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Local Stability of REM Algorithm With
Time-Varying Delays

Cheng-Nian Long, Jing Wu, and Xin-Ping Gyariember, IEEE

Abstract—in this letter, we investigate the local stability in equi- as a decentralized algorithm to maximize an aggregate utility
librium for Internet congestion control algorithm proposed by Low  function across all sources, and are subject to link capacity
(IEEE/ACM T RANSACTIONS ON NETWORKING , 1999). The network constraints which can be solved by a convex optimization

consists of multisource and one-bottleneck link with heterogenous bl The first obiecti f th timizati lorithm i
time-varying propagation delays. Linear matrix inequality (LMI) problem. 1he first objective of the oplimization algorithm 1S

stability criteria is presented for discrete congestion control algo- it convergence and stability. As far as the congestion control
rithm of TCP/REM dual model, which can be efficiently and easily model is proposed by Kellgt al. [6], there are fruitful results

solved by the LMI toolbox provided by Matlab software. Anim-  with/without considering communication delays, e.g., the
portant feature s to acquire the maximum network delays to guar- - giapjjity analysis and the proof of convergence in the absence
antee the stability of congestion control algorithm, i.e., the scale - . .

stability domain of REM algorithm. of delay or with constant delay have been investigated [5],

[6], [9]. A related work by Lowet al. [8] has been developed,

which is closer to Kelly’s dual algorithm by using the gradient
projection algorithm to solve easily the dual problem. Because
the first-order algorithm is such that prices are proportional
I. INTRODUCTION to link backlogs, and thus, the same to the drawback of RED

ONGESTION control algorithms, first proposed byadgorithm, the equilibrium can have large backlogs. This has

Jacobson, have been extensively studied. This algoritlzfr?t'vatfd the thz‘,M algonthmfproposefd in [1], which can h
uses the additive-increase/multiplicative-decrease (AIMD) ra gCcouple congestion measure from performance measure suc

; ; ; as loss, queue length of delay. The global asymptotic stabilit
control mechanism and plays an important role in guaranteei ?%)of of ?he TCP/F?EM dual é’ontinucg)us modgl irl? absence 01)‘/

the stability of the Internet to date. Lacking in network inforP o . .
mation, the simple AIMD control mechanism cannot adapt ﬁ)ommunlcatlon delays is presented in [10]. The convergence

the requirement, which can lead to performance degradatl%fndlscre,te t'mO%IeII at'a.”smtglet I('jn.k Vﬂho_lyrt] conS|der|rjg tthe
and even congestion collapse. Such a case was resulted b)F munication delay is illustrated in [11]. The communication

dramatic growth in multimedia and peer-to-peer application ﬁi]e ays have an important role on the stability in equilibrium and

the Internet. As a result, there has been a surge of interes{tﬁwdynam'c of TCP/REM model, but it is scarcely exploited to

designing best-effort service networks that can deliver low Iogéte’ on![y seen Irt] [1t2]_awh$re Ilodca:I stability resultts(;/wtn one
and delay service by encouraging the users to adapt to netw; Fktvt\{o-s €p constan (ljte_n 'gal clay aredpresen 'et . tov(\j/ev?r,
congestion, and by using minimal information from the nef- € Uime-varying roundtrip delays case, does exist in today's

work in the framework of end-to-end arguments [6], [8]. Manx)_‘uternet for the jitter of queue and the uncertainty of processor

. L ; is to be further studied.
AQM schemes detecting the onset of congestion intelligen gr;ne, ISt ) ) ) . .
are proposed [1], [2], [4], [7]. REM has an attractive feature The aim of this letter is to give a stability analysis of REM

to decouple the equilibrium value of congestion measure aﬁ@omhm with presence of time-varying delays. Here we con-

that of performance measure so as to achieve high utilizr:lti%'rierthe discrete algorithm with one-source and one-bottleneck
ink network topology as well as multi-source and one-bottle-

with low loss and delay in equilibrium. So it is worthy ofI K link network models with het del
serious exploration for the design of rationale behind REM [1T.eC INK NEtwork models with heterogenous delays.

Herein, the stability analysis for the REM discrete algorithm
is concerned. [I. MODEL AND RESULTS

Recently, Kellyet al. [6] has developed an optimizationA., One Resource and One Route Case
framework for TCP ratg_ control that allows theoretical analysis Based on the dual model proposed by [8], the network model
of performance, stability and robustness of protocols. The

attractive feature of these methods is that they can be viewsd' bg given as the following nonlinear discrete time-delay sys-
téms in the case:

Index Terms—Congestion control, linear matrix inequality
(LMI), Local stability, REM.
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Here, we assume thdt” (¢) + d—(¢t) = d(¢) andd(t) has  We linearize the nonlinear model in equilibrium as the above
an upper bound m. Obviously, the nonlinear term of the abowee-source and one-bottle-node case to obtain the following
modelisy(t) = f(p(t — d(t))). We linearize it about the equi- linear discrete delay system with multiple delays:
librium point to obtain

S
y(t) =y + F (") (p(t - d(1) - p") X+ = A + 3 Bix(t-di(t) (@

In equilibriumy™ = candp* > 0, then the nonlinear model canynere 4 () are in (2) and
be linearized as the following compact form of linear discrete

time-delay systems: B — (Wf{(P*) 0)
o\ fir) o)
x(t+1)=Ax(t) + Bx (t — d(t)) @) , , ,
Where Theorem 11.2: If there exists the feasible solution fet—=
. {(v,6,m)]y > 0,6 > 0,0 < n < 1} satisfying the following
x(t)=[6p(t) sb(t)]", n="a, p=p—p LMI:
/ *

(3 1) 5 (75 ) s
b b o 0 -1 BT | <0 (5)

o ’ A B I

Theorem I1.1: Suppose the delay is upper-bounded with |, nere3 = (B, B, - Bs] ande = Z}g:l m;§, then the REM

The equilibrium (_)f REM is_s_aid to be locally asymptoticallya|gorithm with multisource and one-bottle-node network model
stable if there exist the positive scalarss, 6 and0 < 7 <1 i5'gaid to be locally asymptotically stable. Furthermore, if the

such that the following LMI holds: following GEVP holds:
(E — 1)]2><2 0 AT ~ 1 ~
( 0 —8Lyxy BT | <o. @3) () < (Zslmf) D)
A B —Izxo 5(19); 0

Moreover, if the feasible solutior(g*,v*, *, 6*) of the above where

AT

LMI exist, thena = n* /v*,;m = £*/6*. ~ o1 00 ~ I 0 47

) o . . ChH=[0 0 0], DW= 0 6 -B
Remark 1: Theorem II.1 exhibits the nonlinear relation be- 0 0 0 A -B I

tween network parameten and AQM controller parameters

pair (a, ) for the sufficient condition of locally asymptotically then the maximum of the sum of heterogenous delays can be no
stable in equilibrium. An appeal characteristic of our resultis thgrger than the optimal solutiohd = Zf{l m; of the above

decouple of the nonlinear relation between the network paraggevp to guarantee the stability of REM algorithm with AQM
eter and AQM controller parameters pair, which is based on.gntroller parameters paifc(, )

mild transformation and it can be solved easily by LMI toolbox
[3]. C. Proofs
Another importg_nt argum_ent of our LMI metho_d can answer | emma 1: Consider the delay-difference equation

to the robust stability domain of REM algorithm, i.e., the max-

imal network delays can be born to guarantee the REM algo- z(t+1) = Az(t) + Bz (t — d(t)) . (6)

rithm stability which can be solved by the GEVP (generalized

eigenvalue problem) of LMI toolbox as the following result inve assume that the time-varying del&y) is upper-bounded,

Theorem 11.2. i.e.,,0 < d(t) < m,Vt > 0. Theinitial conditionz(t) = ¢(t),
t € {—m,---,0} for some continuous functiof(¢). Suppose

B. Multi-Source With Heterogeneous Time-Varying Delays that there exist positive definite matricBsand@ such that the

Case following matrix inequality holds:

The network model about this network topology can be ex-

pressed as follows: P+ ATPA+ ATPBQ BTPA+mQ <0 (7)

whereQ = Q — B PB > 0, Then the system (6) is uniformly

y(t) = i z(t—d; (1)) asymptotically stable.
(©2): a5 (t) :Sp:(lt —de (1) Proof: Define a Lyapunov functiondl; as follows:
it 1) ) oy o ()= ) +360) — SO ol o,
p(t+1)=[p(t) +v(a(b(t) =b*)+y(t)—c Vi = 2T Py + TQu;
bt +1) = [b(8) + u(t) — <] AP IPI L

and we assume thdf(¢) = d;”(t) +d5 (), Vs € S, whichhas whereP and(@ are positive-definite matrices. The system (6)
an upper boundn. can be rewritten as follows in virtue of the upper bound of time-
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AV =x{ 1 PXopn = X PXa+ D) {xd Qe — xiQxi—i } = x{ Txe

i=1 j=1

where
x=(x®" x(t—di(t)"
~P+ATPA+ %5 ,m;Q
BIfPA
I =

BLPA

T
X (t—dy(t)")
AT PB, e AT PBg
-Q+BfPB; - BT PB,
BLPB, -+ —Q+BLPBs

varying delayd(t):

o(t+1) = Az(t) + B i 8 (d(t) — ) x(t — 1)

where

then

AV, = 1’?+1th+1 — 2T PX, + Z {m?ta — zf_iQ:L‘t_i}

=1
=2 {A"PA— P +mQ}a, +2c{ A"PY_ Biz,_;

=1

+ZZ{‘T* iBI PBjw_;} - Z{xt Qi)

=1 j=1

whereB; = 6(d(t) — i)B, B; = 6(d(t) — j)B.
Since

Z{:}:t Qi Z} 2{5 ) —i)x] Qr, Z}
Then
AV, < 2T {~P+ ATPA+ ATPBQ 'BTPA+ mQ}x,
<0, Vt>0

Therefore, the system (6) is uniformly asymptotically stable.
Based on Lemma 1 and Schur complements Lemma [3], the[G

page. Based on the proof of Lemma 1 and Schur Complements,
if the LMI (5) holds, thenAV; < 0, Therefore, the syste(®,)
in equilibrium is uniformly asymptotically stable.

I1l. CONCLUSION

The letter has considered the stability of network rate control
in the presence of time-varying communication delays. Stability
conditions are given for both single-resource and multi-resource
with diverse delays, which have diverse upper bounds. The sta-
bility domain of maximum network delays, i.e., the scale ability
of REM algorithm specified by AQM controller parameters
and-~ to guarantee stability, can be solved by numerically using
our method. The future work is to exploit the stability condition
for discrete congestion control algorithm with arbitrary network
topology and communication delays.
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