma2(2). Since and
, removing the last term from the squareroot
of (16) yields

(26)

Multiplying both sidesby andadding lead
to the upperboundon utilization

— (27)

[

Substitutingeither or into eitherthe
exactexpressiong15) and(16) or theupperandlower
bounds(25) and (26) gives full utilization asin the
max-min case: and

. This shonvs that XCP couldbe madeto approach
max-min fairnessif the bandwidth shufing were
reduced.

On the other hand, link utilization could be arbi-
trarily low if and hadbeenchosenpoorly. With
the values suggestedn [9] however the utilization
is at least 80%. Considera network of two links.

Link 1 has andcarries o ws, while link 2
has and carries ows,
consistingof all the trafc on link 1 plus one other
ow. As we get . This gives

in the limit. Thus, both termsin
the squareroot of (15) go to zero,and (25) becomes
tight, and as . However, with
and [9], (15) gives :
Similarly, a given ow may obtain an arbitrarily
small proportion of its max-min fair bandwidth for
any and . Theratio of theupperboundon
XCP bandwidth(26) to the max-minfair bandwidth,
, IS minimized with
. Substitutingthis
gives

respectto  when
valueinto (16) anddividing by

(28)

10

where

Thus

Applying the identity , for :

gives

(29)

In the limit as , the right hand side tends
to O for ary . This demonstrateshat, for ary
non-zeroamountof bandwidthshufing, XCP canbe
arbitrarily unfair for sometopology
Hence,althoughthe equilibrium of (4) corverges
to max-min as , this corvergence is not
uniform with respectto topology In other words,
givenary topologyspeci ed by , we canchoose
sufciently small so that the resulting allocation
is closeto max-minfairness.However, for ary x ed
, suchas0.1 usedby XCP, therearetopologies
in which somesourceratescanbefar away from their
max-min allocations.
This behaior can be exhibited by a simple two
link network: onelink hascapacityl and carries
o ws, while the other carries of thosesame
0 ws and has capacity . This network has
and
Hence, as and :
These asymptotic results will be illustrated and
con rmed by simulationin the following section.

V. SIMULATION RESULTS

This section presentssimulation results using the
implementatiorfrom [9] in NS-2. Theseresultsverify
the accurag of our algorithm in Sectionlll-C and
conrm our qualitatve discussionin SectionlV on
the utilization and fairnesspropertiesof XCP,

We assumethat all sourcesalways have paclets
to send.The topologyusedfor Scenariosl,2 and3 is
shown in Figurel andconsistof two links, with
sourcedraversinglink L1 and sourcegraversingL2.



All links have equalpropagationdelay of ms
in both directionsand the variableavg rrt _in the
XCP implementation( in the analysis)is x ed to
be . The XCP default parameters ,

and are used. Although the analysis
neglectsthe “residual” terms,the simulationsinclude
them. However, as remarled in Section lI-B, they
have minimal impacton equilibrium properties.This
is con rmed by the good match betweentheory and
simulationaswe will seebelow.

Scenariol investigateghe utilization of L1 asthe
numberof sourcestraversingL1 and L2 is changed.
In the experiment , with 155Mbps and

100Mbps.The utilization of L1 for a rangeof
and is shavnin Figure2. A max-minfair allocation
would resultin a full utilization of L1 for all and
combinations However, as the numberof sources
bottlenecled at L2 increasesXCP's utilization of L1
decreases.

Since XCP's “residual” termsdependon feedback
from upstreamnodes,the equilibrium rates depend
on the order in which links are traversed.If the
directionof ow in this network werereversed,then
the utilization would be 0—-4%higherthanfor the case
consideredandthanthe theoreticalpredictions.

Scenarid?2 demonstratethat XCP canbearbitrarily
unfair for sometopology Let 155Mbps,

: and . The ratio of the
rate of the sourcetraversingonly L1 to the max-min
fair rateis plottedin Figure 3. Indeedthe unfairness
increasesvith the numberof sourcesn the network,
con rming the theory

Scenario3 studiesXCP with non-standargaram-

eters.It veri es that as . We set

200Mbps, , and .
The parameter is varied from to and
the utilization of L1 asa function of , aswell as

the lower boundfrom (25), are plottedin Figure 4.

Scenario4 teststhe rate allocationalgorithmfor a
more complicatedtopology as shavn in 5. The link
one-wvay delaysin msare ,

: and . The link
in Mbps are , , ; ,
and s variedin this experiment.The sourcerates
are plotted in Figure 6. Thereis a good agreement
betweerthepredictedandmeasuredateseventhough
the lower bandwidthdelay product makes the uid
0 W approximationmore questionable.
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Fig. 2. Scenariol: utilization.

V1. CONCLUSION

We have presenteda dynamic model of XCP and
used it to completely characterizeits equilibrium
propertiesWe have showvn that XCP clearsthequeues
in equilibrium, and hasunique equilibrium ratesthat
solve a constrainedmax-min fairnessproblem. The
additionalconstraintunderXCP canleadto unfairness
for somenetwork topologies. XCP givesa utilization
of at least80%, but a poor choiceof or could
lead to arbitrarily low utilization. We have provided
an algorithmto computethe equilibrium for general
networks, and have presentedsimulation results to
illustrate these ndings.
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