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Abstract— Distributed algorithms for averaging have attracted Averaging serves as a useful prototype for asynchronous it-
interest in the control and sensing literature. However, previous erative computations both because of its simplicity, and its ap-
works have not addressed some practical concerns that will arise plicability to a wide range of problems. On a sensor network,

in actual implementations on packet-switched communication . . .
networks such as the Internet. In this paper, we present several one may be interested in the average of physical measurements

implementable algorithms that are robust to asynchronism and OVver the whole network. In problems that concern vehicle
dynamic topology changes. The algorithms are completely dis- formation, the quantities being averaged can be the coordinates

tributed and do not require any global coordination. In addition,  of the vehicles, and the average can represent the center
they can be proven to converge under very general asynchronous of mass. A network of servers may wish to collaboratively

timing assumptions. Our results are verified by both simulation ; .
and experiments on Planetlab, a real-world TCP/IP network. calculate the average process load, in order to implement some

We also present some extensions that are likely to be useful in l0ad balancing scheme. A peer-to-peer file-sharing network on
applications. the Internet (e.g. BitTorrent [3], Kazaa [5]) can compute other

Index Terms— Distributed averaging, asynchronous computa- appllcatllon.-specmc averages of inferest.
tion. In principle, one can choose to calculate averages by
flooding the whole network with all the values, or by using
structured message propagation over a known overlay network
|. INTRODUCTION (e.g. a spanning tree). These are both natural methods for solv-
ing a distributed averaging problem, but the former has very

This article focuses on a distributed iterative procedufgrge messaging complexity, and the latter requires a structured
for calculating averages over an asynchronous communicatigferlay network. Further, these require global exchange of
network. This style of asynchronous computing has seenrformation. While it is not clear that this is necessarily a
renewed interest in recent years as a consequence of fgwblem in the applications we have discussed above, it seems
developments in low-cost wireless communication and lociftely that a scheme involving only local exchange may be
computation. While asynchronous iterative computing is ngesirable.
new in itself (see the classic references of Bertsekas andn many scenarios an exact average is not required, and
Tsitsiklis [1] and Lynch [8]), some new twists arise when ongne may be willing to trade precision for simplicity. The
attempts to implement such schemes on unstructured, packehlability, robustness, and fault-tolerance associated with iter-
switched, communication networks. ative schemes can be superior in many situations where exact

Much recent research has focused on various distributegeraging is not essential. These schemes also resolve the
iterative algorithms. Distributed averaging, also known as thgobal exchange problem, as they only require communication
distributed consensus problem, has been studied in the contsixvariables among local neighbors.
of vehicle formation control by Fax and Murray (e.g., [4], In this paper, we will present two iterative algorithms, and
[11]). Similar algorithms have been applied to sensor fusion kyiow their convergence in a general asynchronous environ-
Spanos, Olfati-Saber, and Murray ([14], [16]), as well as Xiagaent. Our analysis is verified by simulation and experiments
Boyd, and Lall [20]). Gossip algorithms are algorithms witlon a real-world TCP/IP network. In combination, these results
communication only between neighbors (which is also whghow that the method proposed is both analytically understand-
we mean by "distributed” in this paper). Previous works i@ple, and practically implementable.
the gossip algorithm context utilize probabilistic frameworks
and analyze global behavior (see the work of Beydl [2],
Kempeet al [7], [6], and references therein).

The "agreement algorithm*“ was proposed in the work of Other authors have considered similar iterative mechanisms,
Tsitsiklis [17] and [18], and it is concerned with letting ancluding the work of Xiao and Boyd [19] which examines
distributed set of processors converge to some common valthe possibility of link weight optimization for maximizing the
It is worth noticing that a related algorithm for load balancingonvergence rate of the algorithm. The issues of asynchronism
is also discussed in [1]. have also been studied. An asynchronous time model is

analyzed in Boycet al [2] which assumes that each node has a

To Appear in IEEE/ACM Transactions on Networking, August 2007.  clock ticking at the times of a Poisson process. In comparison,

II. COMPARISON WITHOTHER WORK



the asynchronous model we will use in this paper does nehered,,., is the maximum of all the node degreés

assume any stochastic properties. Also, wedbassume that  These results implicitly assume synchronization. Real-world

neighboring nodes can simultaneously exchange values, asdsvorks constitute an inherently asynchronous environment

implicit in Boyd et al [2]. with dynamic network delays; synchronization is impractical
The Push-Sum algorithm (discussed in Kenggeal [6]) and undesirable. Another problem with the algorithm (1) is

is a gossip algorithm that can be used to calculate sums ahdt each node must use exactly the same stepsize. Moreover,

averages on a network. In the synchronous settings of Pugife allowable stepsize bound depends on global properties

Sum, some probabilistic characterization of the convergensethe network. This information is not available locally and

rate can be obtained. The convergence rate of Push-Stimarefore global coordination must be involved.

is shown in [6] to depend on the logarithm of the size of In the following sections, we will present our algorithms

the network. In comparison to Push-Sum, our algorithms diong with their message passing schemes and convergence

not assume a gossip-like randomized communication scheraralysis.

Instead, we propose message passing mechanisms to enable

communication among nodes. Also, the convergence rate of
our algorithms does not in general depend on the size of thq

; y n
network, but only on the algebraic connectivity of the networlé

These points will be explained in detail in the later sectionsu.

I1l. BACKGROUND AND PROBLEM SETUP
Consider a network, modeled ascannectedundirected

IV. ALGORITHM Al
this section we will introduce our first algorithm Al. At

ach node there is a local stepsize parameter0 < ; < 1

pon which the node’s computation is based. They do not need
to be coordinated.

The basic “unit” of communication in our scheme is a

graphG = (V, E). We refer to the vertices (elements B pairwise update between two nodes. We require two (distin-

as nodes, and the edges (elementsZpfas links. The nodes 9UiS
are labeled = 1,2,...,n, and a link between nodesand j

is denoted byij.

hable) types of messages, identified in a header. We refer

to these two types astatemessages anekply messages. An
update is initiated whenever a node sends out a state message

Each node has some associated numerical value,zsaycontaining the current value of its state. _
which we wish to average over the network. We will refer to An overview of the message-passing scheme that will
the vectorz whoseith component isz;. Each node on the €nable the pairwise update is as follows:

network also maintains a dynamic variahlg initially set to
the static valuer;. We call z; the stateof the nodei. MP1:
When we wish to show the time dependence, we will
use the notatior;(¢). We use the notatiox to denote the
vector whose components are thg terms. Intuitively each MP2:
node’s stater;(t) is its current estimate of the average value
>, zi/n. The goal of the averaging algorithms, is to &t
statesz;(t) go to the averagd ., z;/n, ast — ooc.
The work of Olfati-Saber and Murray [11] proposes tiéP3:
following discrete-time system as a mechanism for calculating
averages in a network:

x(t + 1) = x(t) — vLx(t), @)

where~ is a stepsize parameter, ahds the Laplacianmatrix
associated with the undirected grag@h(see, e.g. [10].)
The Laplacian matrix_ is defined as

d; ifi=7j
L;; = ¢ —1 ifthereis a link betweer and j
0 otherwise,

where d; is the degree, or the number of neighbors nede
has. The algorithm (1) can be viewed as an iterative gradient
method for solving the following optimization problem:

min %XTLX
xeR"”

Therefore it is not hard to show that this algorithm driveBig. 1.

all statesz; to the average, provided the stepsizsatisfies
In
sure

0<~y< ,
7S Y

At some time, node initiates astatemessage containing

its current state value to some other ngdeAt some

later time, nodej receives this message.

Node j implements a local computation based on the
value it receives. It records the result of this computation
in areply message, and sends this message back to node
1.
At some later time, node receivesj's reply, and
implements a local computation based on the content
of the reply message.

t3: REPLY message from node j to node i

-—-

t,: Local computation
atnode i

t_: Local computation
at node j

t: STATE message from node i to node j
lllustration of the message-passing scheme.

addition to the message-passing scheme, in order to make
that communications between different pairs of nodes will



not interfere, we require that the nodes implemblacking
Whenever a node sends out a state message, it does not reply

to incoming state messages until it receives a reply from the it +1) = (1= ;)(8) +;25(¢)

receiver. Instead, it sends back a negative acknowledgement zj(t +1) = ywat) + (1 = v;)2;(t) )
(NACK) indicating that it already has a pairwise update in r(t+1) = zx(t), Yk #1,7,
progress. It also does not initiate any other updates Wh{kﬁweremj is the receiver and thus its loca} is used instead

blocking.

Whenever a node receives a NACK’ the update ter.mmatesl'heorem 1:1f the Eventual Update Assumption is satisfied,
prematurely with no effect on either of the local varlable§he A1 algorithm guarantees that
and the node stops blocking. With the blocking mechanism
in place, a pairwise update is specified as follows:

. 1« :

thj&xl(t) = ;zi,w € {1,2,...,n}, 3)

PW1: Node j receives a state message from naddf it is '
blocking, it does nothing and sends a NACK to nade

PW2: Otherwise, it sends a reply message containing the
merical valuey; (z; —x;) to nodei, and then implements
wj = aj+ (T — ).

PW3: Node i receives the reply message, and implemen

i = @ =y = ay). Pty =3 le(t) - (1), @)
v(4,5)

i.e., all node states converge to the average of the initial states
rﬂf—the network.

Similar convergence results can be found in [18] in the
context of agreement algorithms. Our proof of Theorem 1 will
faake use of the following “potential” function:

Note that node; does not need to know;; all it needs
to know is how much change nodehas made, which is where the sum is over alt".=2 possible pairs(i, ;). For
contained in the reply message. Also note that at the endi@$tance, the potential function for the network in Figure 2 is
a pairwise update, nodehas exactly compensated the action
of nodej, in the sense that theum of the states is conserved
For the moment, we do not specify the timing or triggering +lwe — @] + 2o — wal + |wg — w4 -
for this event; we will propose one possible scheme (imple-
mentation) in section VI. We will merely make the following
assumption:
Eventual Update Assumptiorfor any link i and any time
t, there exists a later timg > ¢ such that there is an update
on link 75 at timet;.
This assumption is very similar to the totally asynchronous
timing model in [1]. It turns out that this very general
asynchronous timing assumption is sufficient to guarantee
convergence of the state values under algorithm Al. We
will show that any algorithm satisfying the Eventual Update
Assumption and implementing the interaction (with blocking)
described in section IV must converge to the average.

|T1 — za| + |z1 — 23| + |71 — T4]

V. CONVERGENCE OFALGORITHM Al

Because of the blocking behavior, updates that happen on
one link will never interfere with updates on another. This
generates a property that is very useful for analysis:

With blocking, although updates on different links

can span overlapping time intervals, the resulting  Fig. 2. An example network consisting of four nodes in a “star” topology.
state values of the network at the conclusion of each

pairwise update will be as if the updates were non- It can be shown that the potential function decreases in the
overlapping, and therefore sequential in time. following manner.

Thus, aside from the timing details of when updates are-€mma 1:1f nodes ¢, j) update at time with nodei being
initiated, it is equivalent to consider a sequence of pairwidg€ sender, then at the next time uhit 1
updates enumerated in discrete tile= {0,1,2,...}, and . . R Y 7
there is only one update at each time initant. We}will do soP(t 1) P() = 2minfy;, L=y} 201 ()
in the analysis to follow. The evolution of each stateunder
Al can therefore be understood by considering the following Proof: We can see from (2) that besides the témn-z |,
update equations: n—2 terms of the formz;, —z;| andn — 2 terms of the form



|z; — zk|, k # 4, in the potential functionP(t), are affected
by the update. We also have
zi(t +1) — 2t + )| = [(1 = 29)|2:(t) — 2;(H)]. (6)

Now consider the sum of two of the affected terfng(t) — ‘. N
x;(t)| + |z (t) — x;(t)]. If we look at the relative positions e
of z;(t), z;(t), and zx(t) on the real line, thereither z; K
is in betweenz; and z; or it is not. Therefore as long as /\ \ !
0 < ~; < 1, it is clear geometrically in both cases that we X X, G °

have \3/
ler(t+1) —ai(t + 1) + Jep(t + 1) —z;(t 4+ 1) ' N
< ag(t) — xi(t)| + |z (t) — z;(8)]. Y ’
Therefore together with (4) and (6) we have Yo .
Pit+1)—P@1) < |z(t+1)—=zt+1)] S~e -7

—lzi(t) — z; (1)
< —2min{y;, 1 — v Hai(t) — 2;(¢)]. o o1 02 03 04 05 06 07 08 09 1

- -~

The_ qua”“tYmm{% 1 - ’VJ_’} can be thOUth of as @NEig. 3. The four node network embedded on the real line according to
effective stepsize for nodg since a stepsize o6, say, iS node valuer;. The bold lines indicatsegmentsi.e. intervals on the real line
equivalent to4 in terms of reducing the relative difference irgeparating two adjacent values. The dashed curves indicate the communication
absolute value topology from Figure 2. Thus, an update on the link between node 1 and node

: . . . 3 will claim two segments|zs, x2] and [z2, z1].

Lemma 2:At any time ¢, there exists a later tim¢ > ¢

such that at time’ there has been at least one update on

every link since timel. Furthermore, Now connectedness of the network implies that for each
, 8y* segment, there is at least one link such that an update on
P) < |1- n2 P(t), (M) that link will claim the segment. Therefore by timeé all

segments will be claimed. Thus the total reduction in the

wherey” = min; min{y;, 1 — 7} potential function betweenand¢’ is at least

Proof: Without loss of generality, suppose at time
we havez(t) < za(t) < ... < z,(t). We call then — 1
terms of the form|z;(t) — z; 1 (t)], i € {1,2,...,n — 1}, L=
segment®f the network at time. By expanding every term 2y Z [2i(t) = i (1)) -
in the potential function as a sum of segments, we see that =1
the potential function can be written as a linear combinatidtfollows that
of all the segments:

n—1
= Pt') < P(t)—27" ) |zi(t) — 21 (1)
P(t) = (n—i)ilai(t) — zipa(t)]. (8) ;
=1 n—1
i 2v* xZ; t — X t
We say that a segmeht; (t) —z;41(¢)| at timet is claimed = <1 - %:jfl i ,|‘ (»)t +‘1( )L ) P(t)
at timet’ > ¢, if there is an update on a link of nodesand s 2imy (n = )i 2i(t) — zipa (t)]

such that the intervdlz;(t'), z,-(¢')] (on the real line) contains <1 _ 8v*> P(t)

the interval [z;(t), z;(t)]. For instance, for the network in - n? '

Figure 2, the segments afe; — 3|, |x2 — 1|, and|x; — x4,

as shown in Figure 3. Thus, an update on the link betwegihere in the last inequality we use the fact théi — i) <

node 1 and node 3 will claim segmeriis;, v2] and [z, z1]. 2 /4 =
Clearly by using the Eventual Update Assumption on each’ p,qr. (of Theorem 1) Repeatedly applying Lemma 2,

link, the existence of’ is guaranteed. From Lemma 1 it ISye see that

clear that whenever a segment is claimed, it contributes a

reduction in the potential function proportional to its size (see

(5)). Referring to Figure 3, it is clear an update that does lim P(t) = 0. 9)

not claim a segment can only leave the segment unchanged or fmoe

make it larger. Therefore no matt@hena segment is claimed Therefore

after time¢, it will contribute at least2y*|x;(t) — x;41(¢)]

reduction in the potential function. lim |z;(t) — z;(t)| = 0, V4, j. (10)

t—o0

A




Now by the conservation property (which can be derived

from (2))
> owmi(t) =Y 2,V (11)
i=1 i=1
we see that
) 1 n
tlggo xi(t) = - > 2. (12)
[ |

VI. IMPLEMENTATION AND DEADLOCK AVOIDANCE

Any implementation that satisfies the Eventual Update As-
sumption is within the scope of the convergence proof of Al.
However we have not, as yet indicated a specific mechanism
for the update triggering. Caution must be taken because of
the blocking behavior. Without a properly designed procedure
for initiating communication, the system can drive itself Int(iz'ig. 4. The graphH for the example network, where the node indices are
a deadlock. taken as the UIDs.

Below we present one particular implementation based
on a round-robin initiation pattern, which provably prevents . __Sampl Trajectores ffom Simuiation of AL on 50-node Network
deadlock and satisfies the updating assumption. This is by no
means the only way to carry this out, but it has the advantage
of being simple and easy to implement. oa

Our implementation will be based on a unique identifier
(UID) for each node in the network. The UIDs must be
orderable between different nodes. The UIDs can be obtained, XO'
for example, by mapping the IP addresses of the nodes to °sy
unique natural numbers. Based on these UIDs, we impose an , ’
additional directed grapH = (V, F'), in which an edge points
from ¢ to j if and only if node;j has a higher UID than node

) 0.2

0.9

0.7

6

This graph has two important properties: oal 1
H1: H has at least one root, i.e. a node with no inbound 0 ‘ ‘ ‘
edges. ° ' * mems T

H2: H is acyclic.
s _ . Fig. 5. State histories from a simulation of algorithm Al on a fifty-node
_An exampl? is illustrated fOI’ our f.OUI' node netwqu IrEetwork. Round-trip delays on each link were assigned randomly, beteen
Figure 4. This graph essentially definessander-receiver (ms) and1000 (ms). Note that all states converge towards the average value

relation on each link 5
Our proposed initiation scheme is as follows:

RR1: A node will wait to receive a STATE message fraith this argument, and utilizing the fact that is acyclic, we can

of its inb(_)und edges‘ find a path of inactive edges beginning at a root. However, a
RR2: After having received at least one message from all IS0t has no inbound edges, and henvestsend to all of its

inbound edges, the node W!” then sequentially send g, g edges at some poinfinoco). This is a contradiction,
STATE message to each of its outbound edges, order, proves the desired result

by UID.
RR3: Upon completion, it repeats, waiting for all of its in-
bound edges and so on. VII. SIMULATION OF Al

Lemma 3:The above procedure guarantees that the Even-\We have written a discrete event simulator in Java and
tual Update Assumption is satisfied. simulated algorithm Al. Below, we present a simulation of Al
We will prove this by contradiction. Suppose there is a linkwith 50 nodes on a random topology with maximum degiee
ij, with ¢ being the sender, and an interyalo) during which The stepsizes were chosen to.béor all nodes and the round-
this link does not carry any message. Then, nédeust be trip delays on the links were uniformly randomly distributed
waiting for one of its inbound edges to send, implying thifom 40(ms) to1000(ms). Half of the nodes started with initial
existence of a nodé with a UID lower than that of, which states) and the others with; the target average was therefore

is also waiting for one of its inbound edges to send. Repeatirig The results of this simulation are shown in Figure 5.



VIIl. D YNAMIC TOPOLOGY. JOINING AND LEAVING OF
NODES

The Al algorithm we have described is general enough it +1) = ai(t) + 7 Z 0ij (1) + 2 — @i(t) | (13)
accommodate various extensions. In this section we discu$s JEN:
how to handle dynamic network membership (dynamic net\ 9 (t + 1) = i; (1) + i [z;(t) — z:(1)],
work topology), where new nodes can join the averaging n&fnere we introduce the additional parametgrs which are
work, and current nodes can decide to leave or fail gracefullyq4 stepsizes similar to;. ’

On a peer-to-peer network, one may wish to apply the algorithmically, the above update rules require additional
averaging scheme that allows nodes to join and leave at varigggcifications. First of all, each; is initialized to z; as in
points in time. A simple mechanism for doing so is for eacfigorithm A1, and eact,; is initialized to 0. If there is a
node to maintain an additional variable associated with eaghk petweeni and 4, the parameters;; and¢;; are set to be
neighbor, denoted by;;, which accounts for all the changesequal. (We will see that one can also just set¢di on the
made on behalf of that neighbor. This idea is described in [1%]etwork to some constant value.)
~ Specifically, each time nodeand;j interact, the net change  Second, in order to guarantee convergence to the correct
in i’s state is added to the variablg;. Then, if a node average, we require the following messaging rules. On each

leaves the network, all its neighbors subtrégt from their |ink ij, we impose asender-receiverrelationship on the
current states. It can be shown that this ensures the foIIowivéyiames(;ij and §;;. One can use UIDs to obtain this, as

conservation property: at any given time, the sum of the stai@sscribed in section VI.

a; Over any connected pqmponent of the network is precis,@lpél: Every nodei sends to every neighbor a STATE message
equal to the sum of the initial values. Thus, after a topology that contains its current state valugfrom time to time.

change, the iterative algorithm again begins converging toward Each node also, from time to time, executes the update

the appropriate average quantity over the new network. Note e (first equation in (13)) with the information it has
that this serves as a reactive mechanism for node failures, about other state values.

since the failing node’s neighbors can detect its failure 4o on link i, if 6, is the sender, it executes the update rule
compensate by subtracting the associaigderms. (second equation in (13)) from time to time. Whenever

One promising application of the averaging algorithm with &;; executes the update rule, it also sends to its receiver
dynamic membership, is counting the number of nodes on §;; a REPLY message that contains the value of the
a peer-to-peer network. It is known that due to the transient change it has made in the value 6f. 6;; will not

nature of peer-to-peer nodes, it is often hard to obtain a good  gyecute the update rule again until the TCP ACK of
estimate of the total number of active nodes on the network.  his REPLY message comes back.

Suppose it can be ensured that one and only one nodeMiRs: If ¢, is the receiver on linkij, it waits for REPLY
setz; = 1, while all others have set; = 0. If all nodes messages from;; and subtracts the value in the message
are.complet_ely |dent|qal, this coordination would be hard to  fom the value ofs;;. (Note that the REPLY message
atheve. This is possmle, h0\_/vever, on peer-to-peer networks  yoes not directly change the value of.)

with a bootstrapping server, since the bootstrapping server CaRotice that the second equation in (13) is general enough

be the special node with = 1. Then the averaging algonthmto cover the execution required in MR3. Also, since the

combined with the aforementioned dynamic membership ha\pairiables are employed, A2 is automatically equipped with the
dling, can track the average state of all active notés, the ployed, Y equipp

reciprocal of the number of nodes. Each node can theref ability to handle dynamic topologies (as discussed in Section

have a running estimate of how large the active network sicgeal\zéﬁlhgosiitén:eeds to do is 1o resek; 1o 0 if node j

is without any additional action from the bootstrapping server. We can now obtain the following property for,, which is

important for A2's convergence to the correct average.
Lemma 4:For any pair of variables;; andd;;, at any time
t, there exists a later tim€ > ¢ such that

The blocking behavior for algorithm A1l requires occasional
dropping of packets, which may not be desirable when node
power is a scarce resource. Moreover, it constitutes most of
the coding complexity in the implementation of Al. As an  Proof: Initially all §;;'s are set to0. According to the
alternative, we will propose another algorithm, denoted by Agessaging rules MR2 and MRS3, #; executes the update

In A2, each nodé makes use of the additional variablgs rule (second equation in (13)) and changes its value by some
as described in section VIII. As described earlier, if there @mount at time;, the opposite change will be made by at
a link between nodes and j, there will be variables;; and some later timg’. Therefore their sum becomésagain. m
d;; stored locally with node and nodej, respectively. If we consider the vector consisting of all the valuesrf

We will denote the set of all neighbors of nodléo be V;. andd;;, equations (13) can be thought of as an affine mapping
The algorithm A2 is specified mathematically in terms of then the vector of states. We will show that the mapping is a
x;'s and thed;;’s as follows in the synchronous environmentcontraction mapping, provided the stepsizesind ¢;; satisfy

IX. ALGORITHM A2

dij (') + 053 (') = 0. (14)



equations are

0< < T}H’ 21(t+1) =21(t) + 71 [012() + 21 — 21(2)]
0 < ¢ij < 3. Ta(t +1) = z2(t) + 72 [021(t) + 22 — w2(?)] 17)
S12(t +1) = 612(t) + ¢z [22(t) — z1(2)]

Notice that the stepsize constraints are local: each node only
needs to know the local degreg to determine the above 021t +1) = d21(t) + o [21(£) — 22(1)]
stepsize bounds. The linear part of the mapping is therefore
In the convergence proof of Al, we have used the fact that
there are no overlapping updates on adjacent links. Therefore
we can ignore the message-passing details and just consider
L ; - - —¢12 P12 10
each complete pairwise update in a sequence of discrete time - 0 1
instants as in (2). A2 does not impose any blocking constraint 021 921
and thus it does not have this property for simple analysis.If the stepsize bounds (16) are satisfied, this linear mapping
In order to prove convergence of A2, we will make use of i strictly diagonally dominant (namely, the magnitude of
general and powerful framework of asynchronous computatiemery diagonal entry is strictly larger than the sum of the
in [1]. magnitudes of all the other entries in its row.) In the general
We enumerate all these message-passing events in thecgge, ther; row has a diagonal entry df — «;, d; entries of
T ={0,1,2,...}, and letT” c T be the set of times when value;, and entries of valué otherwise. The);; row has a
&;; updates its value, arifi* C T' be the set of times when; ~diagonal entry ofl, an entry of valuep;;, an entry of value
updates its value. Equations (13) become —¢;5, and0 otherwise. Therefore it can be seen that diagonal
dominance is true in general, provided (16) is satisfied. Using
Proposition 2.1 of Section 6.2 in [1], A2 converges under total

1-— 71 0 71 0

. ) _asynchronism.
it +1) = ai(t) + i | D Gy +a—a®) | f e T Now denotez}, 6;; to be the limit points ofz; andd;;. We
JEN: see from the update equations that
Ois — 5. . (Y e (Y] 1j x;:27+z§m’
(1) = 0i() + by [xj(Tj )—zi(r )] if teT P
6i.7<t + 1) = 6ij(t)’ if ¢ ¢ Tij? T = x;,Vi,j.

where0 < 7, 7% ri. < ¢ indicate possibly “old” copies of ~ Therefore
the variables involved in the update equations. (See [1] for

more details.) zi = n Z»Lf
It can be shown that the following asynchronous timing . "
assumption guarantees convergence of all the states to the _ lz o lz Z S
= i py

desired average value:
Total asynchronism: (as defined in [18iven any timet;,
there exists a later tim&, > ¢; such that

i=1jEN;

1 n
- Z Ziy VZ,
. n i=1
77 (t) > t1,7};(t) > t1, Vi, j, andt > ta. (15)
where in the last step we use Lemma 4 to cancel out all the
This is in spirit similar to the Eventual Update Assumptlorg* terms. -
for Al. In general, we have the following asynchronous”
convergence theorem for A2:

X. CONVERGENCERATE
Theorem 2:

. Analytical characterization of the convergence rate of our al-

hm zi(t) = 1 Z % Vi gorithms is difficult to obtain due to their general assumptions.
In the case of algorithm A1, the potential function presented

in section V can serve as a metric for convergence rate. It is
under A2 with total asynchronism, provided the stepsizesown in the proof of theorem 1 that this potential function

satisfy decreases exponentially in time.
. For algorithm A2, however, we do not have any analytical
0<% < g5 (16) results for the convergence rate in general. It is worth noting
0< ¢y < % that the convergence rate of the synchronous algorithm (1)

Proof: It can be shown that given the stepsize constraintgs described in section IIl) can be characterized analytically.
the synchronous equations arecantraction mappingwith It is shown in [11] that the convergence rate is related to
respect to the infinity norm. To illustrate this, consider the second smallest eigenvalue of the Laplacian matrix. This
simple case with a two-node network. The synchronous updatdue is also known as the Fiedler eigenvalue or the algebraic



connectivity of the graph. We have observed empirically that The network sizes tested were: 50, 100, 250, 500, and 1000
the convergence rate of the asynchronous algorithm A2risdes. For each size, the network topology was chosen such
similar to that of the synchronous algorithm (1) with the santbat each node connected Sorandomly selected neighbors.

average delays. The one-way delay on each link from node¢o node; was
chosen uniformly randomly betwe& milliseconds and00
X|. EXPERIMENTAL RESULTS milliseconds. For each network size, there wéreuns of

imulation with the same connectivity but possibly different

ink delays in each run. All simulation started with half the

i des having initial state® and the other half having initial

rY{\%ntesl.

In order to see the dependence of the convergence rate on
network size, we kept track of the amount of time it took

We developed an implementation of A2 in a C sock
program and deployed it on the PlanetLab network [12].
performed several runs of the algorithm, each time rando
choosing 50 to 100 nodes. Round-trip delays on this networ
ranged between tens of milliseconds and one second. Variou

overlay topologies were tested, with consistent converge ! I nod ithit¥%. of th
on the order of a few seconds. or all node states to converge to withii¥, of the target

In each experimental run, every node obtained a list gyerage. We will call this the “convergence time” for the sake

neighbors from a central server and established TCP Conngg_cgmzafnson. The colnvgrgefnce t'”t‘]e (in undlts ofhsecondsk)
tions to its neighbors. After the topology-formation phase w tame rom ;l,” ?_'n;llj altlon or each run and each networ
completed, the nodes were each sent a message instruc?i'ﬁﬁ Is reported in Table |.

them to begin the iterative computation with their neighbors. TABLE |
gne sample of these experimental results is shown in Figure CONVERGENCETIME V.S. NETWORK SIZE

In this experiment, an overlay network ab0 nodes on | Network Runl1} Run2 | Run3 | Run4 | Run5 | Average Fiedler
Planetlab was chosen. Half of the nodes started with initjaP?® 5;9'152
value z; = 0, and the other half withz; = 1; therefore [5p 737 [ 734 [ 720 | 735 | 701 | 725 | 1.038

the target average value was. Each node was connected 100 755 | 842 | 748 | 771 | 769 | 7.77 1.058
to 5 random neighbors in the overlay network. The round tripggg 2'4312 g'gé %g ;'gg g'ig gié 1'822
delays (RTT) on this global overlay network ranged betweengoo | 781 | 829 | 860 | 839 | 810 | 824 | 1.020

tens of milliseconds to roughly half a second. It is wort
noticing how rapid the convergence is: ifi seconds all state  The convergence time is therefore roughly constant regard-
values converged to withib% of the average. We believe thisiess of the size of the network. Notice that this is consistent
is very promising in many applications. with our discussion on the convergence rate of the synchronous
algorithm in section X. The convergence rate in general does
not depend on the network size but only on the algebraic con-
nectivity or Fiedler eigenvalue of the topology. The simulation
results suggest that our asynchronous algorithms still perform
very well when the network size is large.

Sample Trajectories from A2 Experiments on 100-node Planetlab Network
1 T T T T T T T T T

XIIl. EXTENSIONS

In addition to the “counting” application we have described
in section VIII, we will present a few more extensions of the
averaging algorithms in this section.

So far we have assumed that the quantities being averaged
(z;) are static during the executions of our averaging algo-
rithms. It turns out that one can readily adapt the algorithms
. to handle time-varying local variables;(¢) (details can be
ime s A found in [15]). All one need do is to modify the local state

x; each timez; changes. Specifically, every time the local

Fig. 6. Sample histories from an experiment on the PlanetLab networkariable changes, according to
using one-hundred nodes and algorithm A2. Round trip times on this network

ranged between tens of milliseconds to approximately one second. Note the 2 — 2z + Az,
rapid convergence of the estimates.

then the local state is modified according to

XIl. SIMULATION OF A2 T x; + Az,

Experiments with more tham00 nodes were not feasible This ensures that at any given time, the sum of the node states
for us on the PlanetLab network. Therefore we have writtés equal to the sum of the local variables. Each time one of
a discrete event simulator in Java and simulated algorithm A# z; changes, the iterative algorithm adapts and converges
on larger network sizes. to the appropriate value.



Instead of just calculating the average of node states, mg D. Spanos, R. Olfati-Saber, and R. M. Murray. Distributed Kalman Fil-

can also readily adapt the algorithms to calculate the variance
or any other moment of the distribution of node states. To
the variance, for example, one simply needs to run another

averaging process on the quantiti€s and the variance can

be obtained.

X1V. SUMMARY, CONCLUSION, AND FUTURE WORK

We have presented a class of practically implementaldié]
distributed averaging algorithms that are suitable for commyy

9e¥)

(18]

tering in Sensor Networks with Quantifiable Performarimeceedings
of IPSN 2005.
J. N. Tsitsiklis. Problems in decentralized decision making and
computation.  Ph.D. thesis, Dept. of Electrical Engineering and
Computer Science, Massachusetts Institute of Technology, 1984
http://web.mit.edu/jnt/www/PhD-84-jnt.pdf

J. N. Tsitsiklis, D. P. Bertsekas, and M. Athans. Distributed Asyn-
chronous Deterministic and Stochastic Gradient Optimization Algo-
rithms. IEEE Transactions on Automatic Contrfol. 31, No. 9, 1986,

pp. 803-812.

L. Xiao and S. Boyd. Fast Linear Iterations for Distributed Averaging.
Proceedings of the Conference on Decision and Cong003.

L. Xiao, S. Boyd, and S. Lall. A Scheme for Asynchronous Distributed

nication networks such as the Internet. Our algorithms do not Sensor Fusion Based on Average ConserBreedings of IPSN2005.
rely on synchronization, knowledge of the global topology, or
coordination of parameter values.

Our analytical results for A1 show that under a mild tim-

ing assumption, the asynchronous message-passing algorithms
can achieve exponential convergence. For the case when the
blocking behavior of Al is undesirable, we have introduced the

algorithm A2, which is free of the blocking requirement and

is also provably convergent under very general asynchronous

timing. The iterative nature of the algorithm renders it robut Mortada Mehyar received his B.S. degree in Math-
. ematics at National Taiwan University, and M.S.
to changes in topology. in Applied Physics at the California Institute of
We have presented simulations, as well as experimental LACE Technology. He is currently a PhD candidate in
results from a real-world TCP/IP network. These resulls  phoTo Electrical Engineering at the California Institute of
. . Technology. His research focuses on control and
demonstrate the desired convergence behavior, and show that HERE optimization of communication networks.
the algorithms proposed can be implemented robustly in| a
practical network.
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