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Abstract

The purpose of this paper is to study bifurcation of an Internet congestion control algorithm, namely REM

(Random Exponential Marking) algorithm, with communication delay. By choosing the delay constant as a bifur-

cation parameter, we prove that REM algorithm exhibits Hopf bifurcation. The formulas for determining the

direction of the Hopf bifurcation and the stability of bifurcating periodic solutions are obtained by applying

the center manifold theorem and the normal form theory. Finally, a numerical simulation is present to verify

the theoretical results.

� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

From the point of view of the control theory, Internet is a dynamic nonlinear system whose internal state is decided

by the TCP congestion avoidance algorithms at sources and the active queue management (AQM) algorithms at link

nodes. Generically, the congestion control mechanism in the Internet may be considered as a feedback system where the

input is the congestion information in the network, and the output is the adjusted rates of the end system. In this sys-

tem, AQM algorithms, such as DropTail [1], RED [2], REM [4,5], update a local congestion measure by the queueing

size in the buffer, then feed the congestion marks back to all sources using this link, while TCP algorithms, such as TCP

Reno [1], TCP Vegas [6], adjust a source rate in response to congestion information in its path. Shortly speaking, the

TCP/AQM can be interpreted as a distributed algorithm to control Internet congestion by adjusting the transmission

rates of sources.

Recently, stability and bifurcation analysis of congestion control algorithms with communication delays has at-

tracted much attention. In [3], a conjecture on the stability of the first-order TCP algorithm was proved and generalized.

The Hopf bifurcation properties of the TCP algorithm was studied in [10]. In this paper we will focus on a kind of new

AQM algorithm, namely REM (Random Exponential Marking) algorithm [5]. This algorithm has an attractive feature

that it decouples the equilibrium value of congestion measure and that of performance measure. It achieves high uti-

lization with low loss and delay at equilibrium. The convergence of the REM with a single link in absence of commu-

nication delays was illustrated in [8]. The global asymptotic stability of the REM without delays was proved in [7]. The
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local stability of the REM algorithm with one or two-step identical delay was considered in [9]. In this paper, we are

interested in the Hopf bifurcation properties of the REM algorithm. Note that the dynamics of the REM algorithm are

quite different from the dynamics of the TCP algorithm discussed in [10]. The REM is described by the second order

delayed differential equation while the later is of the first order. Moreover, unlike [10] in which the control gain was

chosen as the bifurcation parameter, we will consider the communication delay as the bifurcation parameter. The rea-

son is that in nonlinear systems including congestion control systems complex dynamics are often related to input delays

or state delays.

The rest of the paper is organized as follows. The existence of Hopf bifurcation of REM with communication delay

is investigated in Section 2. In Section 3, based on the center manifold theorem and the normal form theory, the for-

mulas for determining the stability of bifurcating solutions and the direction of the Hopf bifurcation are derived. A

numerical example is presented in Section 4 to illustrate the theoretical results. Finally, concluding remarks are given

in Section 5.
2. Existence of Hopf bifurcation in REM algorithm with communication delay

In this section, we discuss the existence of Hopf bifurcation of the delayed REM algorithm with a single link ac-

cessed by a single source. The model is described by
_bðtÞ ¼ F ðpðt � DÞÞ � c;

_pðtÞ ¼ cðaðbðtÞ � b0Þ þ F ðpðt � DÞÞ � cÞ:

(
ð1Þ
where b(t) is the queueing size of the buffer at the link node at time t, p(t) is the congestion indication function

or congestion control rate at the link node. The control gains c and a are positive constants, c is the serving

capacity of the link node, D is the sum of forward and backward delays, b0 is a target value of the buffer of

the link node. The function F(p(t)) is the adjusted rate of the source based on the congestion rate p(t) from

the link node, which is a decreasing, nonnegative derivative function. Let the equilibrium point of the system

(1) be b*, x*, which should satisfy
b� ¼ b0;

F ðp�Þ ¼ c:

�
ð2Þ
Let y1(t) = p(t) � p*, y2(t) = b(t) � b*. Linearizing the system (1) about the equilibrium point, we get
_y1ðtÞ ¼ cay2ðtÞ þ cF 0y1ðt � DÞ þ Oðy21Þ;
_y2ðtÞ ¼ F 0y1ðt � DÞ þ Oðy21Þ;

(
ð3Þ
where F 0 = F 0(p*) < 0 is the first derivative value at the equilibrium point. Then the characteristic equation of the lin-

earized equation (3) is
k2 þ a2ke�kD þ a1e�kD ¼ 0; ð4Þ
where a1 = �caF 0 > 0, a2 = �cF 0 > 0.

Define Q(k,D) = k2 + a2ke
�kD + a1e

�kD. Then we have the following lemma.

Lemma 1 [11]. For the characteristic equation (4), we define
MðDÞ ¼ #fk : ReðkÞ P 0;Qðk;DÞ ¼ 0g;
which denotes the number of the roots with nonnegative real part. Let 0 6 D1 < D2. Suppose that for D 2 [D1,D2], there

are no roots of (4) on the imaginary axis. Then M(D1) = M(D2).

In (4), by setting k = ±ix0, where x0 > 0, we obtain
�x2
0 þ a2x0 sinðx0DÞ þ a1 cosðx0DÞ ¼ 0;

a2x0 cosðx0DÞ ¼ a1 sinðx0DÞ

�
ð5Þ
or equivalently,
x4
0 � a22x

2
0 � a21 ¼ 0:
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Therefore, we have
x0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a42 þ 4a41

p
2

s
ð6Þ
and
D0 ¼
1

x0

arctan
x0

a

� �
: ð7Þ
From Eq. (7), we know that D0x0 <
p
2
. To proceed with the discussion, we need to prove the following

lemmas.

Lemma 2. When D < D0, all the roots of (4) have strictly negative real parts.

Proof. When D = 0, the characteristic equation is Q(k, 0) = k2 + a2k + a1 = 0. Since a1 > 0, a2 > 0, there are no roots of

Q(k, 0) = 0 with nonnegative real parts. So we have M(0) = 0. From the above analysis we know that there are no roots

of (4) on the imaginary axis when D < D0. By Lemma 1, we have M(D) = M(0) = 0. Therefore, when D < D0, there are

no roots of (4) with nonnegative real parts. h

Lemma 3. Suppose D = D0. Then Eq. (4) has a pair of purely imaginary roots k = ±ix0 which are simple and satisfy

D0x0 <
p
2
, and all the other roots have strictly negative real parts.

Proof. From the above analysis we know that, when D = D0, Eq. (4) has a pair of purely imaginary roots

k = ±ix0 which satisfy D0x0 <
p
2
.

Next, we show that k = ±ix0 are simple roots of Eq. (4) when D = D0. Based on the function Q(k,D) = k2 +
a2ke

�kD + a1e
�kD, we have
dQðkÞ
dk

¼ 2kþ a2e�kD � a2kDe�kD � a1De�kD:
Let k = ix0. Then we obtain
dQðix0Þ
dk

¼ i2x0 þ a2e
�ix0D0 � ia2x0D0e

�ix0D0 � a1D0e
�ix0D0

¼ ða2 cosðx0D0Þ � a2x0D0 sinðx0D0Þ � a1D0 cosðx0D0ÞÞ þ ið2x0 � a2 sinðx0D0Þ � a2x0D0 cosðx0D0Þ

þ a1D0 sinðx0D0ÞÞ ¼ ða2 cosðx0D0Þ � D0x
2
0Þ þ ið2x0 � a2 sinðx0D0ÞÞ

¼ ða2 cosðx0D0Þ � D0x
2
0Þ þ iðx2

0 þ a1 cosðx0D0ÞÞ=x0

6¼ 0:
Through the same process, we get
dQð�ix0Þ
dk

6¼ 0:
Hence, k = ±ix0 are simple roots of Eq. (4) when D = D0.

Finally, we show that all the other roots of Eq. (4) have strictly negative real parts when D = D0. Suppose to the

contrary that there exist a pair of roots of Eq. (4) k1,2 = b ±ix, where b > 0. Since the roots are continuous in parameter

D, for any sufficiently small positive number � there exists a positive number d, which depends on �, such that

jRe(k1) � bj < � holds when D 2 (D0 � d,D0 + d). Let � ¼ b
2
, we have Reðk1Þ > b

2
when D 2 (D0 � d,D0). This

contradicts the conclusion of Lemma 2. Thus, we complete the proof of Lemma 3. h

Lemma 4. Suppose D = D0 + l. Let k(l) = a(l) + ix(l) be the root of Eq. (4) satisfying a(0) = 0, x(0) = x0. Then
dReðkÞ
dl jl¼0 > 0.
Proof. Since k(l) = a(l) + ix(l) is a root of Eq. (4), it satisfies
k2 þ a2ke�kðD0þlÞ þ a1e�kðD0þlÞ ¼ 0:
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Applying the Implicit Function Theorem, we get�

dk
dl

���
l¼0

¼ � k3

2kþ a2e�kD0 þ k2D0

¼ ix3
0

ða2 cosðx0D0Þ þ D0x2
0Þ þ ið2x0 � a2 sinðx0D0ÞÞ

¼ x2
0ða1 cosðx0D0Þ þ x2

0Þ þ ix2
0ða1 sinðx0D0Þ � x2

0D0Þ
ða2 cosðx0D0Þ þ D0x2

0Þ
2 þ ð2x0 � a2 sinðx0D0ÞÞ2

:

So �

dReðkÞ
dl

����
l¼0

¼ x2
0ða1 cosðx0D0Þ þ x2

0Þ
ða2 cosðx0D0Þ þ D0x2

0Þ
2 þ ð2x0 � a2 sinðx0D0ÞÞ2

> 0 ð8Þ
follows because cosðD0x0Þ > 0 when D0x0 <
p
2
. Thus, the proof is completed. h

Based on Lemmas 2–4, we obtain the following bifurcation theorem for Eq. (4) by applying the Hopf bifurcation

theorem for delayed differential equations [12].

Theorem 1. When D = D0, Eq. (4) exhibits a Hopf bifurcation.

3. Stability and direction of Hopf bifurcating periodic solutions

In this section, we use the normal form theory and the center manifold theorem in [13] to study the stability and the

direction of bifurcating periodic solutions. The expansion of Eq. (1) about the equilibrium point is
_y1ðtÞ ¼ cay2ðtÞ þ cF 0y1ðt � DÞ þ cF 00

2
y21ðt � DÞ þ cF ð3Þ

3!
y31ðt � DÞ þ � � � ;

_y2ðtÞ ¼ F 0y1ðt � DÞ þ F 00

2
y21ðt � DÞ þ F ð3Þ

3!
y31ðt � DÞ þ � � � ;

(
ð9Þ
where F 0 0 = F 0 0(p*), F(3) = F(3)(p*). Let D = D0 + l. Denote Ck[�D, 0] = {uju : [�D, 0] ! R2, u has k-order continuous

derivative}. For u(h) = (u1(h),u2(h))
T 2 C[�D, 0], we define
Llu ¼
0 ca

0 0

� �
uð0Þ þ

cF 0 0

F 0 0

� �
uð�DÞ: ð10Þ
By the Reisz representation theorem, there exists a 2 · 2 matrix-valued function
gð�; lÞ : ½�D; 0� ! R2�2
for u 2 C[�D, 0] such that
Llu ¼
Z 0

�D
dgðh; lÞuðhÞ;
where � � � �

gðh; lÞ ¼ 0 ca

0 0
dðhÞ þ cF 0 0

F 0 0
dðhþ DÞ; ð11Þ
where d(h) is the Dirac Delta function.

For u 2 C [�D, 0], we define
AðlÞu ¼
du
dh ; h 2 ½�D; 0Þ;R 0

�D dgðs; lÞuðsÞ; h ¼ 0

(

and
RðlÞu ¼
0; h 2 ½�D; 0Þ;
f0ðl;uÞ; h ¼ 0;

�

where
f0ðl;uÞ ¼
cF 00

2
u2

1ðt � DÞ þ cF ð3Þ

3!
u3

1ðt � DÞ þ � � �
F 00

2
u2

1ðt � DÞ þ F ð3Þ

3!
u3

1ðt � DÞ þ � � �

 !
¼ F 00

2
u2

1ðt � DÞ þ F ð3Þ

3!
u3

1ðt � DÞ þ � � �
� �

c

1

� �
:
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Then Eq. (9) can be rewritten as
_yt ¼ AðlÞyt þ RðlÞyt; ð12Þ
where yt = (y1t,y2t)
T = (y1(t + h),y2(t + h))T, h 2 [�D, 0].

For w 2 C[0,D], the adjoint operator A* of A is defined as
A�w ¼
� dwðsÞ

ds ; s 2 ð0;D�;R 0

�D dg
Tðt; 0Þwð�tÞ; s ¼ 0:

(

For u 2 C[�D, 0], w 2 C[0,D], we define a bilinear form by
hw;ui ¼ �w
Tð0Þuð0Þ �

Z 0

h¼�D

Z h

n¼0

�w
Tðn� hÞ½dgðhÞ�uðnÞdn: ð13Þ
From the above analysis, we know that ±ix0 are the eigenvalues of A and A*. Let q(h) be the eigenvector of A asso-

ciated with the eigenvalue ix0 and q*(h) be the eigenvector of A* associated with the eigenvalue �ix0. We can obtain the

eigenvectors by the following Lemma.

Lemma 5. Let q(h) be the eigenvector of A associated with the eigenvalue ix0 and q*(h) be the eigenvector of A* associated

with the eigenvalue �ix0. Then
qðhÞ ¼ ð1; q1Þ
T
eix0h;

q�ðhÞ ¼ Bðq2; 1Þ
T
eix0h;
where
q1 ¼
ix0

caþ icx0

;

q2 ¼ � ix0

ca
;

�B ¼ ½ðq1 þ �q2Þ þ D0e
�ix0D0F 0ðc�q2 þ 1Þ��1:
And moreover, the following equalities hold:
hq�; qi ¼ 1;

hq�; �qi ¼ 0:
Proof. Suppose q(h) is the eigenvector of A associated with the eigenvalue ix0. Then we have
AqðhÞ ¼ ix0qðhÞ:
It follows that qðhÞ ¼ qð0Þeix0h. When h = 0, since
ix0 0

0 ix0

 !
qð0Þ ¼

0 ca

0 0

 !
qð0Þ þ

cF 0 0

F 0 0

 !
qð0Þe�ix0D0 ;
we get
qð0Þ ¼ 1;
ix0

caþ icx0

� �T

:

Similarly, we can get
q�ð0Þ ¼ � ix0

ca
; 1

� �T

:

So
qðhÞ ¼ ð1; q1Þ
T
eix0h;

q�ðhÞ ¼ Bðq2; 1Þ
T
eix0h;
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where
q1 ¼
ix0

caþ icx0

; q2 ¼ � ix0

ca
:

Next, we calculate the parameter B, and prove hq�; qi ¼ 1; hq�; �qi ¼ 0. From Eq. (13), we obtain
hq�; qi ¼ �q�Tð0Þqð0Þ �
Z 0

h¼�D0

Z h

n¼0

�q�Tðn� hÞ½dgðhÞ�qðnÞdn

¼ �Bðq1 þ �q2Þ � �B
Z 0

h¼�D0

Z h

n¼0

�q�Tð0Þe�ix0ðn�hÞ½dgðhÞ�qð0Þeix0ndn

¼ �Bðq1 þ �q2Þ � �B
Z 0

h¼�D0

heix0h�q�Tð0Þ½dgðhÞ�qð0Þ

¼ �Bðq1 þ �q2Þ þ �BD0e
�ix0D0ð �q2 1 Þ

cF 0 0

F 0 0

 !
1

q1

 !

¼ �B½ðq1 þ �q2Þ þ D0e
�ix0D0F 0ðc�q2 þ 1Þ�:
Letting
�B ¼ ½ðq1 þ �q2Þ þ D0e
�ix0D0F 0ðc�q2 þ 1Þ��1

;

we have
hq�; qi ¼ 1:
Since
hq�; �qi ¼ �q�Tð0Þ�qð0Þ �
Z 0

h¼�D0

Z h

n¼0

�q�Tðn� hÞ½dgðhÞ��qðnÞdn

¼ �Bð�q1 þ �q2Þ � �B
Z 0

h¼�D0

Z h

n¼0

�q�Tð0Þe�ix0ðn�hÞ½dgðhÞ��qð0Þe�ix0ndn

¼ �Bð�q1 þ �q2Þ þ
�B

2ix0

Z 0

h¼�D0

eix0hðe�2ix0h � 1Þ�q�Tð0Þ½dgðhÞ��qð0Þ

¼ �Bð�q1 þ �q2Þ þ
�B

2ix0

ðeix0D0 � e�ix0D0Þð�q2 1Þ
cF 0 0

F 0 0

 !
1

�q1

 !

¼ �B ð�q1 þ �q2Þ þ
sinðx0D0Þ

x0

F 0ðc�q2 þ 1Þ
� 	
and
�q1 þ �q2 ¼
ix0

�caþ icx0

þ ix0

ca
¼ 1

c
x2

0 � iax0

x2
0 þ a2

þ ix0

a

� �
¼ x2

0

ca
aþ ix0

x2
0 þ a2

� �
;

from Eq. (5), we obtain
sinðx0D0Þ
x0

¼ a2x2
0

a21 þ a22x
2
0

:

So we have
sinðx0D0Þ
x0

F 0ðc�q2 þ 1Þ ¼ � cF 0x2
0

ðcaF 0Þ2 þ ðcF 0x0Þ2
F 0 ix0

a
þ 1

� �
¼ � x2

0

cða2 þ x2
0Þ

ix0

a
þ 1

� �
:

Therefore
hq�; �qi ¼ 0:
To this end the lemma is proved. h
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Using the same notation as in Hassard et al. [13], we first compute the coordinates to describe the center manifold S

at l = 0. Let yt be the solution of Eq. (12) when l = 0. Define
zðtÞ ¼ hq�; yti;

wðt; hÞ ¼ yt � zq� �z�q ¼ yt � 2RefzðtÞqðhÞg:
On the center manifold S, we have
wðt; hÞ ¼ wðz;�z; hÞ;
where
wðz;�z; hÞ ¼ w20ðhÞ
z2

2
þ w11ðhÞz�zþ w02ðhÞ

�z2

2
þ � � � ; ð14Þ
where z and �z are local coordinates for the center manifold in the direction of q* and �q�. For a solution yt 2 S of Eq.

(12), since l = 0, it satisfies
yt ¼ wðt; hÞ þ 2RefzðtÞqðhÞg:
So we have
_zðtÞ ¼ hq�; _yti ¼ ix0zðtÞ þ �q�ð0Þf0ð0;wðz;�z; 0Þ þ 2Refzqð0ÞgÞ ¼ ix0zðtÞ þ �q�ð0Þf0ðz;�zÞ:
Rewrite _zðtÞ as

_zðtÞ ¼ ix0zðtÞ þ gðz;�zÞ; ð15Þ
where
gðz;�zÞ ¼ �q�ð0Þf0ðz;�zÞ ¼ g20
z2

2
þ g11z�zþ g02

�z2

2
þ g21

z2�z
2

þ � � � ð16Þ
Since
_w ¼ _yt � _zq� _�z�q;
by Eqs. (15) and (12), we have
_w ¼
Aw� 2Refgðz;�zÞqðhÞg; h 2 ½�D0; 0Þ;

Aw� 2Refgðz;�zÞqðhÞg þ f0; h ¼ 0:

(
ð17Þ
Rewrite _w as
_w ¼ Awþ Hðz;�z; hÞ; ð18Þ
where
Hðz;�z; hÞ ¼ H 20ðhÞ
z2

2
þ H 11ðhÞz�zþ H 02ðhÞ

�z2

2
þ � � � ð19Þ
Substituting (14) and (15) into _w ¼ wz _zþ w�z _�z, we obtain
_w ¼ ix0w20ðhÞz2 � ix0w02ðhÞ�z2 þ � � �
Comparing the coefficients of the above equation with those of Eq. (18), we get
ð2ix0 � AÞw20ðhÞ ¼ H 20ðhÞ;

Aw11ðhÞ ¼ �H 11ðhÞ;

ð2ix0 þ AÞw02ðhÞ ¼ �H 02ðhÞ:

ð20Þ
Our objective is to obtain the values of l2, s2, and b2. To this end, firstly we need to compute the values of g20, g11,

g02 and g21. Since yt = w(t,h) + 2Re{z(t)q(h)}, we have
yt ¼
wð1Þðz;�z; hÞ

wð2Þðz;�z; hÞ

 !
þ z

1

q1

 !
eix0h þ �z

1

�q1

 !
e�ix0h:
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Straightforward calculation yields
y1tð�D0Þ ¼ wð1Þðz;�z;�D0Þ þ zq1ð�D0Þ þ �z�q1ð�D0Þ

¼ wð1Þ
20 ð�D0Þ

z2

2
þ wð1Þ

11 ð�D0Þz�zþ wð1Þ
02 ð�D0Þ

�z2

2
þ � � � þ ze�ix0D0 þ �zeix0D0 :
So we have
u2
1ð�D0Þ ¼ z2e�i2x0D0 þ 2z�zþ �z2ei2x0D0 þ ðwð1Þ

20 ð�D0Þeix0D0 þ 2wð1Þ
11 ð�D0Þe�ix0D0Þz2�zþ � � � ;

u3
1ð�D0Þ ¼ 3z2�ze�ix0D0 þ 3z�z2eix0D0 þ � � �
The function f0 can be expressed as
f0ðz;�zÞ ¼
F 00

2
u2

1ð�D0Þ þ
F ð3Þ

3!
u3

1ð�D0Þ þ � � �
� �

c

1

� �

¼ F 00

2
½z2e�i2x0D0 þ 2z�zþ �z2ei2x0D0 þ ðwð1Þ

20 ð�D0Þeix0D0 þ 2wð1Þ
11 ð�D0Þe�ix0D0Þz2�zþ � � ��

�

þ F ð3Þ

3!
½3z2�ze�ix0D0 þ 3z�z2eix0D0 þ � � �� þ � � �

�
c

1

� �

¼ F 00e�i2x0D0
z2

2
þ F 00z�zþ F 00ei2x0D0

�z2

2
þ ½F 00wð1Þ

20 ð�D0Þeix0D0

�

þ 2F 00wð1Þ
11 ð�D0Þe�ix0D0 þ F ð3Þe�ix0D0 � z

2�z
2

þ � � �
�

c

1

� �
:

Since �q�ð0Þ ¼ �Bð �q2 1 ÞT, we have
gðz;�zÞ ¼ �q�Tð0Þf0ðz;�zÞ ¼ �Bð �q2 1 Þ F 00e�i2x0D0
z2

2
þ F 00z�zþ F 00ei2x0D0

�z2

2

�

þ½F 00wð1Þ
20 ð�D0Þeix0D0 þ 2F 00wð1Þ

11 ð�D0Þe�ix0D0 þ F ð3Þe�ix0D0 � z
2�z
2

þ � � �
�

c

1

� �

¼ �Bðc�q2 þ 1Þ F 00e�i2x0D0
z2

2
þ F 00z�zþ F 00ei2x0D0

�z2

2
þ ½F 00wð1Þ

20 ð�D0Þeix0D0 þ 2F 00wð1Þ
11 ð�D0Þe�ix0D0

�

þF ð3Þe�ix0D0 � z
2�z
2

þ � � �
�
:

Comparing the coefficients of the above equation with those in (16), we obtain
g20 ¼ �Bðc�q2 þ 1ÞF 00e�i2x0D0 ;

g11 ¼ �Bðc�q2 þ 1ÞF 00;

g02 ¼ �Bðc�q2 þ 1ÞF 00ei2x0D0 ;

g21 ¼ �Bðc�q2 þ 1Þ½F 00wð1Þ
20 ð�D0Þeix0D0 þ 2F 00wð1Þ

11 ð�D0Þe�ix0D0 þ F ð3Þe�ix0D0 �:

ð21Þ
We still need to compute the values of w20(�D0) and w11(�D0) for the expression of g21. By Eqs. (17) and (18), for

h 2 [�D0,0), we have
Hðz;�z; hÞ ¼ �2Refgðz;�zÞqðhÞg

¼ � g20
z2

2
þ g11z�zþ g02

�z2

2
þ g21

z2�z
2

þ � � �
� �

qðhÞ � �g20
�z2

2
þ �g11�zzþ �g02

z2

2
þ �g21

�z2z
2

þ � � �
� �

�qðhÞ:
Comparing the coefficients of the above equation with those of (19), we obtain
H 20ðhÞ ¼ �g20qðhÞ � �g02�qðhÞ;
H 11ðhÞ ¼ �g11qðhÞ � �g11�qðhÞ:

ð22Þ
It follows from (20) that
_w20ðhÞ ¼ 2ix0w20ðhÞ þ g20qðhÞ þ �g02�qðhÞ:
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Solving this equation we obtain
w20ðhÞ ¼
ig20
x0

qð0Þeix0h þ i�g02
3x0

�qð0Þe�ix0h þ E1e
i2x0h: ð23Þ
By a similarly way, we get
w11ðhÞ ¼ � ig11
x0

qð0Þeix0h þ i�g11
x0

�qð0Þe�ix0h þ E2; ð24Þ
where E1 and E2 can be determined by setting h = 0 in H. It is evident that
Hðz;�z; 0Þ ¼ �2Refgðz;�zÞqð0Þg þ f0:
Comparing the coefficients of the above equation with those of Eq. (19) yields
H 20ð0Þ ¼ �g20qð0Þ � �g02�qð0Þ þ F 00e�i2x0D0
c

1

� �
;

H 11ð0Þ ¼ �g11qð0Þ � �g11�qð0Þ þ F 00 c

1

� �
:

ð25Þ
By the definition of A and Eq. (20), we can obtain
Z 0

�D0

dgðhÞw20ðhÞ ¼ i2x0w20ðhÞ � H 20ð0Þ;Z 0

�D0

dgðhÞw11ðhÞ ¼ �H 11ð0Þ:
ð26Þ
Since q(h) is the eigenvector of A corresponding to ix0, it satisfies
Z 0

�D0

dgðhÞqðhÞ ¼ ix0qðhÞ: ð27Þ
Substituting (23) and (25) into the first equation of (26), and applying (27), we obtain
i2x0 �
Z 0

�D0

ei2x0h dgðhÞ
� �

E1 ¼ F 00e�i2x0D0
c

1

� �
;

that is
i2x0 � cF 0e�i2x0D0 �ca

�F 0e�i2x0D0 i2x0

� �
Eð1Þ
1

Eð2Þ
1

 !
¼ F 00e�i2x0D0

c

1

� �
:

Finally, we get
Eð1Þ
1 ¼ � caþ i2cx0

i2cx0F 0e�i2x0D0 þ caF 0e�i2x0D0 þ 4x2
0

F 00e�i2x0D0 ;

Eð2Þ
1 ¼ � i2x0

i2cx0F 0e�i2x0D0 þ caF 0e�i2x0D0 þ 4x2
0

F 00e�i2x0D0 :

ð28Þ
Similarly, we can get
Eð1Þ
2 ¼ � F 00

F 0 ;

Eð2Þ
2 ¼ 0:

ð29Þ
Since q(0) = (1 q1)
T, we have
wð1Þ
20 ð�D0Þ ¼

ig20
x0

e�ix0D0 þ i�g02
3x0

eix0D0 þ Eð1Þ
1 e�i2x0D0 ;

wð1Þ
11 ð�D0Þ ¼ � ig11

x0

e�ix0D0 þ i�g11
x0

eix0D0 þ Eð1Þ
2 :

ð30Þ
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Based on the foregoing analysis, we can see that each gij is determined by the parameters and delays in Eq. (1). Thus, we

have the formulas to compute the following quantities:
C1ð0Þ ¼
i

2x0

g20g11 � 2jg11j
2 � 1

3
jg02j

2

� �
þ g21

2
;

l2 ¼ �RefC1ð0Þg
Refk0ð0Þg ;

s2 ¼ � ImfC1ð0Þg þ l2Imfk0ð0Þg
x0

;

b2 ¼ 2RefC1ð0Þg:

ð31Þ
Now, we can give the main results of this section.

Theorem 2. When D0 ¼ 1
x0
arctanðx0

a Þ, the system (1) exhibits the Hopf bifurcation. The stability of the periodic solution of

the Hopf bifurcation is determined by the formulas (31). Moreover, the following conclusions are true:

(1) l2 determines the direction of the Hopf bifurcation. If l2 > 0( < 0), then the Hopf bifurcation is supercritical (subcrit-

ical) and the bifurcating periodic solutions exist for D > D0( < D0).

(2) b2 determines the stability of the bifurcating periodic solutions. If b2 < 0(>0), then the bifurcating periodic solutions are

orbitally stable (unstable).

(3) s2 determines the period T of the bifurcating periodic solutions.
T ¼ 2p
x0

ð1þ s2e
2 þ Oðe4ÞÞ;

where e2 = l/l2 + O(l2).
4. An example

Supposing that the utility function of the source is set to logarithm function, Low et al. have shown that REM can

achieve both high utilization and negligible loss and delay by the simulator ns-2 [4,5]. Let U(x) be the utility function.

Since
pðtÞ ¼ U 0ðxðtÞÞ;
we can obtain
xðtÞ ¼ m=pðxðtÞÞ;
where m is the target value of the marked packets received by the source. We assume that the capacity c = 1, the target of

the buffer b0 = 10, the control gains c = 0.05, a = 0.005, and m = 0.1. By Eq. (2), we have
b� ¼ 10; x� ¼ 1; p� ¼ 0:1:
Based on Eqs. (6) and (7), we obtain
x0 ¼ 0:5000; D0 ¼ 3:1214:
It follows from Eq. (31) in last section that
C1ð0Þ ¼ �25:7205þ i9:5182;

l2 ¼ 356:6686;

s2 ¼ �99:8248;

b2 ¼ �51:4411:
Applying Theorem 2, we know that the system exhibits the Hopf bifurcation when D0 = 3.1214. The Hopf bifurcation is

supercritical and the bifurcating periodic solutions exist when D > D0. The periodic solutions are orbitally stable and

the period of the bifurcating periodic solutions is
T ¼ 12:5655ð1� 0:2799lþOðl2ÞÞ:
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Fig. 6. Phase plot of p(t) with D = 4.
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Supposing the communication delay D = 2 (less than the critical value D0), we know that the system is asymptoti-

cally stable (the computer simulations are shown in Figs. 1 and 2).

If we modify the delay D passing through the critical value D0, a Hopf bifurcation occurs, i.e. there are periodic

solutions bifurcating out from D0. These results are illustrated by computer simulations as shown in Figs. 3 and 4.

The phase plots are shown in Figs. 5 and 6.
5. Conclusion

In this paper, we have studied a kind of AQM algorithm, the REM algorithm, for the Internet congestion control.

Sufficient conditions on the stability of the system have been obtained by analyzing the corresponding characteristic

equation. By choosing the communication delay as a bifurcation parameter, we have shown that a Hopf bifurcation

occurs in the delayed REM scheme. The direction of the Hopf bifurcation and the stability of bifurcating periodic orbits

have been studied by using the center manifold theorem and the normal form theory. The correctness of the theoretical

results have been verified by computer simulations.
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