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Abstract

The purpose of this paper is to study bifurcation of an Internet congestion control algorithm, namely REM
(Random Exponential Marking) algorithm, with communication delay. By choosing the delay constant as a bifur-
cation parameter, we prove that REM algorithm exhibits Hopf bifurcation. The formulas for determining the
direction of the Hopf bifurcation and the stability of bifurcating periodic solutions are obtained by applying
the center manifold theorem and the normal form theory. Finally, a numerical simulation is present to verify
the theoretical results.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

From the point of view of the control theory, Internet is a dynamic nonlinear system whose internal state is decided
by the TCP congestion avoidance algorithms at sources and the active queue management (AQM) algorithms at link
nodes. Generically, the congestion control mechanism in the Internet may be considered as a feedback system where the
input is the congestion information in the network, and the output is the adjusted rates of the end system. In this sys-
tem, AQM algorithms, such as DropTail [1], RED [2], REM [4,5], update a local congestion measure by the queueing
size in the buffer, then feed the congestion marks back to all sources using this link, while TCP algorithms, such as TCP
Reno [1], TCP Vegas [6], adjust a source rate in response to congestion information in its path. Shortly speaking, the
TCP/AQM can be interpreted as a distributed algorithm to control Internet congestion by adjusting the transmission
rates of sources.

Recently, stability and bifurcation analysis of congestion control algorithms with communication delays has at-
tracted much attention. In [3], a conjecture on the stability of the first-order TCP algorithm was proved and generalized.
The Hopf bifurcation properties of the TCP algorithm was studied in [10]. In this paper we will focus on a kind of new
AQM algorithm, namely REM (Random Exponential Marking) algorithm [S5]. This algorithm has an attractive feature
that it decouples the equilibrium value of congestion measure and that of performance measure. It achieves high uti-
lization with low loss and delay at equilibrium. The convergence of the REM with a single link in absence of commu-
nication delays was illustrated in [8]. The global asymptotic stability of the REM without delays was proved in [7]. The
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local stability of the REM algorithm with one or two-step identical delay was considered in [9]. In this paper, we are
interested in the Hopf bifurcation properties of the REM algorithm. Note that the dynamics of the REM algorithm are
quite different from the dynamics of the TCP algorithm discussed in [10]. The REM is described by the second order
delayed differential equation while the later is of the first order. Moreover, unlike [10] in which the control gain was
chosen as the bifurcation parameter, we will consider the communication delay as the bifurcation parameter. The rea-
son is that in nonlinear systems including congestion control systems complex dynamics are often related to input delays
or state delays.

The rest of the paper is organized as follows. The existence of Hopf bifurcation of REM with communication delay
is investigated in Section 2. In Section 3, based on the center manifold theorem and the normal form theory, the for-
mulas for determining the stability of bifurcating solutions and the direction of the Hopf bifurcation are derived. A
numerical example is presented in Section 4 to illustrate the theoretical results. Finally, concluding remarks are given
in Section 5.

2. Existence of Hopf bifurcation in REM algorithm with communication delay

In this section, we discuss the existence of Hopf bifurcation of the delayed REM algorithm with a single link ac-
cessed by a single source. The model is described by

{b(t) =F(p(t-D)) —¢,

p(t) = y(a(b(t) = bo) + F(p(t — D)) — c).
where b(¢) is the queueing size of the buffer at the link node at time ¢z, p(¢) is the congestion indication function
or congestion control rate at the link node. The control gains y and « are positive constants, ¢ is the serving
capacity of the link node, D is the sum of forward and backward delays, by is a target value of the buffer of
the link node. The function F(p(7)) is the adjusted rate of the source based on the congestion rate p(¢) from

the link node, which is a decreasing, nonnegative derivative function. Let the equilibrium point of the system
(1) be b*, x*, which should satisfy

b* = b(),

(oo @
F(p*) =c.

Let y1(7) = p(¢) — p*, yo(¢) = b(¢) — b". Linearizing the system (1) about the equilibrium point, we get
91(t) = yay, (1) + 9F'y,(t = D) + O(}),
W,(t) = F'y (t = D) + O(»),

where F' = F'(p*) <0 is the first derivative value at the equilibrium point. Then the characteristic equation of the lin-
earized equation (3) is

22 + az/le”iD =+ ale’;"D = 0, (4)

(1)

3)

where a; = —yaF’ >0, a, = —yF' > 0.
Define Q(4,D) = 22+ arde P + a;e*P. Then we have the following lemma.

Lemma 1 [11]. For the characteristic equation (4), we define
M(D) = #{A:Re(4) = 0,0(1,D) =0},

which denotes the number of the roots with nonnegative real part. Let 0 < Dy < D,. Suppose that for D € [ Dy, D,], there
are no roots of (4) on the imaginary axis. Then M(D)= M(D5).

In (4), by setting 4 = tiw,, where wy > 0, we obtain

{ —wj + aywy sin(wyD) + a; cos(wyD) = 0,
ar g cos(wpD) = aj sin(weD)

or equivalently,

4 2 0 2
w, — a,wy —a; = 0.
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Therefore, we have

2 3 3
o = a; ++/a; + 4a} (6)
2
and
1
Dy = — arctan <@> (7)
o o

From Eq. (7), we know that Dywy <5. To proceed with the discussion, we need to prove the following
lemmas.

Lemma 2. When D < Dy, all the roots of (4) have strictly negative real parts.

Proof. When D = 0, the characteristic equation is Q(/,0) = 22+ a)A +ay = 0. Since a; > 0, ap > 0, there are no roots of
0(4,0) = 0 with nonnegative real parts. So we have M(0) = 0. From the above analysis we know that there are no roots
of (4) on the imaginary axis when D < Dy. By Lemma 1, we have M(D) = M(0) = 0. Therefore, when D < D, there are
no roots of (4) with nonnegative real parts. O

Lemma 3. Suppose D= Dy. Then Eq. (4) has a pair of purely imaginary roots 1 = *iwg which are simple and satisfy
Dywy < 5, and all the other roots have strictly negative real parts.

Proof. From the above analysis we know that, when D = D,, Eq. (4) has a pair of purely imaginary roots
A = *iwy which satisfy Dywo < 3.
Next, we show that /= *iw, are simple roots of Eq. (4) when D = D,. Based on the function Q(1,D)= %+

a) e P + a;e™*P, we have
dOo(4 . ; :
%gﬂ) =21+ (lzei/'D — asze”D — alDe”D.
Let 2 =1iw,. Then we obtain
do(i . . ) . _
Q(glj)()) = 120)0 + aze"‘”“DO — 1(120)0D0€7MOD0 — alDoe"‘”"D“
= ((12 COS(COOD()) — arawoDy Sin((})oDo) —a1Dy COS((}J()D())) + 1(2600 —a sin(a)ODO) — ar,woDy COS(CL)OD())
+ alD() Sin((})oDo)) = ((12 COS(U)OD()) — D()U)g) + 1(20)0 — day Sin((l)oDo))
= (612 COS((DOD()) — D()U)g) + I(CO(Z) +a; COS(CU()D()))/COO
£0.
Through the same process, we get
dO(—im)
———=#0.
di 7

Hence, 4 = *iw, are simple roots of Eq. (4) when D = D,,.

Finally, we show that all the other roots of Eq. (4) have strictly negative real parts when D = D,. Suppose to the
contrary that there exist a pair of roots of Eq. (4) 4;» =  *iw, where f > 0. Since the roots are continuous in parameter
D, for any sufficiently small positive number e there exists a positive number J, which depends on €, such that
|Re(2)) — B| < e holds when D€ (Dy—0,Dy+9). Let e=25 we have Re(41) >% when D e (Dy— 4,Do). This
contradicts the conclusion of Lemma 2. Thus, we complete the proof of Lemma 3. O

Lemma 4. Suppose D= Do+ p. Let A(p) = a(p) +iw(p) be the root of Eq. (4) satisfying «(0)= 0, w(0)= wo. Then

dRe(4)
du |#:0 > 0.

Proof. Since A(1) = a(p) + iw(w) is a root of Eq. (4), it satisfies

/12 + azie—Z(DoJr/t) + alef/i(D(H»u) = 0.
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Applying the Implicit Function Theorem, we get
da 2 i)

dﬂ 1=0 - 20+ aze’lDO + /"LZDO - (az COS(CO()D()) + D()Cl)(z)) + 1(2600 —day Sil’l(woDo))

— w}(ay cos(weDy) + wf) + iwg(ay sin(weDy) — wiDy)
(@ cos(woDy) + Do) + (2wy — ay sin(wyDy))’

So
dRe(4)
du

w}(ay cos(woDy) + w?)

>0 8
(@ cos(woDy) + Docu(z))2 + 2wy — a3 sin(a}oDo))2 ®

n=0
follows because cos(Dywy) > 0 when Dywy < 2. Thus, the proof is completed. [

Based on Lemmas 2-4, we obtain the following bifurcation theorem for Eq. (4) by applying the Hopf bifurcation
theorem for delayed differential equations [12].

Theorem 1. When D = Dy, Eq. (4) exhibits a Hopf bifurcation.

3. Stability and direction of Hopf bifurcating periodic solutions

In this section, we use the normal form theory and the center manifold theorem in [13] to study the stability and the
direction of bifurcating periodic solutions. The expansion of Eq. (1) about the equilibrium point is

. DF LF(3)
{yl(t) = yy5(t) + 9F'y, (t = D) + 531 (t = D) + 5573} (t = D) + -+, o)

Py(t) = F'y,(t = D) + 5%} (t = D) + 52y} (t = D) + -+,

where F'' = F'(p*), F¥ = F¥(p*). Let D = Dy + . Denote C"[—D,0] = {@|¢ : [-D,0] — R?, ¢ has k-order continuous
derivative}. For ¢(0) = (¢1(0), p2(0))T € C[—D, 0], we define

o= W )ew+ (" ) )ec0) (10

By the Reisz representation theorem, there exists a 2 X 2 matrix-valued function
n(,u) = [-D,0] — R>?
for ¢ € (]—D,0] such that
0
Lo= [ 0.0,
-D
where

wen=(y o )sw+ (¢ )a) (11)

where §(0) is the Dirac Delta function.
For ¢ € C[-D,0], we define

do 0 € [-D,0);
A — d()7 b
(e { [ dn(s,els), =0
and
07 0 € [7D7 0)7
R =
(e {fo(% »), 0=0,
where

bLidp VPR O 30 " 3)

oi(t—D)+5—i(t—D)+ - F F y

filwe)={ 2" o s = (Felt=D)+Zpelc=D)+-)( | )
7901(t*D)+ 30 ‘/’l(t*D)+"' :
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Then Eq. (9) can be rewritten as
Vi =AWy, + R(w)y,,

where y, = (y1,32)" = (1(¢ + 0),y2(¢ + 0))", 0 € [-D,0].
For € ([0, D], the adjoint operator A* of A is defined as

— s € (0,D];
Ay =1
f—D d"IT(Zv 0)y(—t), s=0.

For ¢ € C[-D,0], y € [0, D], we define a bilinear form by

o) =000~ [ [ i oo

1097

(12)

(13)

From the above analysis, we know that *iwg are the eigenvalues of 4 and A4". Let ¢(0) be the eigenvector of A4 asso-
ciated with the eigenvalue imo and ¢*(0) be the eigenvector of 4™ associated with the eigenvalue —iwy. We can obtain the

eigenvectors by the following Lemma.

Lemma 5. Let q(0) be the eigenvector of A associated with the eigenvalue iwg and q*(0) be the eigenvector of A™ associated

with the eigenvalue —iwy. Then
q(@) = (lvpl)Teiwoov
q'(0) = B(py, 1)" e,

where
i(,t)()
pl - “/OC + 1”/600 )
B i(l)o
pPr=— V_av

B = [(p) + p2) + Do " F' (yp, + 1)]7|~
And moreover, the following equalities hold:

¢ 9 =1,
<q*7Q> =0.

Proof. Suppose ¢(0) is the eigenvector of A associated with the eigenvalue iwy. Then we have

Aq(0) = iwoq(0).
It follows that ¢(0) = ¢(0)e'**’. When 6 = 0, since

img 0 0 yu yF' 0 oDy
(0 iw0>q(o)_<o O>q(O)+<F, O>q(0)e :

. T
19

0)=(1,—2 ).

4(0) (W"‘V/wo>

Similarly, we can get
iCOO T
0= (-221)

a(0) = (1.p))" e,
¢ (0) = Blps. 1),

So
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where

_ ia)o _ i(l)o
P1 = Yt iy’ P2 = v

Next, we calculate the parameter B, and prove (¢*,q) = 1, (¢*,g) = 0. From Eq. (13), we obtain

o) =30~ [ [ T ool

¢=0

_ 0 0 o o
=By tp) B[ [ a0 00

B )~ B [ 0T 0)ldn(0)g(0)

B(oy + ) + B (5, 17T O (!
— B(p, + py) + BDoe ™ (p
P11 P2 o P2 oo o,

= B[(p, + p2) +D()ffiwnD()}:/(U’pz + 1))
Letting

B ={[(p, + p,) + Doe” "™ F'(yp, + 1)]717

we have
(¢,q9)=1
Since
.2 =" / / (& - 0)ldn(0)]g(2)de
0=—Dy J¢ ()
= B(p +2) - / Je 00 dn(0)]g(0)e ' dé
0=—Dy Je=0
B g [ 13T 00300
100 Jo——p,
_ B . ! yE' 0 1
— B(p + 5 + — eleDo _ e—w)ng 5, 1
(P1 + P2) —21a)0( ) (P2 )<F' 0) (P1
. sin(weDy) ., _
= B{(Pl +p2) (700)1: (vp2 + 1)}
o
and
B _ 1wo iwg_l wginC(U() ia)_o _a)_ﬁ o+ 1wy
p1+p2ifyfx+iyw0+ Yo 7)1( o} + o + o ) oya \wd +o02)’
from Eq. (5), we obtain
Sin(CL)()D()) o 112(,0(2)
wy  d+do}
So we have
Sin(woDo)

_ P o , (iwo o} iy
F +1)=-——F|—+1)|=———"— | —+1).
(O (sz ) ('J)O(F/)z + ('}/F/CO())Z o "/(OCZ + w%) o
Therefore
(¢",q)=0.

To this end the lemma is proved. O
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Using the same notation as in Hassard et al. [13], we first compute the coordinates to describe the center manifold S
at u = 0. Let y, be the solution of Eq. (12) when u = 0. Define
z2(t) = (q" >,
w(t,0) =y, —zq —2q =y, — 2Re{z(1)q(0)}.
On the center manifold S, we have
w(t, 0) = w(z,z,0),

where

z? z?

W(Z,Z7 0) :W20(9)5+W11(9)22+W02(0)5+"', (14)

where z and z are local coordinates for the center manifold in the direction of ¢* and g*. For a solution y, € S of Eq.
(12), since u = 0, it satisfies

v, = w(t,0) + 2Re{z(¢)q(0)}.
So we have

(1) = {q", 3,) = iwoz(1) + q°(0)/0(0, w(z,2,0) + 2Refzq(0)}) = iwoz(1) + 47 (0)fo(z, 2).
Rewrite z(¢) as

z(t) = iwoz(t) + g(z,2), (15)
where

2 52 22 z

z z
2(z,2) = 7 (0)fo(z,2) = 8205 +&1ZZ + &n 5 + 821 > +o (16)
Since
by Egs. (15) and (12), we have
Aw — 2Re{g(z,2)q(0)}, 0 € [—Dy,0);
W= (17)
Aw = Refg(z,2)g(0)} + for 0=0.

Rewrite w as
w=Aw+ H(z,z,0), (18)

where
2 2

H(z,z,0) :HZO(G)%+H,1(0)22+H02(0)§+~~ (19)

Substituting (14) and (15) into w = w.z + w:Z, we obtain
W = iwgwa (0)2* — igwoa (0)2% + - - -
Comparing the coefficients of the above equation with those of Eq. (18), we get
(Ziwg — A)wa () = H20(0),
Awni (0) = —H11(0), (20)
(2iwy + A)woa(0) = —Hoa(0).

Our objective is to obtain the values of i, 75, and f5,. To this end, firstly we need to compute the values of g9, g11,
go2 and g»;. Since y, = w(t,0) + 2Re{z(1)q(0)}, we have

wi(z,z,0 1Y\ 1 )
y, = ( ( ) ) + Z( >em)0€ + Z< )elwgﬁ.
w?(z,z,0) P1 P
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Straightforward calculation yields

yu(=Dy) = wi'(z,z, —Do) + 2q,(—Do) + 2q,(—Dy)

= Wzo ( DO) + W11 ( Dy)zz + Woz ( DO) + o zeT 0P - gelnD,

2 2
So we have
02(=Dy) = e 2000 122z 4 220000 4 (3l (_py)eiendo 1 2yl py)e P2z 4
P1 (*Do) = 37%ze i0D0 | 3z26i000 4 ...

The function f; can be expressed as

folz,2) = (1;”901( —Dy) +%!3)€0?(*D0) +-- ) (T)

"
— (7 [22€7i2w0D0 + 277 4z 12w0D0 4 (Wz())( Do)ei(ung 4 2W(1|1)(_D0)efiw0DU )ZZE 4. }

F® )
+5r [32%Ze 0P 4 32224 0P0 4] - ) (;)

(FN 712()0D0 2 +F”ZZ+F” 12wl,D0 +[ /,Wzo( Do)einDo

2_
+ 2F,/W511)(7D0)efi‘”ﬂbo + F(3)e*iw0D0] ZTZ 4. > <‘Jl)) .

Since §*(0) = B(p, 1)", we have

_ . 2 . z2
222 =a"(0)fo(2) = B(p, 1) (Fe R

25 A
+[FUW20 DO) oDy 4 2F//W“ ( Do)e—iwoDU + F(3)e—iw0D0]ZTZ+ - ) (f)

2
:B(sz + 1)(FH —12u)0D0 2 ~|>F”Z +F” 12(/)000 2 + [F”WZO( DO) uuoDO +2F”W11 ( Do)e—l(uoDo

.
F®e-ioodo) 22 ).
+Fe ] 7+

Comparing the coefficients of the above equation with those in (16), we obtain

g0 = B(yp, + 1)FN 2B

gn = B(yp, + DF" 1)
8n = B(W )FH IZUODO
g = B(yp, + )[F”w20 (=Do)e oD 4 2F”W(111)( Do)eiiw')uo + F(S)eiiwouo]-

We still need to compute the values of wyo(—Dg) and wy (—Dy) for the expression of g>;. By Egs. (17) and (18), for
0 € [-D,,0), we have

H(z,z,0) = —2Re{g(z,2)q(0)}
72 _ 72 72z oz _ 2 _ 7z _
- g20§+gllzz+g02§+g217+“' q(0) - g205+gnzz+g023+g217+~~ q(0).

Comparing the coefficients of the above equation with those of (19), we obtain

Hy(0) = —2209(0) — 8029(0),
Hy,(0) = —g119(0) — 219(0).
It follows from (20) that

(22)

Wao(0) = 2iagwa (0) + g209(0) + 802q(0)-
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Solving this equation we obtain

igzo o) igoz — —iwg0 i2w00
0) = ==¢q(0)e'" ——=g(0)e'* E e,
wa(0) (Oq() T3 Oq() + £

By a similarly way, we get

wy (0) = — %q(O)ei"’oﬂ + %Z](O)e’i“"’” + Ey,

where E; and E, can be determined by setting 0 =0 in H. It is evident that
H(z,2,0) = —2Re{g(z,2)q(0)} + fo.

Comparing the coefficients of the above equation with those of Eq. (19) yields
- 5 = 1 —i2woDy [V
Hj(0) = —£509(0) — 80,q(0) + F"e < | )7

Hi1(0) = —g119(0) — £1,9(0) +F”(T)'

By the definition of 4 and Eq. (20), we can obtain

0
/ di’](@)WZO(H) = i20)0W20(0) — Hzo(o),
-D
o 0
dl’[(O)W]] (0) = —H“(O).
_Dy
Since ¢(0) is the eigenvector of A corresponding to im, it satisfies

dn(0)q(0) = iwoq(0).

—Dy

Substituting (23) and (25) into the first equation of (26), and applying (27), we obtain

0
(i2w0 _ / ei2(000 dn(e))El _ F//efizu;opo (V )7
—Dy 1

3 —i20 1
200 — yF'e™220P0  _yy EE ) _ prg—iooy [ 7
_F/e—iZ(/)ODU 12(,()() EEZ) 1

Finally, we get

that is

m _ yor+ 12y F'e—i200D0
! 2ywoF'e 20000 4 o Fe= 200D 4 42 ’
2 _ _ 12y F''e—i200D0
! 2ywoF'e 20000 4 yaFe=200Do 4 42

Similarly, we can get

2
a r
EY = ~
EY =0.

Since ¢(0) = (1 p;)T, we have
W(I) (_DO) _ igﬁefio)oDU 4 igieiu)uDo + E(l)e*iZ‘UoDo
20 @0 @0 1 )
1 : 12,
W<111)(*Do) = 280 gmionDy 4 111 giowDy E(21)~
(ON) (0N

1101

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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Based on the foregoing analysis, we can see that each g;; is determined by the parameters and delays in Eq. (1). Thus, we
have the formulas to compute the following quantities:

Ci(0) = 2%1)0 (gzogn - 2|g11|2 *%‘gOZ‘Z) +%’
__Re{GO)}
o= T Re[1(0)) o
~Im{C1(0)} + s, Im{X'(0)}

Ty = )
Wo

B, = 2Re{C1(0)}.
Now, we can give the main results of this section.

Theorem 2. When Dy = wiu arctan(%2), the system (1) exhibits the Hopf bifurcation. The stability of the periodic solution of
the Hopf bifurcation is determined by the formulas (31). Moreover, the following conclusions are true:

(1) po determines the direction of the Hopf bifurcation. If u, > 0( < 0), then the Hopf bifurcation is supercritical (subcrit-
ical) and the bifurcating periodic solutions exist for D > Dy( < Dy).

(2) B, determines the stability of the bifurcating periodic solutions. If f, < 0(>0), then the bifurcating periodic solutions are
orbitally stable (unstable).

(3) 1, determines the period T of the bifurcating periodic solutions.

_2n

T ="2(1 4+ 1 + 0(e*)),

[20)

where & = plu, + O(u?).

4. An example

Supposing that the utility function of the source is set to logarithm function, Low et al. have shown that REM can
achieve both high utilization and negligible loss and delay by the simulator ns-2 [4,5]. Let U(x) be the utility function.
Since

p(t) = U'(x(1)),
we can obtain

x(1) = v/p(x(2)),

where v is the target value of the marked packets received by the source. We assume that the capacity ¢ = 1, the target of
the buffer by = 10, the control gains y = 0.05, « = 0.005, and v =0.1. By Eq. (2), we have

b*=10, x*=1, p"=0.1.
Based on Egs. (6) and (7), we obtain
wo = 0.5000, D, =3.1214.
It follows from Eq. (31) in last section that
C;(0) = —25.7205 +9.5182,

1, = 356.6686,
7, = —99.8248,
B, = —51.4411.

Applying Theorem 2, we know that the system exhibits the Hopf bifurcation when Dy = 3.1214. The Hopf bifurcation is
supercritical and the bifurcating periodic solutions exist when D > D,. The periodic solutions are orbitally stable and
the period of the bifurcating periodic solutions is

T = 12.5655(1 — 0.2799u + O(12)).
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Fig. 3. State plot of p(¢) with D = 4.
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H.-Y. Yang, Y.-P. Tian | Chaos, Solitons and Fractals 25 (2005) 10931105 1105

Supposing the communication delay D = 2 (less than the critical value D), we know that the system is asymptoti-
cally stable (the computer simulations are shown in Figs. 1 and 2).

If we modify the delay D passing through the critical value Dy, a Hopf bifurcation occurs, i.e. there are periodic
solutions bifurcating out from Dg. These results are illustrated by computer simulations as shown in Figs. 3 and 4.
The phase plots are shown in Figs. 5 and 6.

5. Conclusion

In this paper, we have studied a kind of AQM algorithm, the REM algorithm, for the Internet congestion control.
Sufficient conditions on the stability of the system have been obtained by analyzing the corresponding characteristic
equation. By choosing the communication delay as a bifurcation parameter, we have shown that a Hopf bifurcation
occurs in the delayed REM scheme. The direction of the Hopf bifurcation and the stability of bifurcating periodic orbits
have been studied by using the center manifold theorem and the normal form theory. The correctness of the theoretical
results have been verified by computer simulations.
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