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Abstract— TCP/IP can be interpreted as a distributed primal-
dual algorithm to maximize aggregate utility over source raes. It
has recently been shown that an equilibrium of TCP/IP, if exsts,
maximizes the same delay-insensitive utility over both saue
rates and routes, provided pure congestion prices are useddink
costs in the shortest-path calculation of IP. In practice, lbwever,
pure dynamic routing is never used and link costs are weightd
sums of both static as well as dynamic components. In this pap
we introduce delay-sensitive utility functions and identfy a class
of utility functions that such a TCP/IP equilibrium optimiz es.
We exhibit some counter-intuitive properties that any clas of
delay-sensitive utility functions optimized by TCP/IP neessarily
possess. We prove a sufficient condition for global stablityf
routing updates for general networks. We construct example
networks that defy conventional wisdom on the effect of link
cost parameters on network stability and utility.

I. INTRODUCTION AND SUMMARY

To simplify notation, we will henceforth use TCP-AQM/IP
and TCP/IP interchangeably.

We assume routing is chosen to minimize the weighted sum
ap, + bty of congestion price@, and propagation delayg
along the path. Wheth = 0 (pure dynamic routing), [26]
characterizes the exact condition under which an equilitri
of TCP/IP exists, and proves that such an equilibrium max-
imizes delay-insensitive utility over both rates and reutia
practice, however, pure dynamic routing is never used tmEau
of its instability. Instead, both weights andb are typically
nonzero, a case for which no result is available.

To reverse engineer TCP/IP networks with nonzero weights
a and b, we introduce in Section Il delagensitiveutility
functions that depend on not only source rates but also
(propagation) delays. We identify a claGf delay-sensitive
utility functions that is implicitly optimized by TCP/IP. $\for

Any TCP congestion control algorithm can be interpretethe b = 0 case, we characterize the exact condition under
as carrying out a distributed primal-dual algorithm ovee thwhich TCP/IP has an equilibrium and prove that such an
Internet to maximize aggregate utility, see e.g. [12], [13kquilibrium maximize utility functions it over both rates and

[17]-[21], [25] for unicast and [4], [10], [25] for multicas

routes. As the relative weighvb — oo, the utility functions in

All of these works assume that routing is given and fixed & become delay-insensitive and these results reduce to those
the timescale of interest, and TCP, together with activeugueproved in [26] for pure dynamic routing. We exhibit some
management (AQM), attempt to maximize aggregate utiligounter-intuitive properties of class utility functions, and
over source rates. The paper [26] studies cross-layetyutilprove that any (other) class of utility functions that TGP/I
maximization at the timescale of route changes, mainly foptimizes necessarily possess some “strange” properties.

the special case gbure dynamic routing. In this paper, we e prove in Section IV that, for general networks, if the

extend the results of [26] in several ways.
As in [26], we focus on the situation where single

weight a is small enough, only minimum-propagation-delay
paths are selected. This implies that if all source-destina

destination pair (Section Il). This models IP routing in tha-

equilibrium of TCP/IP exists and is (globally) asymptotiga

rent Internet within an Autonomous Systems using COMM@gaple. It is often believed that decreasinelps ensure rout-
routing protocols such as OSPF [22)r RIP [8]. For joint ing stability. We prove that this may not be the case if not all
congestion control and routing optimization using mudiplggyrce-destination pairs have unique minimum-propagatio

paths, see, e.g., [2], [B]-[7], [9], [11], [12], [14], [15]23].

delay paths. Indeed, for a general network, its equilibrium

Routing is typically updated at a much slower timescale thafg stability properties are the same as a modified network
TCP-AQM. We model this by assuming that TCP and AQNhose routing is based guurecongestion pricep;, a network
converge instantly to equilibrium after each route update {5t is prone to routing instability. More surprisingly,etfe

produce source rates and “congestion prices” for that @pdakists networks where reducing the weightan destabilize
period. These congestion prices may represent delays sr g originally stable equilibrium.

probabilities across network links. They determine thetnex
routing update in the case of dynamic routing. Thus TC
AQM/IP form a feedback system where routing interacts wit

congestion control in an iterative process. We are intectest
the equilibrium and stability properties of this iteratpmcess.

1Even though OSPF implements a shortest-path algorithmloitva mul-
tiple equal-cost paths to be utilized. Our model ignores fhature.

P

It is conjectured in [26] that there is generally an inevigab
H_adeoff between utility maximization and stability in TOP
networks. In particular, as the weightincreases, the routing

is conjectured to become more unstable but the achieveable
utility higher. We show however how to construct a network
that hasany givenutility profile as a function of the weight

a.



Il. MODEL

routing matrix inRs is an 0-1 matrix:

We use the same model as in [26]. In general, we use small _ 1, iflink 1isin a path of source

letters to denote vectors, e.g. with x; as itsith component;
capital letters to denote matrices, e, W, R, or constants,
e.g.,L,N,K'; and script letters to denote sets of vectors

matrices, e.gWs, W, Rs, Ry . Superscript is used to denote

vectors, matrices, or constants pertaining to sotiyeeg.,y’,
w, H K

A. Network

A network is modeled as a set &f uni-directional links
shared by a set oN source-destination pairs, indexed by
(we will also refer to the pair simply as “souréd. Each link
I has a finite capacitg; > 0 and a delayr; > 0 across the

link, i.e., it takesT; to process and propagate a packet fro
one end of the link to the other, excluding queueing delay. Lé

c=(,l=1...,L)andt = (1,1 =1,...,L).
There areK' acyclic paths for source represented by a
L x K' 0-1 matrixH' where
i 1, if pathj of sourcei uses linkl
H;; -
! 0, otherwise

Let H' be the set of all columns ofl' that represents all

the available paths to under single-path routing. Define the

L x K matrix H as
H = [H!...HY]

1
whereK := ; K'. H defines the topology of the network.
Let w' be aK' x 1 vector where thgth entry represents
the fraction ofi’s flow on its jth path such that

w =0 J and 1'w' =1

or

= 0, otherwise

A multi-path routing matrix inRy, is one whose entries are
in the rang€go, 1]:
—1

> 0, iflink lisin a path of sourcé

Ri 0, otherwise

The path of sourcé is denoted byr' = [Ry; ... Ry]',
the ith column of the routing matriR.

B. TCP-AQM/IP

We consider the situation where TCP—AQM operates at a
faster timescale than routing updates. We assusiegiepath

m

iS selected for each source-destination pair that minisnibe
sum of the link costs in the path, for some appropriate defini-
tion of link cost. In particular, traffic is not split acrosaultiple
paths from the source to the destination even if they are
available. This models, e.qg., IP routing within an Autonarsio
System. We focus on the timescale of the route changes,
and assume TCP-AQM is stable and converges instantly to
equilibrium after a route change. As in [17], we will integpr
the equilibria of various TCP and AQM algorithms as solusion
of a utility maximization problem defined in [12]. Different
TCP algorithms solve the same prototypical problem (3) with
different utility functions; see e.g. [17], [19], [25] foné utility
functions for various popular TCP proposals.

Specifically, suppose each sourcénas a utility function
Ui (xi, di) which depends on both its (total transmission) rate
X; and the end-to-end propagation deldy Given a routing
matrix R, we assume

where 1 is a vector of an appropriate dimension with the 1

value 1 in every entry. We requir@rvji {0, 1} for single-
path routing, and allowv; [0, 1] for multi-path routing.
Collect the vectorsv', i = 1,...,N, into aK x N block-

d = dR) = Ri T
=1
Hence the delay; depends only on routingR and not on

diagonal matrixW. Let W be the set of all such matricescongestion in the path. The routing matii is in Rs for

corresponding to single path routing defined as

{W|W = diagw?,...,wN) 0, 13* N 17w = 1}
Define the corresponding set,, for multi-path routing as:
{W| W =diagw?!,...,wN) @, 1 <N, 17w =1}

As mentioned aboveH defines the set of acyclic paths
available to each source, and represents the network tg}zxolor
W defines how the sources load balance across these patt

Their product defines & < N routing matrixR = HW that
specifies the fraction ofs flow at each linkl. The set of all
single-path routing matrices is

Rs = {R|R=HWW W} Q)
and the set of all multi-path routing matrices is

Rnm = {R|R=HW,W W, } )

single-path routing and iRy for multi-path routing. Note
that in the multi-path casel; is the traffic-weighted average
of propagation delays along its paths. We assume thatyutilit
functions are strictly concave for fixedt. The special case
where the utility functionJ; (x;) = U;(x;, d;) depends on its
rate x; but not on the delay; is studied in [26]. Here, we
focus on the delay-sensitive case.

Given a routing matrixR, U; (x;, d;) is a function only of
tex;. Let R(t) [Hs be the (single-path) routing in period
Given aR(t), let the equilibrium ratex(t) = x(R(1))
and priceg(t) = p(R(t)) generated by TCP-AQM in period
t, respectively, be the optimal solutions of the constrained

maximization problem
L1
max Ui (Xi, di) s.. ROx = ¢ 3)
x=0 i
and its Lagrangian dual
C1

1
L 1 L1

The difference between single-path routing and multi-pathhin ~ max U;(x;,d) — xi RiOp + ocap (4)

routing is the integer constraint oW andR. A single-path

p=0 i xi=0 | |



The pricesp(t), | = 1,...,L, are measures of congestionEssentially, a delay-sensitive utility function is defirsathat
such as queueing delays or loss probabilities [17], [19]. Whe source always gains utility from reducing propagation
assume that the link costs in peribdre delay. If propagation delay is too high, the source can choos
0 = 0 + b 5 not to transmit. Otherwise, for fixed delay, the source’'§ityti

2 (1) api(t) + by ®) increases with transmission rate, possibly up to some .limit
wherea = 0, b = 0, andT, > 0 are constants. Based on thes¥Ve assume all sources on the network have delay-sensitive
costs, each source computes its new rodig + 1) [H' utility functions Ui (i, di).
individually that minimizes the sum of link cost in its path: ~We adapt the single-path delay-insensitive network opti-

, 1 mization problem from [26] to a delay-sensitive network
r{+1) = arg min  z()r (6)  optimization problem:
r'H1 | 1 -
Recall thatt; in (5) are propagation delays across linksf max U xi, RiT stRx=c (11
pi (t) represents the queueing delays at lihksxda =b =1, RIREX=0._ (=1
then z (t) represent total delays across linksThe protocol Its Lagrangian dual is:
parametersa and b determine the responsiveness of routing 1 1
to network traffic;ca = 0 corresponds to static routing, = B E— 1 1
0 corresponds to purely dynamic routing, and the larger thég‘z”g maX mnax Uixi,di)=x  Rip +  cp
ratio of a/b, the more responsive routing is to network traffic. i= I=1 I=1 (12)

They determine whether an equilibrium exists, whether it Whereri is theith column ofR with rli = Ry . This problem

stable, and the achievable utility at equilibrium. The pd@6é] maximizes utility over both rates and routes
focuses on the case bf= 0; we study the general case here. Define the Lagrangian [1]: '

An equivalent way to specify the TCP-AQM/IP system as C 1 —1
a dynamical system, at the timescale of route changes, is to i m— d 1  —
replace (3)—(4) by their optimality conditions. The rouwgfiis L(R,x,p) = _ Ui (i, di) =i Rip +  cp
updated according to (combining (5) and (6)) =t =1 =1

_ 1 _ Then we can express the primal and dual problems respactivel

r+1=arg min  (@p®)+br)r, forali (7) as:

rl
|
wherep(t) and x(t) are given by Vep = R, o o L(R.x.p)
E— , LA Vsg = min max max L(R, X, p)
RIOP® = S0a®,d)  foralli(g) p=0 R [l %20
i

I If we allow sources to use multiple paths, the corresponding

1
1 ; :
Rix@® =0 TPO=0 a9 problems are:
i = ifpi(o) Vmp = max maxminL(R, X, p)
x(t) =0, p(t)=0 (10) R [En x=0 p=0
Vmd = min max maxL(R, X, p)
This set of equations describe how the routi@), ratesx(t), P=0 R [Rin x=0

and price9(t) evolve. Note thak(t) andp(t) depend orR(t) The TCP/IP dynamical system is described by (3)-(6), or
only through (8)—(10), implicitly assuming that TCP-AQMequivalently, (7)—(10).
converges instantly to an equilibrium given the new routing
R(1).

We say tha(R5 %5 b Blis anequilibrium of TCP/IPIf it is _ _ . .
a fixed point of (3)—(6), or equivalently, (7)—(10), i.e.aging In this subsection, we consider the special case where the

from routing R™And associate@x5p"5)! the above iterations utility functions U; (xi. di) = Ui (x;) depend only on rates;
: - L but not on propagation delayds. There are three sub-cases:
Id (R5X5D the sub t ds. - -
yield ( B'in the subsequent periods b a>00b=0 i) az0b> 0 iii)a>0b>0.
For the first case where> 0,b = 0in (5), i.e., IP uses only
C. The joint optimization problem congestion pricep, generated by TCP-AQM as link costs, it

o N . . is shown in [26] that TCP/IP maximizes aggregate utility ove
Definition 1: A delay-sensitivautility function is a contin- both rates and routing when an equilibrium exists.

uously differentiab_lelfunctiohl (X, d) from [0, o?) %[0, c0) to Theorem 1 ( [26]): Suppos& > 0 andb = 0 in (5). Then:
[Fo0, 00), that satisfies the following properties: 1) An equilibrium(R5X5hYof TCP/IP exists if and only

D. Review: delay-insensitive utility functions

1) Cikedd >0, U(x,d) is stri@%ly concave irx. if there is no duality gap between (11) and (12).
2) [dP>0,x>0, U(x,d) and G (x, d) are finite. 2) In this case, the equilibriuR x5 pYis a solution of
3) (X1> 0),([d],d2 s.t.0 < di < dp) : U(x,dy) > (11) and (12).

U (x, d2)- Moreover, in that case, there is no penalty in not splitting t

4) (@ >0), ([0k d < D), (IXI(d) > 0), (Ix}< X(d)) :  traffic among multiple paths.
ox(x,d) >0. Theorem 2 ( [26]):Vsp < Vsg = Vimp = Vind -



One of the open questions raised in [26] is the charat&@onsider the Lagrangian
ization of TCP/IP equilibrium in the other two cases where L(R, X, p) =
b > 0in (5), i.e., when IP uses propagation delay, exclusively U
or not, as link costs. It is shown in [24] that for any delay- r‘? . '?' +a-l +  E—
insensitiveutility function U(x), there exists a network with _ Vi) =x i (pr +am)) Pic
sources using this utility function, where TCP/IP equiliion ' =1 =1
exists but does not solve (11) and (12). See [24] for explicd the dual problerd(p) := maxg rryx=0 L(R, X, p):

construction of such networks. D(p) =
We now show that TCP/IP turns out to maximize a class of L1 1
delaysensitiveutility functions whenb > 0. — II:Vi(lxi) — % min '?"(F')I +aly) + %’
x=0 riHl
i=1 1=1 1=1

I1l. DELAY-SENSITIVE NETWORK OPTIMIZATION e .
The minimization overR in the dual problem appears to

In this section, we consider the case where the utility fungyolve minimal-cost routing using, + a~1t1, as route cost.
tions Ui (xi, di) depend both on rate& and on propagation gyt this is the same as minimal-cost routing usag + T
delaysd;. We identify a clas€ of utility functions for which - 55 route cost. This suggests that TCP/IP might solve thé join

TCP/IP, witha > 0 andb = 1 in (5), does maximize gptimization problem with utility functions i6. This is indeed
aggregate utility at equilibrium, when equilibrium exisi¥e the case.

analyze the properties @f, and then derive properties that any our first main results, and their proofs, are analougous to
class of Ut|||ty functions that TCP/IP ImpIICItIy maximigeat Theorem 1 and Theorem 2 but for= 0 and de|ay_sensitive
equilibrium must possess. _ _ utility functions. They say that the equilibrium of TCP/IP,

_ We start with the case whee= 0 orb = 0in (5), i.e., when exists, solves the joint utility maximization over tesi

if all links use only the propagation delays as link costs, and rates and its dual problem. Moreover, in that case, ikere
or if all links use only the congestion pricgs generated by ng penalty in not splitting traffic among multiple paths. ¥he
TCP-AQM as link costs. In this case, it can be shown thﬁ}oofs are in [24].

for every delay-sensitive utility functiod (x, d), there existsa  Theorem 3:Suppose all utility functions are i, a > 0
network with sources using this utility function, where TGP  gndp = 1.

equilibri_um exists bu_t does not solve (11) and (12). See [24] 1) An equilibrium(R5 %5 b Yof TCP/IP exists if and only
for explicit construction of such networks. if there is no duality gap between (11) and (12).

Hence we consider the case where bath 0 andb > 0. 2) In this case, the equilibriurtR 5 %" pYlis a solution of
(11) and (12).
A. Reverse engineering for link coap + T Theorem 4:Suppose utility functions are i0. ThenVs, <

In this subsection, we assume that IP uags+ 1 as link Vsd = Vmp = Vind .
cost, i.e.,a > 0 andb = 1 in (5). Consider the clas§ of
functionsU (x, d) that can be written as: B. Counter-intuitive properties of clags

U(x,d) = V (x) — a~xd . In this subsection, we exhibiF some coqr!ter-intuitive Eep
ties of the clas€ of utility functions. Specifically, we present

where V (x) is a continuously differentiable function fromexample networks where, because the penalty &rixd is
[0, 00) to [—eo, c0) s0 thatV (x) is strictly concave increasing, proportional to throughput, these utility functions can under-
and X1> 0, V (x) andV {(x) are finite. In [24] we show that ytilize link capacities or available network paths.
functions inC are delay-sensitive utility functions defined in The first example illustrates a network equilibrium which
Definition 1. Every utility function inC has two components: is in thestrict interior of the feasible seRx < c, contrary to
V (x) measures the benefit of throughpyta™'xd measures what the traditional TCP model with delay-insensitive itytil
the penalty of delag weighted by the throughpxt Note that functions would predict.
a larger throughpux increases both the benefit of throughput Remark 1:Given any utility function inC, there exists a
and the penalty due to delay. The relative importance fgtwork where TCP/IP underutilizes links.
determined by the (relative) weiglt on congestion price in Proof: %ﬂ(x, d) =V,}x)—atd. If Vi{x)—a~1d =0,
the link cost used in routing decisions: the larger the weigkhen x is the rate that maximized (x,d) for fixed d, since
a, the more important the throughput benefit and the lesgx, d) is strictly concave for fixedi.
important the delay penalty. In the limiting case as» oo, Choose anyc > 0 and sett = aV c). Note thatt >
corresponding to pure dynamic routing (i.&., = 0), the 0, sinceV (x) is strictly increasing. Consider a network with
utility function become delay-insensitive and our resbitdow one link, whose capacity igc. A flow whose path is just

reduce to those established in [26] for the= 0 case. this link will have ratec at equilibrium, since@Y(x,d) =
Specializing to utility functions inC, the optimization Vv c) —a~'t =V {c) —V ¥c) = 0. But this leaves the link
problem (11) reduces to: underutilized, since the link has capacty. 1
L1 1
1 1
max Vi(xi) —a 1x Ri T st RX <c¢ The second example shows that extra paths that would be

RIREX=0,_, =1 utilized if the utility functions were delay-sensitive manpt



C. Alternative classes

L1: Capacity:cy, Delay:1q We have shown in the last subsection some counter-intuitive
properties of clas€ utility functions. We now show thainy
class of delay-sensitive utility functions that TCP/IPiopzes,

Src using ap; + T, as link cost, must possess some “strange”
properties.
L2: Capacity:c,, Delay: T2 Define

Fig. 1. Network 1 M(U,d) = Clirgo U(c,d), (13)

which computes the maximum possible utility at each delay
. . . ) i for any delay-sensitive utility functiobl (x, d). The next result
be utilized by utility functions irC. It also illustrates Theorem says that any clas of utility functions that TCP/IP optimizes
3 and T_heorem 4 ) either contain functions that are not strictly increasimg i
Consider anyU(x,d) = V(x) — a~'xd in C. It can be throughput (contrary to the traditional delay-insensitistility
shown that there exist > 0, ¢ > 0 so that&(c,T) > 0. functions of TCP models), or are “discontinuous” in through

Consider Network 1 in Figure 1 withy = ¢, T1 =T,C2 = pyt in the space of utility functions, or can be discontinsiou
0, =T + a%(c, T). Suppose there is only one flow, Flow;, delay for large enough delay.
1, and it can choose between rouRs L1 andR2: L2. Theorem 5:Suppos@ is any class of delay-sensitive utility

Suppose Flow 1 is initially on rout®1. It achieves rat& functions such that when TCP/IP equilibrium exists, theiequ
with propagation delay and utility U(c,t). ThenR1 has |ibrium solves (11) and (12) with utility functions iB. Then
route costt +a$¥(c, 1) andR2 has route cost +a$¥(c,T). B must have at least one of the following three properties:
The initial routing is an equilibrium routing since all flovese 1) [U(x,d) [B,d > 0 so thatU(x,d) is not strictly
using minimal cost routes. increasing inx.

Theorem 3 then implies that there is no duality gap. The- 2) [Ui(x,d) CB, [T 0, we haveUs(x,d) := Us(x +

orem 4 then implies tha¥s, = Vimp and there is no benefit L) is not in B.

in multi-path routing, i.e., there is no benefit in utilizingute 3) [MYx,d) B, D > 0 such thatf(d) := M (U, d) is
R2. This seems counter-intuitive — with all delay-insensitiv finite and discontinuous for all > D.

networks, there is always a benefit in utilizing previously  pyoof See [24]. —l

unutilized routes. Indeed, we can show directly that utitiz

R2 increases the average propagation delay experienced by, particular, it can be checked that clasitility functions
the flow, which turns out to be suboptimal regardless of trﬁ\ossess the first two properties.

amount of extra throughput.

Remark 2: Given any utility functions irC, it is suboptimal
to use routeR2 in Network 1 withc; = ¢, 11 = 1,62 = ) ] B .
00, Ty = T + a@—Lx’(c,T), even when the flow is allowed to Inthis section, we analyze the effects on stability andtwtil
distribute its traffic over multiple paths. of dynamic routing.

Proof: Let kc specify the throughput on link2, so that
% specifies the fraction of traffic sent over link2 (where A. Sufficient condition for stability

the rest is sent over link.1). Then the total throughput is  peanote the set of patt& [Hi with minimal propagation
given bykc + ¢, and the weighted average propagation de'%)’elay for flowi by:

IV. STABILITY AND UTILITY OF ROUTING POLICIES

is K [ U ] 1 1
T+agen) *1 G:= r[HA:t'r=mnts
k+1 si Hl
We claim that for everk > 0, we must have Denote the set of paths' [CH without minimal propa-
L1 K |%|+ 22U T)E_L c L1 gation delay for flowi by:
@x\ . ) .
U(c, 1) =U kc+ec, 1 Fl=H —g
To verify this, plug in our utility function: Define q(R), a function that computes the equilibrium
1 @u 1 congestion price vector for a given routing matfx [ Rs.
Vo) —alct=U ke+c, k T+agcT) +1 We assume that it implicitly depends on an arbitrary, fixed
k+1 network ,N,F",G', H',Rs,K', U;, T,0):
1
=V (kc +¢) —a tc(kaV c) + 1) _ . .
V (ke +¢) — V (c) q(R) = arg minmax Ui(xi,di)—p' Rx +p'c
Vic) = - pP=0 x=0

In this subsection, we show that with sufficiently snalall
flows will choose only minimal propagation delay paths. For
notational simplicity, all of the following functions, lemas,

which is true sincé/ (x) is concave.



and theorems in this subsection implicitly depend on awouting; e.g., see [3], [16], [26]. In this subsection, wewh
arbitrary, fixed networkl(,N,F',G' H', Rs,K', U;, T, ¢). that this is generally not ture.
Define h(x,y), a function that will be used to simplify It is easy to see that not all networks can be stabilized by

notation: Ca1 decreasin@. For instance, consider Network 1 with = ¢, =
h(x,y) = § ify>0 ¢ >0, T =T, =T > 0. Suppose there is one flow, Flow 1,
Y o ify<0 that can choose between rouf$: L1 andR2: L2. If it has

a delay-insensitive utility functiotJ (x), then for alla > 0,

Defineay as follows: this network has no equilibrium.

:mlax min b(m',r') if FI & [ The next two results are less obvious. The first says that
ay = min min m'GIri[E} o if a is small enough, then a network with routing based on
RIRLOSi =N oo if ' =011 ap +1 behaves like a modified network with routing based

on p;, which seems prone to routing instability [26].
Theorem 8:Give a network witha < agx. Consider the
modified network obtained by deleting all paths without min-
imal propagation delay from the original network. Then the

original network with routing based oap, + d, has the same

(@aq(R)+1)'m <(aq(R)+1)"r, [E1CH  (14) equilibrium and stability properties as the modified networ

) with routing based om.

In. othgr .words, all rovys on the.network W|_II ch(_)ose a path Proof: Consider the TCP/IP dynamical system on the
with minimal propagaﬂon delay_m the next_ iteration. modified network when link costs af:

Proof: We manipulate the right hand side of (14):

(@) r+1)= min (p@)" r', for all i
rl

@y(R)+1)'m < (aq(R) +1)"r'
aqR)"(m' —r)<t"(r —m")

whereb(m',r') :=h t'(r' —m'),q(R)" (m' —r') . It can
be checked thady is strictly positive.

Theorem 6:Supposea < ax. Then [RI [Rg, [MI< i <
N, M [Gl such that

| —
(P(), x(1)) = arg minmax( Ui(xi, i)~ pTR(X)+p'c

But by inspecting the definition oh(X,y), this inequality

holds if i .
C1 . . N Ox:r'(t) A
a<h 1T (' —m),qR)"(M —r") _ _ o
_ ' ' _ ' , Consider the TCP/IP dynamical system on the original net-
sincet™ (r' —m') >0if m [Gl andr' [CH'. work when link costs ar@p, + 1:

The formal part of the theorem is then easy to see. It implies
that for any current routing, and for every flow, a path with
minimal propagation delay has strictly lower cost than aathp
without minimal propagation delay. Therefore no flow will
select any path without minimal propagation delay. Thewefo
every flow will select a path with minimal propagation delay. _ _

1 X r'(t) CH
L ) The next lemma, whose proof is in [24], implies that these

Theorem 7:Suppose all source-destination pairs on a nelynamical systems are equivalent. Since they are equivalen
work have unique minimum-propagation-delay paths. Thengfoy share the same equilibrium and stability propertied1
a < agy, TCP/IP has an asymptotically stable equilibrium.

Proof: Each flow only has one path with minimal prop- | emma 1: Suppose we have some network, and routing
agation delay. Applying Theorem 6, each flow will alway%O“Cy on this network is such that < ay. Then for any

select the same path, and it will always do this from anyisinable price vectors so thatp = q(R) for someR [ R,

(@ap®) +1)Tr(+1) = rinEilgj(ap(t) +1)'r', foralli.

1
(P(®, x(0) = arg minmax( Ui (xi,di) — pTR(X)+p'c

routing. L Lnd forallo<i<N,

Corollary 1: Suppose every path in a network has different prr = Srinég]_ p's', wherer' [G (15)
propagation delay. Then & < ax, TCP/IP has an asymptot-_ )
ically stable equilibrium. if and only if

Proof: If every path in the network has different propa- (ap+1)"r = min(ap+1)"s', wherer' CH  (16)
gation delay, every source-destination pair on a network ha s' CHI

a unique minimum-propagation-delay path, so the result Pthetsgﬁpnd COlinterl-(ll’llJtUIEVG resqlt sta;‘ys tth'?t Itis pOSSIb::
Theorem 7 applies. 0 destabilize a network by decreasing the static compaaen

in link cost.

Theorem 9:Consider any delay-sensitive or delay-
insensitive utility functionU (x,d). There exists a network
B. Counter-intuitive properties: stability with sources using this utility function, and constants

It is often believed that decreasing the weighun the traffic @ > a2 =a; >0 so that:
sensitive component of link cost can always stabilize dyinam 1) The network is stable foa [(0, a;).



2) The network is unstable fa& [(a,, a3). Lemma 3:Consider any delay-sensitive or delay-insensitive

3) The network is stable foat [(d3, o). utility function U(x,d). Supposecs, T1,C2, T2 satisfy (17)

We will prove the theorem by exhibiting such a networkthrough (19) with U(x,d). Then A(U,c1,T1,C2,T2) <
SupposeU (x,d) is an arbitrary delay-sensitive or delay-Az(U, ¢1, 11, C2, T2).

insensitive function. It can be shown [24] that it is possibl Proof: See [24]. 1
to choose parameters, c;, 11, T2 that satisfy the following
inequalities: Lemma 4:Consider any delay-sensitive or delay-insensitive
ouU aU utility function U(x,d). Supposecs, T1,C2, T2 satisfy (17)
—(€1,T1) > —(C2,T2) >0 (17) through (19) withU (x, d). Network 2 with all sources using
0X 0X U(x, d) is unstable for alla satisfyingAz(U, ¢1, T1, Co, T2) <
C2>C >0 (18) a<Asz(U,cy, 14,02, 12).
TL,>17 >0 (19) Proof: Suppose Flow 2 is oR2. Then Flow 1 achieves

rate c; with propagation delayr; and utility U(cy, T1), and
Consider Network 1 with those parameters. Suppose themew 2 achieves rate, with propagation delay, and utility
are two flows. Suppose the possible routesRitel1 andR2:  U(c,,1,). Then R1 has route COSH%’(CLH) + 1, and
L2. Suppose that Flow 1 is constrainedR@, and Flow 2 can R2 has route COS&%J(Cz,Tz) + T,. Consider Flow 2’s route
choose betweeR1 andR2. Denote this instance of Networkdecision at the next routing iteration. It can be verifiedt tha

1 by Network 2. a < Az(U,cq,T1,C2, T2) implies
Define functionAz(U, c1, T1,C2, T2), whereU is a delay- ouU U
insensitive or delay-sensitive utility function and thestref aa(cl, T)+1nu< aa(cz, T2) + To.

the parameters are iR, as follows:
So Flow 2 next chooses rou®l. Then Flow 1 and Flow 2

U U shareL1 equally, and both achieve rat¢ with delayt; and
@x(C1 1) ~ gx(C2, T2) utility U(%,11). ThenR1 has route cosa@%(%,11) + 1
Lemma 2:Consider any delay-sensitive or delay-insensitivend R2 has route costs.
utility function U(x,d). Supposeci, 11, ¢, T» satisfy (17) It can be verified thad > A, (U, ¢1, T1, C2, T2) implies
through (19) withU (x, d). Network 2 with all sources using U ¢
U(x, d) is stable for alla > A3(U, ¢1, T1, Co, T2). aﬁ(?’ T) + T > Tp.
Proof: We show that routing converges from every pos-
L . So Flow 2 next chooses roui2.
sible initial condition. This implies that Flow 2’ i illates betweRd
Suppose Flow 2 is on routel. Then Flow 1 and Flow 2 IS Imphies that How s Touting osclliates betwe
shareL1 equally, and both achieve raf¢ with propagation andR2, so the network is unstable. L

delay Ty and utility U(%,11). Then R1 has route cost Proof (Theorem 9)We choosec:, Ti, o, T, SO that they
aQY% 1,) + 1, andR2 has route cost,. It can be verified ; ; P .

x 2 1) F L > O 2 satisfy (17) through (19). Then consider Network 2 with all
thata > Ag(U, €1, Ta, C2, T2) implies that: sources using (x, d). Seta; = ay for this network. Theorem

To—T1

Az(U,c1, 11,00, T2) :=

aa_u I;'_l . I:]+T -1 6 implies that fora < a;, the network is stable. We then set
ax 21t 12 az = Az(U, ¢y, 11,02, T2) andas = Az(U, 1, T1,C2, T2). The
SoR2 is a lower cost route thaR1. lemmas in this subsection then establish the desired rekulil

To show asymptotic stability, it is then sufficient to show
that the routing where Flow 2 is oR2 is an equilibrium. . i .
Suppose Flow 2 is oR2. Then Flow 1 achieves ratg with C- Counter-intuitive properties: utility
propagation delay; and utility U (c1, T1), and Flow 2 achieves The paper [26] analyzes the effects of increasagn
ratec, with propagation delay, and utility U(c,, T2). Then the time-averaged aggregate utility for a ring network, and
R1 has route COSB%J(Clel) + 11 and R2 has route cost a randomly generated network. On the ring network, time-
a%J(Cz,Tz) + 1,. averaged aggregate utility approached the maximum pessibl
Consider Flow 2’s route choice at the next routing iteratiotime-averaged aggregate utility for ars; as a increased.
It can be verified that > A3 (U, ¢1, T4, C2, T2) implies that On the generated network, time-averaged aggregate utility
ouU ouU increased until routing stability set in, and then decrdase
a—(C1,T1) +T1 > aa—x(cz, )+ T, In this subsection, we show that the effects of increasing

] 0X o a on time-averaged aggregate utility are network dependent.
SoR2is a lower cost route thaR1. ThereforeR2 is minimal |, particular, we show how to construct a network wihy

cost, and so this routing is an equilibrium routing. :'given utility profile as a function of the weiglat

i . _ For every delay-insensitivel (x), there existk* > k-5
Define functionAz(U, ¢, T1,C2, T2), whereU is a delay- |-~ -  gng g > 0 so thatg = U(k*) — UK =

insensitive or delay-sensitive utility function and thestref Uk — U(k™). Also, for everyz [[-1,1], there exists
the parameters are iR as follows: K [k~ k*] so thatU(k) — Uk’ = zg, that is given by
T—T k(z) := UY(U(kH'+ zg). This is easy to see sindé(x) is

Az(UlcllTllCZITZ) = e < . . .
8%(%.1) strictly monotone increasing.



Consider the following networlN (j, z), parameterized by It is easy to see that the netwolk™tatches profilgXx, y)
j >0, andz [[31, 1], which is defined to be Network 1 with with A = m 1
parameters; = k51 = jUkDlc, = k(z), T2 = 2jUk D!
with one flow, Flow 1, choosing between route4: L1 and
R2: L2. V. CONCLUSION

Denote the time-averaged utility of the network under |, yhis paper, we have attempted to reverse engineer TCP/IP-
routing policyap, +di by T(N,a). . like networks. We have identified a class of delay-sensitive
Lemma 5:For everyj >0, z [I+1,1], networkN(j,2)  lity functions that is implicitly optimized by an equiifium
has the following properties: of TCP/IP. We have characterized its equilibrium and sigbil
1) [ad 4, jl,az 00, J]: T(N,a1) = T(N,a) properties for general networks, and exhibited severahtau
2) [@j ([, o),az; [(l,o0): T(N,a1) =T(N,az) intuitive results.
3) [al [(0,jl,az ([, ): T(N,a2) =T(N,as) + % Many issues are still open. First, we believds the only
Proof: Suppose current routing B2. ThenR1 has route class of utility functions that TCP/IP with link cosip, + d,
cost jU{k'and R2 has route cos2ju'(kH'+ aUu(k(z)). jointly optimize, but we have not been able to prove this.

By inspection, for everya = 0, R1 has less cost thaR2.
Therefore routing on the next iteration will de1.

Suppose current routing iR1. ThenR1 has route cost
JURKS'+ aUXkD! and R2 has route cosRjUuikD! By
inspection, ifa < j thenR1 is a lower cost route thaR2,
and ifa > J, thenR2 is a strictly lower cost route thaR1.

Second, the (delay-insensitive) utility functions obtadrfrom
reverse engineering TCP algorithms in the literature, mésg
routing is fixed, are all strictly increasing in throughpidence
the (delay-sensitive) utility functions obtained from eese
engineering TCP/IP should ideally be strictly increasing i
throughput when routing is held fixed. However, this is not

Flow 1's utility on routeR1 between routing changes isthe case with clas€ utility functions. This mismatch should
U (k5! Flow 1’s utility on routeR2 between routing changesbe reconciled.

is U(kz).

If a < j, then the network is stable with Flow 1 on
R1 and the aggregate utility i&) (k5! If a > j, then the
network oscillates betweeR1 and R2 and achieves time-
averaged utilityd (k(z)) + U (kD72. The excess utility gained
by increasinga from less thary to more thanj is given by:

VK@) +UKY o UKE@)—UKY 29
— U= =y

(1]
(2]

(3]

(4
1

Definition 2: A utility-versusa profile is a pair of vectors
(X,y) such that|x] = |y| > 0, Odx; > 0, and ik |X]:
Xi < Xj+1-

Definition 3: A network N matches a utility-versua-pro-
file (x,y) if there existsA > 0 so that:

If |x] > 1,

1) M<i<|x|, [@stxi—1 <a =X, [adstx <

ar < Xj+1- T(N, a2) - T(N,al) = )\y|

2) [@lst0 < a1 = xp, [Adstxy < a2 < Xg!

T(N,a2) = T(N,a1) = Ay1.
3) [af s.t. Xx—1 < a1 = Xk, [ad s.t. Xx| < az < oo:
T(N,a2) = T(N,a1) = Ayx.

If |x] =1, [@ds.t.0 < a; <X, [Bdst. Xy < ap < oo:
T(N,az) —T(N,a]_) = )\y]_

In other words, for alli, the time-averaged aggregate utility
of the network increases byy; ata = x;. [13]

Theorem 10:For every utility-versus profile (X, y), there
exists a network with sources using delay-insensitivetytil [14]
functions that matches this profile.

Proof: Consider any utility-versua-profile (X, y). Define
the normalizedy as y™':= |max; y;|~!y. Construct the
networkN "By taking the union of network; ... Njy| where
[L,IN; := N (i, yD! (The subnetworks are entirely disjoint in
the union network).

(8]
El

[10]

[11]

[12]

(18]

[16]
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