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Global Finite-Time Convergence of TCP Vegas without
Feedback Information Delay

Joon-Young Choi∗, Kyungmo Koo, Jin S. Lee, and Steven H. Low

Abstract: We prove that TCP Vegas globally converges to its equilibrium point in finite time
assuming no feedback information delay. We analyze a continuous-time TCP Vegas model
with discontinuity and high nonlinearity. Using the upper right-hand derivative and applying
the comparison lemma, we cope with the discontinuous signum function in the TCP Vegas
model; using a change of state variables, we deal with the highnonlinearity. Although we
ignore feedback information delay in analyzing the model of TCP Vegas, the simulation
results illustrate that TCP Vegas in the presence of feedback information delay shows very
similar dynamic trends to TCP Vegas without feedback information delay. Consequently,
dynamic properties of TCP Vegas without feedback information delay can be used to estimate
those of TCP Vegas in the presence of feedback information delay.

Keywords: Congestion control; TCP Vegas; Nonlinear systems; Comparison lemma; Finite-
time convergence

1. INTRODUCTION

TCP Vegas was introduced as a TCP implementa-
tion modified from TCP Reno in [1], and extensive ex-
periments have been conducted to compare the perfor-
mance of Vegas with that of Reno [1–4]. TCP Vegas
was systematically analyzed and presented as a model
of discrete-time dynamic system without feedback infor-
mation delay in [5]. The TCP Vegas model is discontin-
uous and highly nonlinear, which has caused a theoreti-
cal difficulty in analyzing the dynamic properties of TCP
Vegas. A sufficient condition for local asymptotic stabil-
ity of TCP Vegas was presented in the presence of feed-
back information delay in [6], and a modified version
of TCP Vegas was proposed to improve the local sta-
bility condition by adding a derivative term of queuing
delay to the original TCP Vegas. The work in [6], how-
ever, was based on an approximated model assuming the
time varying RTT(round trip time) as a constant value
and ignoring the nonlinear and discontinuous properties
of TCP Vegas dynamics, and showed only local stability
results.

Global stability issues have been studied in other con-
gestion control schemes and some initial results have
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been reported recently in [7–12] under various assump-
tions and limitations. The global asymptotic stability
of the multi-link multi-source network with TCP Vegas
sources was proved without feedback information delay
in [13], but they used approximated models to avoid the
theoretical difficulties associated with the original dis-
continuous TCP Vegas.

In this paper, we consider the multi-link multi-source
network with TCP Vegas sources without feedback in-
formation delay. We rigorously analyze a continuous-
time model of TCP Vegas with dynamics both in sources
and in links without any approximation of the original
TCP Vegas model. The continuous-time model has high
nonlinearity and discontinuity due to a signum function
in the right-hand side of the model equation. To deal
with the discontinuous signum function in TCP Vegas
model equations, we adopt the upper-right hand deriva-
tive and apply the comparison lemma [14]. In addi-
tion, to deal with the high nonlinearity in the TCP Vegas
model, we make a change of state variables. We prove
that assuming no feedback information delay, TCP Ve-
gas globally converges to its equilibrium point in finite
time without any other conditions.

Although we ignore feedback information delay in an-
alyzing the model of TCP Vegas, the simulation results
illustrate that TCP Vegas in the presence of feedback in-
formation delay shows very similar dynamic trends to
TCP Vegas without feedback information delay. Conse-
quently, the analysis results on TCP Vegas without con-
sidering feedback information delay are of significance
in practice, and can be used to analyze and estimate the
stability and performance of TCP Vegas in the presence
of feedback information delay.
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This paper is organized as follows. Section 2 de-
scribes the multi-link multi-source network model of
TCP Vegas. Section 3 analyzes the boundedness prop-
erty of TCP Vegas. Section 4 proves the global finite-
time convergence of TCP Vegas. Section 5 provides sim-
ulation results and discussions. Section 6 makes conclu-
sions.

2. NETWORK MODEL

We consider a network ofL communication links
shared byN sources, whereL 6 N. Each link indexed by
l has a finite transmission capacitycl (1 6 l 6 L) and is
assumed to have infinite buffering storage. Each source
is indexed byi (1 6 i 6 N). TheL×N routing matrixR
is defined by its(l, i) elements:

Rli =

{

1
0

if sourcei uses linkl
otherwise.

The matrixR is assumed to be fixed and of full row rank
to prevent the network from degenerating. Associated
with the link l is the queuing delaypl(t) and with the
sourcei is the source ratexi(t). Ignoring the feedback
information delays in the interconnection, we assume at
time t that the sourcei observes as a feedback signal the
aggregated queuing delay in its path

qi(t) := ∑
l

Rli pl(t) = RT
i p(t) ∀ 1 6 i 6 N, (1)

where Ri is the i-th column of R and pT =
[p1, p2, · · · , pL], and link l observes the aggregated
source rate

yl(t) := ∑
i

Rlixi(t) = Rlx(t) ∀ 1 6 l 6 L, (2)

whereRl is the l-th row of R andxT = [x1,x2, · · · ,xN ].
The RTT Ti(t) is defined for each sourcei as Ti(t) =
di +qi(t), wheredi is the constant round trip propagation
time.

A model of TCP Vegas with its associated queue man-
agement was presented as a discrete-time dynamic sys-
tem in [5]:

pl(t +1) =

[

pl(t)+
1
cl

(

∑
i

Rlixi(t)− cl

)]+

(3)

wi(t +1) =

[

wi(t)+
1

Ti(t)
sgn(αidi − xi(t)qi(t))

]+

(4)

wherexi(t) := wi(t)
Ti(t)

, wi(t) is the window size of source
i, αi is the congestion control parameter of Vegas algo-
rithm, [z]+ = max{0,z}, and sgn(z) = −1 if z < 0, 0 if
z = 0, 1 if z > 0. As in [5], the congestion control pa-
rametersαi and βi of Vegas algorithm are assumed to

beαi = βi for simplicity. Using the Euler’s method, the
discrete-time model of TCP Vegas (3) and (4) is trans-
formed to a continuous-time dynamic system:

ṗl =
1
cl

(

∑
i

Rlixi(t)− cl

)+

pl

(5)

ẇi =
1

Ti(t)
sgn(αidi − xi(t)qi(t)) (6)

where

(h)+z :=

{

h
max(0,h)

if z > 0
if z = 0.

The corresponding equilibrium point(x∗i , p∗l ) of (5) and
(6) satisfies

{

x∗i q∗i = αidi ∀ 1 6 i 6 N
(∑i Rlix∗i − cl)

+
pl

= 0 ∀ 1 6 l 6 L , (7)

and the equilibrium point turns out to be unique as
shown in the following lemma.

Lemma 1: The equilibrium point of TCP Vegas de-
scribed by (5) and (6) is unique.

Proof: See Appendix 7.1. �

To facilitate the analysis, making the change of variables
in (5) and (6) as

x̃i = xi − x∗i

si =
1
wi

−
qi

αidiTi
(8)

and using the fact that sgn(αidi−xiqi) = sgn(si), we ob-
tain the resulting system with the new variables ˜xi and
si:

˙̃xi = −
q̇i(t)
Ti(t)

xi(t)+
1

T 2
i (t)

sgn(si(t)) (9)

ṡi = −
1

w2
i (t)Ti(t)

sgn(si(t))−
q̇i(t)

αiT 2
i (t)

(10)

Before analyzing the stability of (9) and (10), it is nec-
essary to consider the existence of solution of the initial-
value problem (9) and (10). Since the right-hand sides
of (9) and (10) don’t satisfy the Lipschitz condition with
respect to state variables because of the discontinuous
signum function, the existence of solution is not guar-
anteed in the standard sense [14]. Fortunately, however,
the discontinuity comes with only finite jump atsi = 0,
and it holds that the solution of (9) and (10) exists for any
initial condition in the sense of Filippov [15]. As another
property of the solution of TCP Vegas model, the follow-
ing lemma shows the absolute continuity of the solution
and this property will be used in the subsequent analysis.
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Lemma 2: pl(t), wi(t), x̃i(t) andsi(t) developed by
(5), (6), (9) and (10) respectively are absolutely contin-
uous with respect to timet.

Proof: This lemma holds from Theorem 1 of Chapter
0 in [16]. �

3. BOUNDEDNESS

In this section, we investigate the boundedness prop-
erties ofxi(t), wi(t), qi(t), si(t), and pl(t) with respect
to time t. First, we assume that the initial window size
wi(0) > 0 for all 1 6 i 6 N, which is justified by the
slow-start phase [1], during whichwi keeps increasing
until either the packet is lost somewhere in the network
or when some congestion feedback signal arrives from
the network. When that happens, the congestion control
phase takes over, at which instant the currentwi > 0 is
set towi(0) for the TCP Vegas. We now show in the fol-
lowing lemma thatwi(t) for all 1 6 i 6 N and pl(t) for
all 1 6 l 6 L are bounded below.

Lemma 3:
(i) wi(t) is bounded below for allt > 0 and for all 16
i 6 N as

wi(t) > wLB
i := min(wi(0),αidi) > 0. (11)

(ii) pl(t) > 0 for all t > 0 and for all 16 l 6 L.

Proof: (i) Whenever 0< wi < αidi, it holds that

si =
1
wi

(

1−
qiwi

αidiTi

)

> 0 and

ẇi =
1
Ti

sgn(si) > 0,

from which we havewi > min(wi(0), αidi) > 0 for all
t > 0 and for all 16 i 6 N.

(ii)Sinceṗl =
[

1
cl

(yl − cl)
]+

pl

andpl(0) > 0 for all 16

l 6 L, it is obvious thatpl(t) > 0 for all t > 0 and for all
1 6 l 6 L. �

We now show in the following thatxi(t), wi(t), qi(t),
andsi(t) are bounded above for all 16 i 6 N, andpl(t)
is bounded above for all 16 l 6 L.

Lemma 4:
(i) xi(t) is bounded above for allt > 0 and for all 16
i 6 N as

xi(t) 6 xUB
i := max

(

xi(0), 2max
l∈RT

i

cl ,
1
di

)

.

(ii) wi(t) is bounded above for allt > 0 and for all 16
i 6 N as

wi(t) 6 wUB
i :=

max
(

wi(0), xUB
i (di +1) , αidi (di +1)

)

.

(iii) qi(t) is bounded above for allt > 0 and for all 16
i 6 N as

qi(t) 6 qUB
i := max






qi(0),

max
l∈RT

i

|Rl |

min
l∈RT

i

cl
max
i∈Rl

wUB
i






.

(iv) si(t) is bounded above for allt > 0 and for all 16
i 6 N as

si(t) 6 sUB
i :=

1
wLB

i
+

1
αidi

.

(v) pl(t) is bounded above for allt > 0 and for all 16
l 6 L as

pl(t) 6 pUB
l := max

(

pl(0),

∣

∣Rl
∣

∣

cl
max
i∈Rl

wUB
i

)

,

wherel ∈ RT
i means that linkl belongs to the links that

the sourcei passes through, andi ∈ Rl means that the
sourcei belongs to the sources that passes through the
link l.

Proof: See Appendix 7.2. �

4. CONVERGENCE

In this section, we investigate the global finite-time
convergence of TCP Vegas described by (9) and (10). To
deal with the discontinuity in (9) and (10), we introduce
the upper right-hand derivativeD+V (t) defined by

D+V (t) := limsup
h→0+

V (t +h)−V (t)
h

,

and the comparison lemma [14] stated as follows.

Lemma 5: Consider the scalar differential equation

u̇ = f (t,u), u(t0) = u0

where f (t,u) is continuous int and locally Lipschitz in
u, for all t > 0 and allu ∈ J ⊂ R. Let [t0,T ) (T could
be infinity) be the maximal interval of existence of the
solutionu(t), and supposeu(t) ∈ J for all t ∈ [t0,T ). Let
v(t) be a continuous function whose upper right-hand
derivativeD+v(t) satisfies the differential inequality

D+v(t) 6 f (t,v(t)), v(t0) 6 u0

with v(t) ∈ J for all t ∈ [t0,T ). Then,v(t) 6 u(t) for all
t ∈ [t0,T ).

The following theorem shows that TCP Vegas de-
scribed by (9) and (10) is globally finite-time convergent
andxi(t) and pl(t) converge to their equilibrium points
in finite time with any initial condition.
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Theorem 1: TCP Vegas (9) and (10) is globally
finite-time convergent, that is,xi(t) for all 1 6 i 6 N
andpl(t) for all 1 6 l 6 L converge to their equilibrium
points in finite time.

Proof: We consider a Lyapunov function candidate

V (s, x̃) =
N

∑
i=1

αi|si|+
1
2

L

∑
l=1

1
cl

(Rl x̃)2, (12)

which is absolutely continuous from Lemma 2 and
bounded by Lemma 4 for allt > 0. Note that the continu-
ity of (12) with respect to timet is a necessary condition
to apply the comparison lemma and we can choose the
setJ ⊂ R in the comparison lemma such thatV (t) ∈ J
for all t > 0 because of the boundedness ofV (t). Equa-
tion (12) is not differentiable with the standard derivative
whensi = 0, but even whensi = 0, we can calculate the
upper right-hand derivative of (12) along the trajectories
of (9) and (10):

D+V (s, x̃)

=
N

∑
i=1

(

αi
siṡi

|si|

)

+
L

∑
l=1

1
cl

(

Rl x̃
)(

Rl ˙̃x
)

= −
N

∑
i=1

(

αi

w2
i Ti

+
q̇i

T 2
i

sgn(si)

)

+
L

∑
l=1

ṗl

(

Rl ˙̃x
)

= −
N

∑
i=1

(

αi

w2
i Ti

+
q̇i

T 2
i

sgn(si)

)

+
N

∑
i=1

(

L

∑
l=1

Rli ṗl

)

˙̃xi

= −
N

∑
i=1

(

αi

w2
i Ti

+
q̇i

T 2
i

sgn(si)

)

+
N

∑
i=1

q̇i ˙̃xi

= −
N

∑
i=1

(

αi

w2
i Ti

+
q̇i

T 2
i

sgn(si)

)

+
N

∑
i=1

q̇i

(

−
q̇i

Ti
xi +

1

T 2
i

sgn(si)

)

= −
N

∑
i=1

(

αi

w2
i Ti

)

−
N

∑
i=1

(

xi

Ti
q̇2

i

)

= −
N

∑
i=1

(

αi

w2
i Ti

)

−
N

∑
i=1

xi

Ti

(

RT
i ṗ
)2

= −
N

∑
i=1

(

αi

w2
i Ti

)

− ṗT

(

N

∑
i=1

xi

Ti
RiR

T
i

)

ṗ

≤ −
N

∑
i=1

(

αi

w2
i Ti

)

, (13)

where the last inequality is derived by using

ṗT
(

∑N
i=1

xi
Ti

RiRT
i

)

ṗ ≥ 0. On the other hand, since

wi(t) ≤ wUB
i andqi(t) ≤ qUB

i by Lemma 4, we have the
inequality

N

∑
i=1

(

αi

w2
i Ti

)

≥
N

∑
i=1

(

αi

wUB
i

2
(qUB

i +di)

)

:= ε > 0, (14)

4source

link
2

1

3

21

source

source

source

link

Fig 1: Network topology

from which we obtain the differential inequality

D+V (s, x̃) 6 −ε.

Applying the comparison lemma, we achieve that

V (s(t), x̃(t)) 6 V (s(0), x̃(0))− εt, (15)

which implies thatV (s, x̃) reaches zero before or at time
t = V (s(0),x̃(0))

ε [14, p. 553].V (s, x̃) = 0 implies a set of
equations described with the variablesxi andqi: si = 0,
that is,xiqi = αidi for 16 i 6 N andRl x̃ = ∑i Rlixi−cl =
0 for 16 l 6 L, which are identical to (7). Consequently,
it is proved by Lemma 1 thatxi(t) for 1 6 i 6 N and
pl(t) for 1 6 l 6 L converge to their equilibrium points
in finite time. �

It is worth while to take a close look at how the con-
gestion control parameterαi affects the performance of
TCP Vegas. It is shown from (7) that the equilibrium
points ofwi andTi(= di + qi) in (13) increase asαi in-
creases, which implies that the termsαi

w2
i Ti

and xi
Ti

(= wi
T 2

i
)

in (13) decrease in the steady state asαi increases.
Therefore, the sizes of negative terms in (13) decrease
asαi increases, and it is concluded that the convergent
time of TCP Vegas lengthens asαi increases, which will
be illustrated in the simulation section. Note, however,
that an extremely smallαi may cause sensitivity to the
measurement noise because the queuing delay, the feed-
back information to be measured at each source, has the
equilibrium point proportional toαi.

5. SIMULATION

In this section, we present the simulation results to il-
lustrate the global finite-time convergence of TCP Vegas
by using both MATLAB andns-2 network simulator. We
simulate TCP Vegas described by (9) and (10) without
feedback information delay using MATLAB, and simu-
late TCP Vegas in the presence of feedback information
delay withns-2 simulator.

We conduct the simulation with two sets of scenarios,
denoted by Scenario 1 and 2. Scenario 1 and 2 simulate
a multi-link multi-source network that consists of two
links and four heterogeneous sources as shown in Fig. 1.
Each source transfers FTP packets to its counterpart with
a packet size of 1KB. Link 1 is shared by source 1, 2, and
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Table 1: Scenario 1: Equilibrium points

c1 = 50
c2 = 30
α = 3

d
(ms)

Window
size

(pkts)

Sending
rate

(pkts/ms)

Queuing
delay
(ms)

Source 1 50 1076 18.53 8.09
Source 2 10 135 10.49 2.86
Source 3 20 480 20.98 2.86
Source 4 20 289 11.47 5.23

Table 2: Scenario 2: Equilibrium points

c1 = 50
c2 = 30
α = 6

d
(ms)

Window
size

(pkts)

Sending
rate

(pkts/ms)

Queuing
delay
(ms)

Source 1 50 1226 18.53 16.18
Source 2 10 165 10.49 5.72
Source 3 20 540 20.98 5.72
Source 4 20 349 11.47 10.46

3 and has a capacity of 50pkts/ms; link 2 is shared by
source 1 and 4 and has a capacity of 30pkts/ms. Source 1
sends packets through both link 1 and 2, and has a round
trip latency of 50ms. The round trip latencies of source
2, 3, and 4 are 10ms, 20ms, and 20ms, respectively. The
routers maintain a FIFO queue with a capacity of 20000
pkts. We set the congestion control parameter as fol-
lows: α = 3 pkts/RTT in Scenario 1,α = 6 pkts/RTT in
Scenario 2, andα = β in ns-2.

Table 1 and 2 summarize the calculated equilibrium
point of each source for each scenario. Fig. 2 and 3
show the simulation results of Scenario 1 and 2, respec-
tively, where the solid lines indicate thens-2 results and
the broken lines indicate the MATLAB results. The re-
sults from MATLAB (broken lines) in Fig. 2 and 3 show
that TCP Vegas modeled by (9) and (10) converges to the
calculated equilibrium point in finite time irrespective of
the homogeneity of network sources. Moreover,ns-2
simulation results in Fig. 2 and 3 verify that TCP Ve-
gas, even in the presence of feedback information delay,
follows the similar trend to the model without feedback
information delay. Consequently, the simulation results
illustrate that, even in the presence of feedback informa-
tion delay, TCP Vegas globally converges in finite time
to its equilibrium point.

Regarding how the congestion control parameterα af-
fects the performance of TCP Vegas, it is shown from
Fig. 2 and 3 that the convergent time increases as the
parameterα increases.
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when α = 3pkts/RTT, d1 = 50ms, d2 = 10ms,
d3 = 20ms,d4 = 20ms,c1 = 50pkts/ms, andc2 =
30pkts/ms
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Fig 3: Window size, sending rate, and queuing delay
when α = 6pkts/RTT, d1 = 50ms, d2 = 10ms,
d3 = 20ms,d4 = 20ms,c1 = 50pkts/ms, andc2 =
30pkts/ms

6. CONCLUSIONS

Considering a multi-link multi-source network with
TCP Vegas sources without feedback information delay,
we analyze the dynamic properties of TCP Vegas based
on a continuous-time model without any approximation
of the model, namely, keeping the high nonlinearity and
discontinuous signum function of TCP Vegas model. We
prove that assuming no feedback information delay, TCP
Vegas is globally finite-time convergent to its equilib-
rium point. As illustrated in the simulation results, the
dynamic behavior of TCP Vegas in the presence of feed-
back information delay shows similar phase to that of
TCP Vegas without feedback information delay. This
observation presents a significance that dynamic proper-
ties of TCP Vegas without feedback information delay
can be used to estimate those of TCP Vegas in the pres-
ence of feedback information delay.

As a future work, we will consider establishing a
method to obtain an accurate and useful estimate of the
finite convergence time of TCP Vegas by using only a
priori available system information.

7. APPENDIX

7.1. Proof of Lemma 1
Proof: We prove this lemma in the same way as in

[13]. If there exist two equilibrium points(x∗, p∗) and
(x̂, p̂), then we will derive(x∗, p∗) = (x̂, p̂). Sincex∗i q∗i =
αidi andx̂iq̂i = αidi from (7),

x∗i q∗i − x̂iq̂i = (x∗i − x̂i)q
∗
i + x̂i(q

∗
i − q̂i) = 0 and

(x∗i − x̂i)
q∗i
x̂i

+(q∗i − q̂i) = 0 for all 16 i 6 N. (16)

Multiplying x∗i − x̂i on both sides of (16) and summing
from i = 1 to N then yields

0 =
N

∑
i=1

(

(x∗i − x̂i)
q∗i
x̂i

+(q∗i − q̂i)

)

(x∗i − x̂i)

=

(

N

∑
i=1

(x∗i − x̂i)
2 q∗i

x̂i

)

+(q∗− q̂)T (x∗− x̂)

=

(

N

∑
i=1

(x∗i − x̂i)
2 q∗i

x̂i

)

+(p∗− p̂)T R(x∗− x̂)

=

(

N

∑
i=1

(x∗i − x̂i)
2 q∗i

x̂i

)

+
L

∑
l=1

(p∗l − p̂l)R
l(x∗− x̂).

(17)

Next, since(Rlx∗− cl)
+
pl

= 0 and(Rl x̂− cl)
+
pl

= 0 from
(7), one of the following cases occurs for each linkl: (i)
Rlx∗ = cl andRl x̂ = cl ; (ii) Rlx∗ = cl andRl x̂ < cl , p̂l = 0;
(iii) Rlx∗ < cl , p∗l = 0 andRl x̂ = cl ; (iv) Rlx∗ < cl , p∗l = 0
andRl x̂ < cl , p̂l = 0. In case (i), we haveRl(x∗− x̂) = 0;



International Journal of Control, Automation and Systems Vol. , No. , 7

in case (ii),(p∗l − p̂l)Rl(x∗− x̂) > 0 becausep∗l − p̂l > 0
andRl(x∗− x̂) > 0; in case (iii),(p∗l − p̂l)Rl(x∗− x̂) > 0
becausep∗l − p̂l 6 0 andRl(x∗− x̂) < 0; and in case (iv),
p∗l − p̂l = 0. Summarizing all these cases, we conclude
that

(p∗l − p̂l)R
l(x∗− x̂) > 0 for all 16 l 6 L. (18)

Then, from (17) and (18), we have

N

∑
i=1

(x∗i − x̂i)
2 q∗i

x̂i
= 0 (19)

and, sinceq∗i /x̂i > 0, (19) yields

x∗i = x̂i for all 1 6 i 6 N. (20)

On the other hand, it follows from (16) and (20) that

(q∗i − q̂i) = −
q∗i
x̂i

(x∗i − x̂i) = 0 for all 16 i 6 N,

from which we derive, using (1), that

(

RRT )(p∗− p̂) = R(q∗− q̂) =
N

∑
i=1

Ri(q
∗
i − q̂i) = 0.

RRT being nonsingular, we then have

p∗ = p̂ (21)

and combining (20) and (21) results in(x∗, p∗) =
(x̂, p̂). �

7.2. Proof of Lemma 4
Proof: (i) Assume that there exists an unbounded

xi(t) among 16 i 6 N and derive a contradiction. Since
xi(t) is unbounded, there exists atK > 0 for everyK > 0
such thatxi(tK) > K. If we choose aK such thatK >
xi(0), then,xi(t) being continuous from Lemma 2, there
exists at∗K > 0 such thatxi(t∗K) = K andxi(t) > K for all
t ∈ [t∗K , tK ]. Now choose aK such that

K > max

(

xi(0), 2max
l∈RT

i

cl ,
1
di

)

. (22)

Sincexi(t) > K > 2max
l∈RT

i

cl for all t ∈ [t∗K , tK ],

ṗl(t) =
1
cl

(yl(t)− cl) >
1
cl

(xi(t)− cl) > 1

for all t ∈ [t∗K , tK ] andl ∈ RT
i , and, since ˙qi = RT

i ṗ,

q̇i(t) > 1 for all t ∈ [t∗K , tK ]. (23)

On the other hand, note from (9) that

ẋi(t) = −
q̇i(t)
Ti(t)

xi(t)+
1

T 2
i (t)

sgn(si(t))

6 −
1

Ti(t)

(

q̇i(t)xi(t)−
1
di

)

∀ t > 0. (24)

Since ˙qi(t) > 1 for all t ∈ [t∗K , tK ] from (23) andxi(t) >

K >
1
di

for all t ∈ [t∗K , tK ] from (22), then (24) yields

ẋi(t) 6 −
1

Ti(t)

(

1·
1
di

−
1
di

)

= 0 (25)

for all t ∈ [t∗K , tK ]. But this contradicts the fact that
xi(tK) > K andxi(t) is bounded above byK for all t ≥ 0
and for all 16 i 6 N.

(ii) Assume that there exists an unboundedwi(t)
among 16 i 6 N and derive a contradiction. Sincewi(t)
is unbounded, there exists atK > 0 for everyK > 0 such
thatwi(tK) > K. If we choose aK such thatK > wi(0),
then,wi(t) being continuous from Lemma 2, there ex-
ists at∗K > 0 such thatwi(t∗K) = K andwi(t) > K for all
t ∈ [t∗K , tK ]. Now choose aK such that

K > max
(

wi(0), xUB
i (di +1) , αidi (di +1)

)

(26)

wherexUB
i is an upper bound ofxi(t), which was shown

in (i). From the definition ofxi(t), we have

qi(t) =
wi(t)
xi(t)

−di for all t ∈ [t∗K , tK ], (27)

which implies that

qi(t) >
xUB

i

xi(t)
(di +1)−di > (di +1)−di = 1 (28)

for all t ∈ [t∗K , tK ] becausewi(t) > K > xUB
i (di + 1) for

all t ∈ [t∗K , tK ] from (26). On the other hand, noting
thatwi(t) > αidi(di +1) for all t ∈ [t∗K , tK ] from (26) and
qi(t)
Ti(t)

=
qi(t)

di +qi(t)
>

1
di +1

for all t ∈ [t∗K , tK ] from (28),

we have

si(t) =
1

wi(t)
−

qi(t)
αidiTi(t)

<
1

αidi (di +1)
−

1
αidi (di +1)

= 0

for all t ∈ [t∗K , tK ], and,

ẇi(t) =
1

Ti(t)
sgn(si(t)) < 0

for all t ∈ [t∗K , tK ]. But this contradicts the fact that
wi(t) > K for all t ∈ [t∗K , tK ] andwi(t) is bounded above
by K for all t ≥ 0 and for all 16 i 6 N.

(iii) Assume that there exists an unboundedqi(t)
among 16 i 6 N and derive a contradiction. Sinceqi(t)
is unbounded, there exists atK > 0 for everyK > 0 such
thatqi(tK) > K. If we choose anK such thatK > qi(0),
then, qi(t) being continuous from Lemma 2, there ex-
ists at∗K > 0 such thatqi(t∗K) = K andqi(t) > K for all
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t ∈ [t∗K , tK ]. Now choose anK such that

K > max






qi(0),

max
l∈RT

i

|Rl |

min
l∈RT

i

cl
max
i∈Rl

wUB
i






,

wherewUB
i is the upper bound ofwi(t) as shown in(ii)

and
∣

∣Rl
∣

∣ is the number of users passing through linkl.
Then we obtain

q̇i(t
∗
K) = ∑

l∈RT
i

1
cl

(

∑
i∈Rl

wi

Ti
− cl

)∣

∣

∣

∣

∣

t=t∗K

6 ∑
l∈RT

i

1
cl

(

∑
i∈Rl

wUB
i

K
− cl

)

< 0,

which contradicts the fact thatqi(t) > K for all t ∈ [t∗K , tK ]
andqi(t) is bounded above byK for all t ≥ 0 and for all
1 6 i 6 N.

(iv) From the definition ofsi(t), we obtain

|si| =

∣

∣

∣

∣

1
wi

−
qi

αidiTi

∣

∣

∣

∣

6

∣

∣

∣

∣

1
wi

∣

∣

∣

∣

+

∣

∣

∣

∣

qi

αidiTi

∣

∣

∣

∣

6
1

wLB
i

+
1

αidi
,

wherewLB
i is the lower bound ofwi(t) as shown in(i) of

Lemma 3.
(v) Assume that there exists an unboundedpl(t)

among 16 l 6 L and derive a contradiction. Sincepl(t)
is unbounded, there exists atM > 0 for everyM > 0 such
thatpl(tM) > M. If we choose anM such thatM > pl(0),
then,pl(t) being continuous from Lemma 2, there exists
a t∗M > 0 such thatpl(t∗M) = M and pl(t) > M for all
t ∈ [t∗M, tM]. Now choose anM such that

M > max

(

pl(0),

∣

∣Rl
∣

∣

cl
max
i∈Rl

wUB
i

)

,

wherewUB
i ( for all 1 6 i 6 N ) is the upper bound of

wi(t) as shown in(ii) and
∣

∣Rl
∣

∣ is the number of users
passing through linkl. Then we obtain

ṗl(t
∗
M) =

1
cl

(

∑
i∈Rl

wi

Ti
− cl

)∣

∣

∣

∣

∣

t=t∗M

6
1
cl

(

∑
i∈Rl

wUB
i

M
− cl

)

< 0,

which contradicts the fact thatpl(t) > M for all t ∈
[t∗M, tM] and pl(t) is bounded above byM for all t ≥ 0
and for all 16 l 6 L. �
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