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Abstract—Distributed algorithms for averaging have at- above, it seems likely that a scheme involving only local
tracted interest in the control and sensing literature. However, exchange may be desirable.

previous works have not addressed some practical concems |, any scenarios an exact average is not required, and
that will arise in actual implementations on packet-switched

communication networks such as the Internet. In this paper, ©N€ May be willing to trade precision for simplicity. The
we present several implementable algorithms that are robust to Scalability, robustness, and fault-tolerance associated with

asynchronism and dynamic topology changes. The algorithms iterative schemes can be superior in many situations where
do not require global coordination and can be proven to exact averaging is not essential. These schemes also resolve
converge under very general asynchronous timing assumptions. o giohal exchange problem, as they only require commu-
Our results are verified by both simulation and experiments on = . ' .
a real-world TCP/IP network. nication of variables among local neighbors.
In this paper, we will present two practically imple-
. INTRODUCTION mentable iterative algorithms, and show their convergence in

This article focuses on a distributed iterative procedure fa general asynchronous environment. Our analysis is verified
calculating averages over an asynchronous communicatiby simulation and experiments on a real-world TCP/IP
network. This style of asynchronous computing has seenrgtwork. In combination, these results show that the method
renewed interest in recent years as a consequence of ngmposed is both analytically understandable, and practically
developments in low-cost wireless communication and locéinplementable.
computation. While asynchronous iterative computing is not
new in itself (see the classic reference [1]), some new twists Il. BACKGROUND AND PROBLEM SETUP

arise when one aftempts to implement such schemes onconsider a network, modeled as a connected undirected
unstructured, packet-switched, communication networks. raphG = (V, E). We refer to the vertices (elements )

Much recent research has focused on various distributed nodes. and the edges (element&pas links. The nodes
iterative algorithms. For a representative sample of develye |abeled = 1.2. ... .. and a link between nodesand
opments in this area, we direct the reader to [2], [3], [4], P

. g is denoted byij.
[5], and references therein. We also refer the reader to [6] 5ch node has some associated numerical valuez;say

and [1] for a general and accessible overview of distribute@yich we wish to average over the network. We will refer

asynchronous computing. to the vectorz whoseith component is;. Each node on the
Averaging serves as a useful prototype for asynchronoysyyork also maintains a dynamic variahlg initially set

iterative computations both because of its simplicity, ang,) he static value.. We callz: the stateof the nodei
. . age . ( K2 .
its applicability to a wide range of problems. On a sensor When we wish to show the time dependence, we will use

network, one may be r;nterehstled in the Iflverage glf phys'ﬁfﬂe notationz;(t). We use the notatior to denote the vector
measurements over the whole network. In problems thgh, .o components are the terms. Intuitively each node’s

concern vehicle formation, the quantities being averaged c@fhe,. (4 is its current estimate of the average value of the

be the coordinates of the vehicles, and the average CABtwork S z;/n. The goal of the averaging algorithms,

represent the center of mass. A network of Servers may y, et all statesz;(t) go to the averagd™" . zi/n, as
wish to collaboratively calculate the average process load, jn ’ =1

order to implement some load balancing scheme. A peer-to- o .work in [7] proposes the following discrete-time

peer flle_-sharlng_ F‘etwo”‘ on the _Internet can compute Oth%g/stem as a mechanism for calculating averages in a network:
application-specific averages of interest.

In _principle, one can choqse to calculate averages_ by x(t 4 1) = x(t) — yLx(t) (1)
flooding the whole network with all the values, or by using
structured message propagation over a known overlay ndtherey is a stepsize parameter, addis the Laplacian
work (e.g. a spanning tree). These are both natural methodtrix associated with the undirected gragh
for solving a distributed averaging problem, but the former The Laplacian matrix. is defined as
has very large messaging complexity, and the latter requires L
a structured overlay network. Further, these require global d;i ifi=
exchange of information. While it is not clear that this is Lij = ¢ —1 if there is a link betweeri and j
necessarily a problem in the applications we have discussed 0 otherwise



whered; is the degree, or the number of neighbors nede In addition to the message-passing scheme, in order to
has. The algorithm (1) can be viewed as an iterative gradienmtake sure that communications between different pairs of
method for solving the following optimization problem: nodes will not interfere, we require that the nodes implement
blocking Whenever a node sends out a state message, it
does not reply to incoming state messages until it receives

. 1,7
x%%{ln 2% Ix a reply from the receiver. Instead, it sends back a negative
St Y wi=> 2 . acknowledgement (NACK) indicating that it already has a

airwise update in progress. It also does not initiate any other
pdates while blocking.

Whenever a node receives a NACK, the update terminates
prematurely with no effect on either of the local variables,
2dmax and the node stops blocking. With the blocking mechanism
whered,,. is the maximum of all the node degreés in place, a pairwise update is specified as follows:

Other authors have also considered similar iterative mech-

anisms, including the work of [8] which examines thPW1: Node j receives a state message from nodé it is
possibility of topology optimization for maximizing the blocking, it does nothing and sends a NACK to node
convergence rate of the algorithm. i.

Unfortunately, all of these results share the drawbapkv2: Otherwise, it implements; «— z; + v;(z; — ;).
of not being directly implementable on a packet-switchgeiy3: Then, it generates a reply message containing the

Therefore it is not hard to show that this algorithm drive%
all statesz; to the average, provided the stepsigsatisfies

0<y<

network like the Internet. The main problem is the implicit numerical valuey; (z; — x;), and sends it ta.
synchronization. Real-world networks constitute an inhe®W4: Node i receives the reply message, and implements
ently asynchronous environment with dynamic network de- x; — x; — (T — xj).

lays; synchronization is impractical and undesirable. Another

problem with the algorithm (1) is that each node must use ngte that node does not need to know;; all it needs
exactly the same stepsize. Moreover, the allowable stepsize know is how much change nodg has made, which
bound depends on global properties of the network. Thig contained in the reply message. Also note that after an
information is not available locally and therefore 9|°ba|update, node has exactly compensated the action of node
coordination must be involved. In the following sections, W8 'in the sense that theum of the states is conserved
will propose algorit_hms that do not require synchronization gq the moment, we do not specify the timing or triggering
or global coordination. for this event; we will propose one possible scheme (imple-
I1l. ALGORITHM A1l mentation) in section V. We will merely make the following
assumption:

Eventual Update Assumptionfor any link 5 and any
time ¢, there exists a later timg > ¢ such that there is an
dupdate on linkij at timet;.

" This assumption is very similar to the totally asynchronous
iming model in [1]. It turns out that this very general
ynchronous timing assumption is sufficient to guarantee

In this section we will introduce our first algorithm. We
denote it Al in distinction to another algorithm we will show
later. At each nodé there is a local stepsize parametgr
0 < =; < 1 upon which the node’s computation is base
They do not need to be coordinated.

The fundamental “unit” of communication in our scheme'
is a pairwise update between two nodes. We require W .
(distinguishable) types of messages, identified in a head&Pnvergence of the state values under algorithm Al.
We refer to these two types adate messages andeply IV. CONVERGENCE OFALGORITHM A1

messages. An update is initiated whenever a node sends out _ _
a state message containing the current value of its state. ~Because of the blocking behavior, updates that happen on

An overview of the message-passing scheme that wifine link will never interfere with updates on another. This
enable the pairwise update is as follows: generates a property that is very useful for analysis:

With blocking, although updates on different links

MP1: At some time, node initiates astate message con- can span overlapping time intervals, the resulting
taining its current state value to some other ngdat state values of the network will be as if the updates
some later time, nodg receives this message. were non-overlapping, and therefore sequential in

MP2: Node j implements a local computation based on the  time.
value it receives. It records the result of this computa- Thus, aside from the timing details of when updates are
tion in areply message, and sends this message badakitiated, it is equivalent to consider a sequence of synchro-
to nodes. nized updates enumerated in discrete tifhe- {0, 1,2, ...},
MP3: At some later time, node receivesj’s reply, and and there is only one update at each time instant. We will
implements a local computation based on the conted so for the purposes of the analysis to follow.
of the reply message. We need to show that any algorithm satisfying the Even-
tual Update Assumption and implementing the interaction



1, >
u > '
\
’ \
[ 1
) )—CO—()
1 1
\ 1
\ 1
\ 1
\ 4
\ 4
[N ’
~ 7’
~ ’
~ s
~ ”’

-~ =

Fig. 1. An example network consisting of four nodes in a “star” topology. i

Fig. 2. The four node network embedded on the real line according

. . . . . to node valuer;. The bold lines indicatesegmentsi.e. intervals on the
(with blocking) described in section Ill must converge to th€ea) line separating two adjacent values. The dashed curves indicate the

average. Our proof will make use of the following “potential” communication topology from Figure 1. Thus, an update on the link between
function: node 1 and node 3 wiltlaim two segmentsjzs, z2] and[z2, z1].

Pty =Y fai(t) —z;(1)| @ N o
V(i) Therefore as long a8 < ; < 1, it is clear geometrically in
both cases we have
where the sum is over alf@ possible pairg(i, j). For
instance, the potential function for the network in Figure 1 1Zk(t +1) = zi(t + ] + |zx(t +1) — 2;(t + 1)]

is <wgp(t) — xi(t)] + |er(t) — z;(t)]
|x1 — 22| + |21 — 23] + |21 — 24] Therefore

+ |22 — 23] + w2 — 24| + |73 — 74 P(t+1)— P(t)

IN

Lemma 1:1f nodes ¢, j) update at timet while nodei —|wi(t) — x;(t)]
being the sender, then at the next time unit 1 —2min{vy;j, 1 — v, |z (t) — z;(t)|

P(t+1) < P(t) = 2min{ry;, 1T — 5 }zi(t) —2;(8)]  (3) u
The quantitymin{vy,,1 — ~,;} can be thought of as an

) effective stepsize for nodg since a stepsize ab, say, is
Proof: In summary at time + 1 equivalent to.4 in terms of reducing the relative difference

it 1) = (1 — 7;)2s(t) + 7525 (8) in absolute value.
‘ o Rl Vi Lemma 2:At any timet, there exists a later timg > ¢

IA

zj(t+1) = yzi(t) + (1 —v;)x;(t) (4)  such that at time’ there has been at least one update on
zp(t+1) = 24 (t), Yk #£14,j every link since time. Furthermore,
Therefore besides the terfn; — x|, n — 2 terms of the / 8y
v Pt)<|(|1-— P(t 6
form |z, — ;| andn—2 terms of the formz; — x|, k # i, () < n? ®) ©)

in the potential functionP(t), are affected by the update.

First of all we have wherey* = min; min{y;, 1 -}

Proof: Without loss of generality, suppose at time

i(t+ 1) — 2 (t + 1)| = |(1 = 29)||zi(t) — ()] () We haver;(t) < z3(t) < ... < z,(t). We call then — 1

terms of the form|z;(t) — z;41(¢)], ¢ € {1,2,...,n — 1},

Now consider the sum of two of the affected terimg(t)—  segment®f the network at time. By expanding every term
x;(t)| + |z (¢) — x;(¢)|. If we look at the relative positions in the potential function as a sum of segments, we see that
of x;(t), x;(t), andz(t) on the real line, thereither z;,  the potential function can be written as a linear combination
is on the same side of; andz; or it is in between them. of all the segments:



n—1
P(t) = 3" (n —i)ilai(t) -z (1)) )
=1

We say that a segmept; (t)—z;41(¢)| at timet is claimed
at time ¢’ > t, if there is an update on a link of nodes
r and s such that the intervalzs(t'), z,-(t')] (on the real
line) contains the intervdk;(t), z;(t)]. For instance, for the
network in Figure 1, the segments ang — zo|, |z2 — z1],
and |z, — z4|, as shown in Figure 2. Thus, an update on the
link between node 1 and node 3 will claim segments -]
and [.132, 1‘1].

Clearly by using the Eventual Update Assumption on each
link, the existence of’ is guaranteed. From Lemma 1 it is
clear that whenever a segment is claimed, it contributes a
reduction in the potential function proportional to its size (see
(3) ). Referring to Figure 2, it is clear an update that does
not claim a segment can only leave the segment unchanged
or make it larger. Therefore no mattathena segment is Fig. 3. The graphH for the example network, where the node indices are
claimed after timet, it will contribute at least2y*|z;(t) —  taken as the UIDs.
x;+1(t)| reduction in the potential function.

Now connectedness of the network implies that for each
segment, there is at least one link such that an update on
that link will claim the segment. Therefore by tinté all - -
segments will be claimed. Thus the total reduction in the Zx’i(t) - Z'Zi’w (10)
potential function betweenandt’ is at least =t =t

now by the conservation property

we see that

n—1 1 1 n
2 3" [ailt) — s (1), Jm ai(®) = 23 = an
1=1

It follows that u

V. IMPLEMENTATION AND DEADLOCK AVOIDANCE

, *”*1 Any implementation that satisfies the Eventual Update
P(t) < P(t)-2y Z |2i(t) = @it (t)] Assumption is within the scope of the convergence proof
¢:11 of Al. However we have not, as yet indicated a specific
I oy 29" @i (t) — wiga (t)] P mechanism for the update triggering. Caution must be taken
Z?:_ll(” —i)i |zi(t) — zigp1 (1)) because of the blocking behavior. Without a properly de-
8" signed procedure for initiating communication, the system

< (1 - ) P(t) can drive itself into a deadlock.

n2

Below we present one particular implementation based
on a round-robin initiation pattern, which provably prevents
where in the last inequality we use the fact thah — i) <  deadlock and satisfies the updating assumption. This is by no
n?/4. B means the only way to carry this out, but it has the advantage

With the above lemmas, we are ready to show convepf being simple and easy to implement.

gence: Our implementation will be based on some unique identi-

Theorem 1:lim; . zi(t) = = 37", 2, i.e. the average fiers (UID), e.g. IP address. Based on these UIDs, we impose

of the initial conditions of the networkyi € {1,2,....,n}. an additional directed grapH = (V, F), in which an edge
points froms to j if and only if nodej has a higher UID

Proof: Repeatedly applying Lemma 2, we see that than nodei. This graph has two important properties:
H1: H has at least one root, i.e. a node with no inbound

: _ edges.
tliglo P(t)=0 ®) H2: H is acyclic.
Therefore This graph is illustrated for our four-node example net-

) o work in Figure 3.
Jin |2(t) = 2; ()] = 0, ¥4, (®)  our proposed initiation scheme is as follows:
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As an alternative, we will propose another algorithm, denoted
“‘\ . In A2, each nodé has an additional set of dynamic variables
‘ ’}
“‘ " will a dynamic variables;; stored with node, and another
the synchronous environment:

. | Sampe Traeciones fom S gon of 1 on SCTnode fewert. most of the coding complexity in the implementation of A1l.
by A2.
,L We will denote the set of all neighbors of notleo be N;.
N
\ ’VM \ i di5, for all j € N; (namely, one for each neighbor). In other
W‘v “‘Us“‘%g___,__‘!& words, if there is a link connecting nodésand j, there
i ’v Ji)"’ e = G
I\
V’ ql”’! 1 dynamic variable);; stored with nodej. The algorithm A2
\ ( is specified in terms of the;’s and thed;;’s as follows in
| {mi(t—&— 1) = z:(t) + v, [Ejem 8ii(t) + 2 — mi(t)
' ' ‘ . ' ) : 0ij (t +1) = 045(t) + b3 [z () — 2i(t)]

time ms x 10"
Fig. 4. State histories from a simulation of the provably convergent U.nd'e.r'A.Z, eache; is mltlalllzed t.o Z asin A.l’ anq each
algorithm A1 on a fifty-node network. Round-trip delays on each linkd;; iS initialized to0. If there is a link between and j, the
were assigr;ed randorrgjly, l?etweeiﬁ (ms) andlhOOO (n;s). Note that t?is hparameter%j and¢;; are set to be equal. The variablgs
represents forty seconds of simulation time; this is clear motivation for tl N <L .
more aggressive algorithm A2. Sndéﬂ on each linkij can be arranged to conserve their sum
(i.e., 0) in the same way Al conserves the sum of states.

It can be shown that the above mapping is a contraction
RR1: A node will wait to observe updates froall of its Mapping, provided the stepsizesand¢;; satisfy
inbound edges.
RR2: The node will then sequentially initiate communication {0 << ﬁ

0.2

o.aff

12)

with each of its outbound edges, ordered by UID.
RR3: Upon completion, it repeats, waiting for all of its
inbound edges and so on. Notice that the stepsize constraints are local: each node only

Lemma 3: The above procedure guarantees that the Evef€eds to know the local degrek to determine the above
tual Update Assumption is satisfied. stepsize bounds.

We will prove this by contradiction. Suppose there is a a In the convergence proof of A1, we have used the fact that
link i and an intervalt, co) during which this link does not there are no overlapping updates on adjacent links. Therefore
update. Then, nodemust be waiting for one of its inbound We can ignore the message-passing details and just consider
edges to be activated, implying the existence of a ogith ~ €ach complete pairwise update in a sequence of discrete time
a UID lower than that of, which is also waiting for one of instants as in (4). A2 does not impose the blocking constraint
its inbound edges to be activated. Repeating this argumeaf)d thus it does not enjoy this nice property for analysis.
and utilizing the fact thatf is acyclic, we can find a path  In particular, under A2, after nodé sends out a state
of inactive edges beginning at a root. However, a root hgg@essage to nodg node: is allowed to immediately send out
no inbound edges, and henoeustinitiate communication another state message to some other neighbegardless of
on all of its outbound edges at some pointlin). This is  When nodej’s reply arrives. While waiting for a reply from

0<<f)ij<%

a contradiction, and proves the desired result. nodej, nodei can also accept any incoming reply messages,
and any state messages from all neighbors (including node
VI. SIMULATION OF Al 7).

We have written a discrete event simulator in Java and Ve enumerate all these message-passing events in the set
simulated algorithm A1. Below, we present a simulation of = {0,1,2,...}, and letT™ C T' be the set of times when
A1 with 50 nodes on a random topology with maximumdi; updates its value, and® C 7' be the set of times when
degrees. The stepsizes were chosen to.béor all nodes and #: Updates its value. Equations (12) become
the round-trip delays on the links were uniformly randomly

distributed from40(ms) to 1000(ms). Half of the nodes (..t 4 1) = 2.(¢t) + Sii (7 R i i
. . i =x; Yi , i (Th) + 2z —xi(t)|, ifteT
started with initial state® and the others withi; the target ( ) (®) ) {ZJfNI () ( )}
average was thereforé. The results of this simulation are zi(t+1) = zi(t), it t ¢ T N - -
shown in Figure 4. 8ij(t+1) =8;;(t) + dij [xj(rj’-’]) - xi(ﬁj)} ,ifteT¥
VIl. ALGORITHM A2 03 (t +1) = 055(t), if t ¢ TV

The blocking behavior for algorithm Al requires occawhere( < Tiij,T;j,TZj <t indicate possibly “old” copies of

sional dropping of packets, which may not be desirable whehe variables involved in the update equations. (see [1] for
node power is a scarce resource. Moreover, it constitutesore details.)



It can be shown that the following asynchronous timing Sample Trajectories from A2 Experiments on 100-node Planetlab Network
1 T T T T T T T T T
assumption guarantees convergence of all the states to the
. 0.9
desired average value:
Total asynchronism: (as defined in [1Qiven any timet,,
there exists a later timg, > ¢; such that

T(t) > ty, 7 (1) > 41, Vi, j, andt > t (13)

This is in spirit similar to the Eventual Update Assumption
for Al. In general, we have the following asynchronous
convergence theorem for A2:

Theorem 2: |
1 n
Jm i (t) = EZZ“W ]
i=1 s s

. 8 9 10

under A2 with total asynchronism, provided the stepsizes tme s x10
SatISfy Fig. 5. Sample histories from an experiment on the PlanetLab network,
0 1 using one-hundred nodes and the completely asynchronous algorithm A2.
< @i < di+1 Round trip times on this network ranged between tens of milliseconds to
0< Yij < % approximately half a second. Note the rapid convergence of the estimates.

Proof: Due to space limitations we will only sketch the
proof. It can be shown that given the stepsize constraints, o
the synchronous equations are a contraction mapping wift¢: Which is also provably convergent under very general
respect to infinity norm. Also, the linear part of the mappingSynchronous timing. _ _
satisfies the diagonal dominance property. Using Proposition W& have presented simulations, as well as experimental

2.1 of Section 6.2 in [1], A2 converges under total asynchrd®Sults from a real-world TCP/IP network. These results
nism. demonstrate the desired convergence behavior, and show that

the algorithms proposed can be implemented robustly in a
VIIl. EXPERIMENTAL RESULTS practical network.

We developed an implementation of A2 in a C socket
program and deployed it on the PlanetLab network [10]. We o o
performed several runs of the algorithm, each time randoml 5(')':]': ﬁiﬁ]s:rli(?asl ?T?gﬂ;](')'(;"s;srgﬁ'tﬂ'jH;?Tguglg.and distributed computa-
choosing 50 to 100 nodes. Round-trip delays on this networke] p. Kempe and F. McSherry, “A decentralized algorithm for spectral
ranged between tens of milliseconds and one second. Various analaysis,"Proceedings of STQ(004.

- : . ] D. Kempe, A. Dobra, and J. Gehrke, “Computing aggregate informa-
overlay topologies were tested, with consistent convergenc@ fion using gossip,Proceedings of FOGS2003.

on the order of a few seconds. [4] S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Gossip and mixing
In each experimental run, every node obtained a list times of random walks on random graphsProceedings of STQC

. . 2004.
of neighbors from a central server and established TCR; |~ Jelasity, W. Kowalczyk, and M. van Steen, “An approach to

connections to its neighbors. After the topology-formation ~ massively distributed aggregate computing on peer-to-peer networks,”
phase was completed, the nodes were each sent a messageProceedings of the 12th Euromicro Conference on Parallel, Distributed
; ; : ; : : : : and Network-Based Processing004.

m;tructmg them to begin the iterative (_:omputauon W|t_h thelr[6] N. Lynch, “Distributed algorithms,”Morgan Kaufmann Publishers
neighbors. One sample of these experimental results is shown 1997.

in Figure 5. Note that despite comparable round-trip times td7] R. Olfati-Saber and R. Murray, “Consensus Problems in Networks of

. . P : Agents with Switching Topology and Time-DelaydFEE Trans. on
those used in the simulation of A1, the experimental results 70~ . Contralvol, 49, no. 9, September 2004,
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distributed iterative averaging algorithms, inspired by the
Laplacian algorithm of [7]. Our algorithms do not rely
on synchronization, knowledge of the global topology, or
coordination of parameter values. The iterative nature of the
algorithm renders it robust to changes in topology.

Our analytical results for A1 show that under a mild
timing assumption, the asynchronous message-passing algo-
rithms can achieve exponential convergence. Despite this, the
blocking behavior of Al is unduly conservative, and so we
have introduced the significantly more aggressive algorithm



