Power System Analysis

Chapter 10 Unbalanced network: BFM
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Overview

nodal
 device models —¥ current/power -——-—-bv{ network models
balance
line/transformer BIM and BFM : network models
models * Same device models

e Different line models
* Equivalent, 1 or 3-phase

single-phase or 3-phase
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* Review: single-phase BFM
e Three-phase model

* Equivalence
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Review: single-phase BFM

1. Network G := (N, E)
« N:={0}UN :={0}uU/{l,...,N} : buses/nodes
« E C N X N:lines/links/edges

2. Eachline (J, k) is parameterized by (y]‘?k, Vies y,?])
* Yj ' series admittance

. y]?}{", y,’;’-‘ : shunt admittances, generally different

Q O ATy
k { *
o I-—s V. , \\i *j'

(a) Graph representation (b) IT equivalent circuit

Steven Low Caltech General network



Review: single-phase BFM

Branch flows

I j Z Ty
Q) O/<3 + o+——) th\,\ +
k f “
D— AT 1 v -
[ ] e ¥ <
Sj o J o ﬁ\(
(a) Graph representation (b) IT equivalent circuit

Sending-end currents
Iy, = J:Z(‘/j_vk) + )’]7: i L = yﬁ((Vk—Vj) + )’;?]-1 Vi,

Bus injection model: relate nodal variables s and V

H H
5 = :E: <é§2> (:|‘§|2__ »§L¢?> + <}€?> |‘G|2

kij~k
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Review: single-phase BFM

Branch flows

Branch flow model: includes branch vars as well

- Branch currents I;; , branch power Sjk

2
. Adopt directed graph <ij =—ly Sy=- <Sjk — Zy ‘Ijk| >>

. Assume yj’,’j = y,g? =0

2 Sk= 2 (Sz:f‘zij'fij) +5;

kij—k i:i—j
Vi=Vie= Zidi
Si= Vil
Z/ﬂj = |Ijk|2
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(b) IT equivalent circuit

This model is equivalent to single-phase BIM



Three-phase BFM

Steven Low Caltech General network

Assumption:
3-phase I1 circuit representation (yﬁ{ = y,f]>

Applicable:
* Transmission or distribution lines
 Transformers in YY and AA config.

(not AY or YA)

Assumption:
m __ m __
Often assume y;' = y;; = 0

Ij’ < Ik
S [y " Vv
J_ J \,)\L j\‘j i 4'_*\
Sj ~ Sk
(b) IT equivalent circuit
-1
- s 3%3 3
ij = (y]k> e C ) ‘/j’ Sj’ Ijk e C




Three-phase BFM

Branch vars are outer products (rank-1 matrices)

+ o——>———) ‘j\s\( +
. Branch current matrix: I, = I, 1Y € C»? ‘
A, =g sl
- . H 33 )
- Branch power matrix: §; = V[l € C 5 \T« i 5
(b) IT equivalent circuit
Unbalanced 3-phase BFM (general network) ~i
Gk °= (Yfk) € C% Visply € ©
Z diag(Sjk) = Zdlag (S — Z;j f ) + S jEN
kijj—k i:i—j
Vj_Vk: ijljk’ ]%kEE
. irect extensi f single-ph BIM
Sjk _ V'Ij|l—<|’ iskeE direct extension of single-phase

Cp = Lll, j—ok€eE
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Three-phase BFM

Recall 3-phase BIM (Ch 8)

-

H
V = 2 (s,V) e COWD s; = Z diag (VJ(VJ — Vk)H<yJ§C> + VJVJH
kij~k
L
3-phase BFM (general network)
X = { ¥:=(s,V,1¢,8) € COWV+D+2IM ‘ X satisfies BFM, given V,, }

Theorem (equivalence)

~

V=X
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(

m

Yik

H
) >, given V},

h'd




Outline

1. General network

2. Radial network
* Single-phase BFM
e Three-phase model
* Equivalence

3. Overall network
4. Backward-forward sweep

5. Linear network
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Review: single-phase BFM
Without shunt admittances
DistFlow equations [Baran-Wu 1989] (radial network)
Z Sjk = Sij — Zl-jbﬂ ij TS power balance

kij—k
2 , :
V=V = 2 Re (Z]I]gSjk> — |ij| fjk Ohm’s law, KCL (magnitude)
branch power magnitude

2
Vit =13l

All lines point away from bus O
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Three-phase BFM

BFM vars (radial network)

% < C3’ Vj € Si’ ] EN same set of vars but scalars
3 3I%3 ) in single-phase BFM
£ € Sy, S e CF, jokeE

« ST C C™":n X ncomplex (Hermitian) positive definite matrices
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Three-phase BFM

Three-phase BFM (radial network)

Z diag(Sjk) = diag <Sl-j — Zijbﬂij> + 5i 4

Single-phase BFM (DistFlow)

kij—k
_ — . QH ) - N e—
]
JJk
H > 0
SikEji ]
ViSjk
rank H = 1
| Sikl k.
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Three-phase BFM

Three-phase BFM (radial network)

Z diag(Sy) = diag <Sl-j — Zijbﬂij> +5;

kij—k
. — H H _ - 7 -H
Vijk ,
> 0 Remark
Sj?fjk 1. BFM vars do not contain Vi’ Ijk eC’
_ .S - 2. psd rank-1 condition ensures 3 (VJ, IJk> s.t.
Joik v= VVH = LIM S, = Vi
rank H = 1 | i Vitje Jjk = kK k= Vijk ]
Sjkfjk 3. Given <vj, o Sjk), (Vl, I]k> is unique up to a ref angle
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Three-phase BFM

3-phase BFM (general network)

X = { ¥:=(s,V,1¢,8) € COWV+D+2IM ‘ X satisfies BFM, given V,, }

3-phase BFM (radial network)

X = { x = (s,v,7,S) € Cl2nth+1sM ‘ x satisfies radial BFM, given V}, }

Theorem (equivalence)

If G is a tree, then V= X = X
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Outline

1. General network
2. Radial network

3. Overall network
* Qverall model
 Examples

4. Backward-forward sweep

5. Linear network
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Overall model

Device + network

1. Device model for each 3-phase device (same for BIM)

YIA yYIA _Y/A
AT

; > + conversion rules

. Internal model on <

 External model on <VJ, I, Sj>

* Either can be used
 Power source models are nonlinear; other devices are linear

2. Network model
« BFM for radial networks on x := (s, v, 7, .S)

« BFM for general networkson X := (s, V, 1, ¢, S)
e Both are nonlinear models
« BFM is most useful for radial networks
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Overall model

Device + network

Overall model is nonlinear whether or not power sources are present
* Network models are nonlinear for both radial or general networks

* Power sources, if present, are nonlinear
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Example 1

Y configuration
b

0‘;/0"; Bdk S:/Q:

I~ —————

5 V-
Y Vie, Sk

Network model (BFM radial):

diag(Sy) = s, diag <S]k — jk)

Vv = ( SH 4+ 5,2 ) — 2
{_l ’ > 0, rank {_l ’ = 1
Sic T Sic T

Steven Low Caltech Overall network

Given:

. Constant-power source an with AVja =0

« Impedance load z]f
. Line parameters <ij’ yj’g = yg = ())

« Assumption C8.1 withy; = Vi =y, =V’ =0

Calculate: (s,f Vi Lt Sjk>

Device model (internal model + conversion rule):

_ Y _ Y

v, = fjkzk , s, = diag <zkfjk>
_ Y _ Y

s = —oj, S = — S,

Solve numerically for <Sk Vi C ik S]k>



Example 1

Y configuration
S [
N ik —
O‘T/JL ~ s‘”/s‘
J J —_—— Bdk k k
._AA——hﬁ | —
Y Vee, Sk

Simplification:

Combining S = — an Y

(

Y _ g Y i
-0 = d|ag<<zk +ij> fjk> = diag

Steven Low Caltech Overall network

[ aa ab ac_
;Zk ;Zk sz

ba bb bc
ZZk ;Zk ;Zk

ca ch cc
_sz ;Zk ;Zk

b
Lk

c
Lk

- -
Lk

Given:

. Constant-power source ¢ with AVja =0

« Impedance load z,f

. Line parameters <

J

Wy =3 =0)

« Assumption C8.1 withy; = V' =y, = V=0

J

Calculate: (s,f Vi Lt Sjk>

Ve

\

1.

, Sy = — 5, = —diag (z,ffjk> and s; = diag(Sjk), diag (Sjk - zjkfjk> = — s, reduces equations to:

3 quadratic equations in 3
unknowns [ € c?

psd rank-1 cond ensures Hljk
arbitrary reference angle of I
is fixed by given AVJ.“ =0



Example 1

Y configuration
Se, L K Given:
J>_J [— . Constant-power source an with AVja =0

« Impedance load zY
Y /A . P )
"/" I B'kL\_,__,s”/s‘ ) t o
J | J k k . Line parameters | Zy, V' = Y;; =
« Assumption C8.1 with V= Vj” =y = VI’: =0
_AA__“A |

SJr,VJ- \/k,Sk Calculate: (s,f Vi € ko Sjk>

Simplification:

Combining s; = — o', sy =—s, = — diag (z,ffjk> and s; = diag(Sy), diag (Sjk - zjkfjk> = — s, reduces equations to:

J

(T T 74 )

z 7z |1
. : b H 7bH

—O']-Y = diag <<Zg+zjk> fjk> = diag Z,f" Z,fb Z,i’c Ijk [If;c Ijk IJCkH]

ca ch cc 4
_Zk 47 2 i _Ijk

1. Solve for [;; numerically
2. Derive analytically all other vars

|
N
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Example 2

A configuration

S [ Given:
&k —

> —

. Constant-power source (GJ-A, 7/j> with LVj"b =0

0«; /0.;‘ 3\)“ Skf/ ok - Impedance load (z, f;)

X . m _ \,m __
. Line parameters (ij, Yik = Vg = 0

= e—

v Calculate: <SY,v,f-,S->
SJ’VJ Vee, Sk k> Vi jlo Pjk

Network model (same as previous example): Device model:

diag(Sy) = s; diag <S]k - ijl’ﬂjk) = —5 s; 1= diag (VJIJH>, ojA = diag (FVJ.IJ.AH>
ViV = (ijSj?“LSijj?) — i g 5 = diag (ViIp'), Vi==Z% +
17, = 0
Vj SJ Vj SJk ¢
> 0, rank = 1 : Y
S| T Sk Ca Solve numerically for (sk s Vi fjk, S]k>
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Example 2

A configuration

S'l(, [
J>_JK 1 =

N /zrf , 3k s[/ g4

—_—y— —
s',V' | PR
Y Vie, Sk

Simplification:
1. psd rank-1 condition ensures EI( » Vi Jk) s. t.
V, = (ZA+zk>I]k+yk1 and Iy =1=-T"I}

2. Substitute intoaj = diag (FVIAH):
A g SA T\ 7A7AH
ot = —diag <<er [7) 14 >

Steven Low Caltech Overall network

Given:
. Constant-power source <6J-A, yj> with LVj"b =0°
- Impedance load (z, f;)

. Line parameters (ij’ y]’]’z = y]?]? =0

Calculate: <S]3] Vi € Sjk)

1. 3 quadratic equations in 3 unknowns Ij% eC’

2. Solve for IkA numerically
3. Derive analytically all other vars



Outline

1. General network
Radial network

Overall network

> WD

Backward-forward sweep
 Examples

5. Linear network
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Backward forward sweep

Efficient solution method for power flow equations (1 or 3-phase networks)

» Applicable to radial networks
Partition solution (x, y) into two groups of variables x and y
« Typically, x are branch variables (e.g. line currents) and y are nodal variables (bus voltages)

Each round of spatial iteration consists of a backward sweep and a forward sweep
» Given y, compute each component X; iteratively from leafs to root (backward)

» Given x, compute each component Y iteratively from root to leaves (forward)

lterate until stopping criterion

Different BFS methods differ in how to partition variables into x and y and the associated power
flow equations
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Example 1
Complex form BFM

S, p = Ik %
Notation: vJ Al “Hﬂ:ﬁ‘jﬂ , L TVK
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Example 1
Complex form BFM

. %,
Notation: vJ : =Y , / TVK
i k

Given: Vyand s := (sj,j € N)

Compute: V := <Vj,j S N> and currents I’ := <I;}<, (j, k) € E) through series impedance

+ All other variables Iy, = I + yy'V;, I, Sy, S;; can then be computed

« Advantage: I]‘Z = — I]fj
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Example 1
Complex form BFM

Network equations

Z <I B y]?VJ)’ JEN

kij—k

Vi = Vi — gl

where yi 1= 3 Vi

Device models

Y configuration: o) = — diag (VJIH>
A configuration: o2 = diag (FVIAH>,
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Example 1
Complex form BFM

BFS variables

e : . A -
X = (Ig-,JeN), y = (VJ-,IJ-,IJ- J€N>
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Example 1
Complex form BFM

Backward sweep: start from leaf nodes and iterate towards root bus 0

Bo < Y B0 = (He=D=ypva-1), i-jeE
kij—k

Forward sweep: start from bus 0 and iterate towards leaf nodes
V(D) < Vi) = z5 130

. -1
SR 1) g <diag Vj(t)) 5

-1
A IMD) < <diag (er(t)>> B, 1)« —TTIA
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Example 2

3-phase DistFlow model

Implicit description
v. §. V. S'k
[lj_l ]]ZO, rank[f_| ]]=1
Sik ¢ Sik ik

Implies: 3(V, 1) s. t.

— H — H — H
o= ViV e = Gdie S = Vil

Hence: design BFS based on (V, v, I, S) instead of original 3-phase DistFlow equations
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Example 2

3-phase DistFlow model
Network equations

Sie=V; Iy
Vi = Vi= il = ViV D= ijSjIZVJ
Device models (same as in Example 1)
Y configuration: GJY = — diag (VJI]H>
A configuration: q].A = diag (FVJIJAH>, [, = — FTIJ.A
BFS variables
xi= (83) >k €E), = (Vv D I, IA €N
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Example 2

3-phase DistFlow model

Forward sweep: start from bus 0 and iterate towards leaf nodes

IFORS St = 1)V(2)

tr Vi(t)
Vit) < Vi(t) — 2 I(0), V() < VOV
-1
Y: I(1) « — <diag Vj(t)) 5}/

-1
A IMD) < <diag (er(t)>> B, L)« —TT0)

Backward sweep: Sjk(t) «— Vj(t) I ]'._]'{(t)
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Outline

1. General network
Radial network
Overall network

Backward-forward sweep

o &~ 0

Linear network
e Assumptions
* Network equations
* Linear solution
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Assumptions

1. Negligible line loss £ =0

« Small line loss relative to line flow: ijbﬂjk < Sjk

2. Balanced voltages

a 144 V¢

VJ — L L 23
b ¢ a

Y Y ]
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Network equations

1 o’ «
Define v = |ag 1 2| wherea:=e ™
o> a 1]

Linear 3-phase DistFlow model are linear equations in (v, s, 4, S):

Z ﬂjk = ’Iij + s, J E N nodal injections determine diag(Sjk) =1 A
kij—k
_ ) this uses balanced voltage assumption to
Sjx = v diag (ﬂjk>’ JokeE determine off-diagonal entries of S;;
_ H H ;

(ﬂjk are diagonal entries of Sjk)
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Linear solution

Given (VO, Sj,j e N), can determine (SO, vj,j S N) and (ﬂ-k, Sjk,j — k € E) :

J

JEN
kETj
— H H
Vi = Vo — Z ZlkSik + SJkZik>’ JEN
(i,k)eP;

where

- T;: subtree rooted at bus j, including j

« P, : set of lines on the unique path from bus 0 to bus k
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