Power System Analysis

Chapter 3 Transformer models
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Outline

1. Single-phase transformer
Three-phase transformer
Equivalent impedance

Per-phase analysis

o &~

Per-unit normalization

Steven Low EE/CS/EST 135 Caltech



Outline

1. Single-phase transformer
e |deal transformer
 Nonideal transformer

 Circuit models: T eq circuit, simplified circuit, UVN

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

2 L]
> >0 Voltage & current gains
V(1) i,(1)
v, % v, = n —— = da
v1(2) 11(1)
o o
Nl N2
voltage gain n := Ny
ge g n o= N
. N,
turnsratio a = —
N,
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Ideal transformer

> >0 Voltage & current gains
Vs B I 3
v, v, 71 = n ]_1 = dad
o o
N, N
| 2 Transmission matrix
. N
voltage gain n := N, Vl B a0 V2
turnsratio a = % Il O n 12
2
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Ideal transformer

T >0 Power transfer
sk
_Szl , Vzlz
v, v, = = n-a =
SIZ Vllik
o ° l.e., deal transformer incurs no
N, N, power loss
voltage gain Ny
n = —
ged N,
. N,
turnsratio a = —
N,
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Nonideal transformer

1 37) Nonideal behavior

» Power losses (coil resistances, eddy currents,
+ hysteresis losses)

» |Leakage magnetic fluxes
* Finite permeability of magnetic cores
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Nonideal transformer

Voltages

L dh 4
v = nhg+—, Vo) = hly+——
. 1 th 2 2T

Total flux linkages

/11 — Nl®m + j’ll’ 12 — Nz(bm + ),21

- by = Ly iy, A = Lpi
vy becordany Total magnetomotive force
Wrwh"ﬂ V'V\d/tlg F = Ni,+N,ij, = RO
W, +u4u_( “L b ¢ 141 292 m

Mutual flux: @,
Leakage fluxes: 4;;, 4,
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Nonideal transformer

Voltages
o dAy - di,
Vi = il +——, Vo = 1l —
. 1 1°1 dt 2 2%2 dt
Total flux linkages
v
’ /11 == Nl®m + j’ll’ 12 - Nz(bm + ),21
. . y
- Ay = Ly iy, dp = Lpi
Bty becordosy Total magnetomotive force
wfwh't\ﬂ lﬂiw{/{g . y
F - Nlll +N212 R@m
WI +W”§ ML "’M"S
Ideal transformer
+ Zero power losses: 1, =1, =0 d®
« Zero leakage flux linkages: L;; = L, =0 =54 vy = Nthm, =N, 0 = Nyi; + Nyiy
-« Infinite permeability: R = 0
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Nonideal transformer

Steven Low EE/CS/EST 135 Caltech

Voltages
_ di; dd,,
Vl = I’lll + L”E +N17
! do
vy = ni)+ Ly— + N, dt’“

Primary magnetizing current 7,
« primary current when secondary circuit is open i, := 0

« Nyi, =R®,, :let L, := N*/R and

R d® di

= M = L

A d¢m N2A

i, == N, 7 = N i ideal transformer
I



Nonideal transformer

Nonideal elements

Steven Low EE/CS/EST 135 Caltech

— di,
+ Vi = i+ Lyp—— + Uy,
dt
di
v _ : A
2 V) = —rzlz—LmE"'“z
Ideal transformer
_ N2 0 i =
2 = Uy, ) =
N



Nonideal transformer

Circuit model

N H—gmwﬂh—:“{ [_‘(Tﬁjﬁ—o +

L P ﬁ .

Steven Low EE/CS/EST 135 Caltech

Nonideal elements (phasor domam)
Vi= g+ Ul, I me1

U2 - ZSIZ + V2

|deal transformer (phasor domain)

0, = Mg I = N(I 1)
2_N1 1° 2 = N21




Nonideal transformer

Circuit models

L I,
(“(T%Hs —>—o +
(O
(Mz
(

o
] [

W = (Umhjvoé&fz ulci
5

=

—~ -
..

+

(

[

R
4]

N U (
|

Steven Low EE/CS/EST 135 Caltech



T equivalent circuit

Refer series impedance z, to the primary side
— T equivalent circuit

H _fa(1+am) @ +zm)+m, [VQI

ay,, n+azy, b

where n := N,/N,, a := 1/n

\ | £ ( “Equivalent model” means
Jk ( ( % . . .
’ ( ( 2 * Same end-to-end behavior, e.g., transmission matrix, or
_ ! ( admittance matrix;
S P * Internal variables may be different
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T equivalent circuit

Refer series impedance z, to the primary side
— T equivalent circuit

H _fa(1+am) @ +zm)+m, [VQI

ay,, n+azy, b

where n := N,/N,, a := 1/n

(

\i Jk ; 4 ( v, Model parameters (z,), z;, ¥,,) cannot be uniquely

. ’ f : determined from just short-circuit & open-circuit tests
N, M{\e - » Additional tests are needed
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Nonideal transformer

Circuit models

L I,
(“(T%Hs —>—o +
(O
(Mz
(

o
] [

W = (Umhjvoé&fz ulci
5

=

—~ -
..

+

(

[

R
4]

N U (
|
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Simplified circuit

. 0_3.;‘_—@ P T —:io + Interchangezazzs and y,, and combine with '
T E ({ gy = Zp +a e
N [+ 3£ /
) | f ( ) [V1] _ |a (1+ 2z, nzl] [V2]
T - I ay,  n]lh

where n := N,/N;, a := 1/n
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Simplified circuit

Approximation to 7 eq circuit

. I M e 1, Interchange azzs and y,, and combine with z,
—>—0
i (( i qi=gt a’z
0 Jk ( é ( ,
( 2 V 1 V.
. | o] 1 a(l+zy,) nzyl|V2
N ub - I aym n| |5
where n := N,/N;, a := 1/n
°—>(——’m S - (o ot T
T - L > + Good approximation of T equivalent circuit when |y, | < 1/|a2ZS|
[
|M—TI|
— < lel x 1
7l

M : transmission matrix of simplified model

T : transmission matrix of simplified model

¢ 1= a’zy,
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Simplified circuit

Approximation to 7 eq circuit

§ I M e 1, Interchangezazzs and y,, and combine with z,
—>—o
i (f " 3 =2, +aty
0 Jk ( é ( ,
| z V 1 V.
] | 1ER 1 a(l+zy,) ngy| |V
N ub - I AYpy n||b
where n := N,/N;, a := 1/n
I I, —
+ o—>(-——-,5_’ﬂ _ h; z (s . ,(Y Izo .
ﬁ\ Good approximation when |y, | < 1/]a’z,|
y M — T
2 — < |el x 1
7]

- If y,, = 0 : T equivalent circuit and simplified model are

equivalent, M =T
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Parameter determination

Short & open-circuit tests

. T_Iﬁ___l%ﬂ e o T, Parameters (z;, y,,) can be determined from open
- «| [/~ 77=*  and short-circuit tests

( (
Vi & “VL; é (( v, « Short-circuit test (V, := 0) :
. Sy Vie

(N M:;\‘ﬁ - “a= I,

« Open-circuit test (I, := 0) :

Most popular model i _ Ve _ Vie
(at least for transmission systems) Vo o L, I,
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Parameter determination

Zero shunt admittance y, =0

L ’—\—M nl, ~— —— T, Wheny, = 0, parameter Z; can be determined
N — + ;7 (( — e + from standard 3-phase transformer ratings:
\\ aV, f é ; y . Rated primary line-to-line voltage Vpri
l ( 2
( ‘[ ( . :
—0 - ( . Rated primary line current | I

Impedance voltage f on the primary side, per phase,
as % of rated primary voltage

/3 : voltage needed on the primary side to produce rated primary

current across each single-phase transformer is X rated primary
voltage
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Parameter determination

Zero shunt admittance y, =0

Steven Low EE/CS/EST 135

Caltech

For both Y and A configurations

_ Vsc
=
ISC
« A config:
|Vsc| — |Vab| — ﬂlel’ll
I
pri
|Isc| — |Iab| — _em/6
V3
« Y config:

Vpri

\/5 elnl6

|Isc| = |Ian| — |Ipr||

[Viel = [ Vaul = B




Parameter determination

Zero shunt admittance y, =0

\)

Steven Low EE/CS/EST 135

2 = T

< o—>———"\_}—_—>\L

Caltech

. Otherwise, |z;| =

For both Y and A configurations

_ Vsc
=
ISC
« A config:
V381 Vi
|Zz| =
|Ipri|
« Y config:
ﬁ|Vpri|
|z =

\/5 |Ipri|

Vpri denotes line-to-line voltage even for Y configuration

Pl Vpri|
| pri|

for Y configuration if Vi is line-to-neutral



Parameter determination

Zero shunt admittance y, =0

T nly - — 1 - : : P
. Hﬁ’hj o L Sometimes ‘S3¢‘ instead of Ipri is specified:
(
\(y “Vu( é . Rated primary line-to-line voltage Vpri

-0

(
(
| (( \/2
( -
- J ( . Rated 3-phase power ‘ S3¢‘
(

 Impedance voltage f# on the primary side, per phase,
as % of rated primary voltage
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Parameter determination

Zero shunt admittance y, =0
« A config:

i . — I, = = I
To»__’%\f ol ) |S3¢| 3|S¢| 3|Vab||ab|

|Vsc| = |Vab| = )Blvprll

(
( (
\[\ ﬁVL( é( y |S3¢|
! ( 2 | L.| = |1,] =
( ( 3|Vpri|
— 0 T (
( 1

— T - Y config:
v — _ <2 |S3¢| = 3|S¢| = 3|Van||Ian|

V .
Vel = [Vl = f |—=2
\/gemm
Sy S
el = Uyl = ——— = ——
S|P | V31Vl
\/gein/6
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Parameter determination

Zero shunt admittance y, =0

\)

Steven Low EE/CS/EST 135

2 = T

< o—>———"\_}—_—>\L

Caltech

. Otherwise, |z;| =

For both Y and A configurations

_ Vsc
=
ISC
« A config:
2
- 381 Vil
gl =
| S34
« Y config:

2
12| ﬂ|Vpri|
gl = ————

| S34
Vpn denotes line-to-line voltage even for Y configuration
361 Voril”
| pri|

for Y configuration if Vi is line-to-neutral



Parameter determination

Example

SQUARE D COMPANY

JUMPER CONNECTIONS

TAP v%ns

1

2 491

3 480

4 469

5 457

6 446

7 434

c US LISTED
POWER TRANSFORMER 127

24PDG220-1
"Made in Mexico"

024EE0150T480D208Y1A-001

3-phase transformer ratings (primary):

. Rated 3-phase power | S3¢| =150 kVA

. Rated primary line-to-line voltage |Vpri

=480V

. Rated primary line current |Ipri | =180 A

+ Impedance voltage ff = 5.45% on primary side

Steven Low EE/CS/EST 135 Caltech

Primary in A configuration:
|S3¢| = 38wl = 31Vy I_abl = 3|Vpri| | 1

. _ _ —in/6
Sincel,=1,—-1,=1,-1/3¢e¢ "™, wehave

[ Tpril =v/3 11,

Hence

18551 = V3 1 Voril | il

Verify:
e V31 Vpril Hpril = 4/3-480-180 = 149.65kvA = |S;,]

V3B Vpril /3 -5.45%- 480
Tl 180

.zl = = 0.2517Q




Parameter determination

Example

SQUARE D COMPANY

Secondary in Y configuration:

—%— = Vsec
5 % |S3¢|= 3|San| — 3|Vanlan| = 3 \/giﬂ'/6 |ISGC|
T e

B R ercrser Hence
24PDG220-1
"Made in Mexico"

024EE0150T480D208Y1A-001 | S3¢ | = ﬁ | VSeC | | ISeC |
Verify:
3-phase transformer ratings (secondary): . \/5 | Vsecl |Isec| — \/g .208-416 = 149.87 KVA = |S3¢|

. Rated 3-phase power | S3¢| =150 kVA
. Rated secondary line-to-line voltage | Vsec| =208V

. Rated secondary line current |Isec| =416 A
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Distribution transformer

Examples
line-to-line voltage (kV) || phase voltage (kV) | total power (MVA)
|Van| |Van| S39.
4.8 2.8 3.3
12.47 7.2 8.6
22.9 13.2 15.9
34.5 19.9 23.9

Steven Low

EE/CS/EST 135 Caltech




Distribution transformer
Examples
b a

n C

120V
240V

120V

/7\; 7777 ]

777

Steven Low EE/CS/EST 135 Caltech

Common deployment in US
» Single phase
» Split-phase 120/240 V



Nonideal transformer

Circuit models

L I,
(“(T%Hs —>—o +
(O
(Mz
(

o
] [
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Unitary voltage network

Single-phase 2-winding transformer

I

T 09’@ N T ( +————\]ﬁ—'o —+
0 - lﬁ
L

equivalent to 2 ideal
' transformers in series

reference imp & adm
' across ideal transformers

Steven Low EE/CS/EST 135 Caltech

UVN-based model

Unitary voltage network (UVN)
connecting 2 ideal transformers

Equivalent to T equivalent circuit

Simplified model is an approximation

Advantages

UVN can be generalized to
incorporate multiple windings, e.g.,
split-phase transformers

Ideal transformers on both ends can
be connected in various ways, e.g.,

3-phase transformers in Y/A

configurations, non-standard
transformers



Single-phase transformer

Unitary voltage network
Admittance matrix

A

A — A

. jo" (o) A B
J @“\—%—o - Jo Yotryi+y: =y =y | [Uo
-+ o—x - ~ A

Ji| = — i 0[]0

A
ie Mo L uz j2 i ) 0 Y2 1 02

Since jo = 0, can eliminate 170 to obtain Kron

7, = y(O, -0y, 7, = y(U,- 0, reduced admittance matrix
Yol = Jot ity YA [M(YO +Y) =y U,
J 2yl =y »Oo+y] |0,

Yuvn
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Single-phase transformer

External model: admittance matrix

Let

T I, I o [ll ] V - — [Vll
\’[r "a‘—*‘ Y—ﬂ—{ﬂ—l\—_@h _\—; %]——yge" —+ ° _ 12 ’ Vz
( > VL

P,jlfftbx} . Yoo VM0

L o 1N,
[JII - lyl(y0+)’2) N ] [Ull Conversion between internal vars & terminal vars
LIzl e e+l [0, across ideal transformers
Yuvn A

O=MV, J=MI

Hence, external model:

I = (MYynM)V
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Three-phase transformers

Standard configurations

i
— &
A IO’O T

Jr"?;"""[’_"ﬂtﬂ N _ebrk

Uo \

5 -1
Yo +Y) Yk
I ;
@ (§y> ] l ~ yk(yo+y,~)]

1

Yyun =

Let

Iabc Vabc
I:=|" lect, vi=|"]ecCS
_ Iézbc ngc

1/N%e 0
M = )
0  1/Ngbe

Steven Low EE/CS/EST 135 Caltech

External model:
I = DT(MYyuynM)D (V —7)

where y 1= (Vﬁ , Vg‘l) e C9 are neutral voltages in YY
configuration, and

YY config: D = (2 T])
AA config: D = 1(; 1(1
AY config: D = 1(; E)
YA config: D = ('1 1(1




Multi-windi

ng transformers

Example: split-phase transformer

v f
; w——L S
v, K 0
< G—-—-—"\—\ L et

120V
240V

120V

Steven Low EE/CS/EST 135 Caltech

-~

/[Io T Iz L
@'—-—(—'r} 0 + A _
%, 3 v, {0
N 5. h"f”z Lo Jif _
I e ! . AN
[0 3 A
VT - /3]

Lo

i —y;0 0 y; i

3 _

D I U T
-y 0 0
=0 ¥ 0

UVN: Kron-reduced admittance matrix

Ji . V1o + ¥, + ¥3) —V1V2 — Y13

L = o — o) Y20 + y1 +¥3) —)2)3

A L —yy2 0oty )]
Yuvn




Multi-winding transformers

Example: split-phase transformer

~

Ji

A

1

120V
240V

120V

Steven Low EE/CS/EST 135 Caltech

AV
t (’%—L * A[_&T’—’T

B}

2 Let
5 I © i
(e 7+ I v,
f‘z% v, [ = |-L|, V= |V,
I . N2 T - -1 V.
N e 1? 0 0 E
N
8,3 Y, :
\ i M:= |0 1N O
TN, 0 0 /N,

Conversion between internal vars & terminal vars across ideal
transformers: U = MV and

L 100
= M| —-L | = MT'AI where A:=[0 1 0
-L-1 011

<




Multi-winding transformers

Example: split-phase transformer

N 2 -
R W anr e 11
L fz‘ v, I = |-L|, V=
R ~ :? I . N2 I_?, _13
v, ‘ i T ¢

- Eliminate internal vars (f, lA]) from
120V N A N A _
g B- oy U=Yynt U=MV, J=M'Al
120v ) External model:
I—y— I = A~ (MY,ynM)V
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Outline

2. Three-phase transformer
 |deal transformer

e Equivalent circuit

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

Connectivity
I, I
a o—» a o )
n ¢—
/”l b o 3
b o \
¢ o—— c o 5

(a) Primary winding in Y configuration

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

Connectivity
I, I, I, 1,
a o a o 3 ro a’ y—o a’
no— P
/n\ b o 3 ob’
b o ——o b’
¢C o— c o ) . ocC’ ocC
(a) Primary winding in Y configuration (b) Secondary winding in A configuration
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Ideal transformer

Configurations
I I,
a o 5 ¢ o a’
n +— — n’ i I
a ¢ “ a’
bo S o b’ ‘ ,
n n
b o— b’
. . € o— ¢’
Cco D C OC’
YY
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Ideal transformer

Configurations
a ) Ia‘ )
a o D D—o a
n — — ]’l’ I I
a : a
bo . ob
n n’
b o— b’
C o— c’
Cco ) C o C

YY

Steven Low EE/CS/EST 135 Caltech

bo

AA

o a
I, I,
a a

ob’
b o— L_op’
Cc o— L o c’

oc’



Ideal transformer

Configurations
Ia : a' y
a o D ¢ o a
— — n’ Ia I
a op— a
bo S ob’ < ’
| bo b
CO 5 C O C
AY
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Ideal transformer

Configurations
I, ° * 1,
a o D ¢ o a
— — n’ Ia I
a op— a
bo S ob’ < ’
n
bo b
C o— C
CO 5 C O C

AY

Steven Low EE/CS/EST 135 Caltech

C O ’) C OC,
o ] I, I,
a ——p—oa’
bo 5 ¢ ob >\A
n
b o— b’
C o— L ¢
I, I,
a or b ¢ o a

YA



Ideal transformer

Configurations
l, I,
a oP— o a’
b o— —o b’
C o— —o C

Steven Low EE/CS/EST 135 Caltech

What is external model?
: : -~ Vaw
Line-to-line voltage gain ——
ab

) Ia’
Line current gain —
a

What is Y'Y equivalent circuit?

* Yields per-phase circuit



Ideal transformer

Configurations
I, I, Derivation
a ' )
p—o a « Single-phase voltage & current gains

* Derive external model

« Derive YY equivalent circuit
b o— —o b’

Use conversion between phase & line vars

C 0— 0 C

. in/6 in/6
ab — \/_ 3e Van’ ’b’ — \/g € Va’n’

— —in/6 — —in/6
d [Cl _— \/§€ Iab, Ial —_ _\/ge Ia/b/

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

YY configuration

« Single-phase gains

I,

“o “ V.. I, 1
= n, _— = —

Vin I, n

n n’
* External model

b o b’ Vi — 5 Ii _ l
C o o C’ Vab Ia n

external model = internal model

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

AA configuration

Ia ]a ’
a a
b o b’
C o—— o C’

Steven Low EE/CS/EST 135 Caltech

» Single-phase gains

Va/b/ _Ialb/ 1
u— n, —_ —
Vab Iab n

* External model

L, \3e 1, 1

Ia \/g e—inl6 Iab n

external model = internal model




Ideal transformer
AA configuration
e Single-phase gains

Ia Ia' Va’b’ _Ia’b’ 1
’ = l’l, = —
¢ ¢ Vab Iab n

« Equivalent Y'Y circuit

_ -1
V;n’ (\/5 el”/6> chb’

b o b’ VY = -1
an i7/6 Y
¢ o Y <\/§ e' ) %1
_I;n/ Ia/ 1
X, I n

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

AA configuration

« Single-phase gains

I, I,
‘ “ g Vay _  —hw _ 1
Vab ’ Iab n
« Equivalent Y'Y circuit
Vi Vi
= = n
bo b’ Vab Vcll/n
C o— o C’ L, ~1r 1
L 1

external model = Y'Y equivalent = internal model

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

AY configuration
I I
a o—p a
.
b o b’
Cc o— o C’

Steven Low EE/CS/EST 135 Caltech

« Single-phase gains

Va/n/ _Ia/n/ 1
—_ n, —
Vab Iab n

* External model

7t/6
Va’b’ _ \/gel Va’n’ _ \/gein/6n
Vab Vab
I / _I 1! 1

a an

I, \/g e=inlo ]



Ideal transformer

AY configuration . Single-phase gains
Va’n’ _Ia’n’
I, I, = n,
a o—p " a’ Vab Iab
« Complex voltage gain
n’ K\y(n) := \/56””611
b o b’

C o— 0 C’ % % ejﬂ/(s
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Ideal transformer

AY configuration . Single-phase gains
Va/n’ — 7z _Ia'n/
Ia Ia' Vab , Iab
a o—) a’
« Complex voltage gain
’ Kpy(n) := \/gei”/6n
n
e External model
Do b’ Vo = Kay(n) Vg
Cc o—— o C’ Ia

T Ky

Steven Low EE/CS/EST 135 Caltech




Ideal transformer

AY configuration
« Single-phase gains
o_{“ Ia' , Vaw Ly 1
a a = n, = —
Vab Iab n
« Equivalent Y'Y circuit
$ Va’n’ Va’n’ K ()
Y 1 = fart
b po Y (Ve
¢ o— ° C I S~ 1
L 3e-iH6 ], ~ Ki(n)

terminal behavior = Y'Y equivalent
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Ideal transformer

YA configuration

« Single-phase gains

[, I

a | p—oa’ Vae - n Loy _

Van Lan
n « External model

Va/c . Va’c’

b o b’ V. \/ge—iyz/q/an

C o—— o C’ Ia’ \/g Rz [C/a,

.,

an

Steven Low EE/CS/EST 135 Caltech




Ideal transformer

YA configuration

e Single-phase gains

Ia Ia' Va’c’ c'a
a , ’ = n,
e Var Lo
« Complex voltage gain
hn n o
Kypy(n) := — im0
V3
b o b’
, * External mdoel

C o—— o C

Vi = Kya(m) Vy,

I,= Kxnl,

a

Steven Low EE/CS/EST 135 Caltech



Ideal transformer

Summary
Property Gain
Voltage gain K(n)
- 1
Current gain X ()
Power gain 1
Z

Sec Z; referred to pri

Configuration Gain
YY KYY (n) =n
AA KAA(I/l) =n
AY Kay (n) :=/3n €\%/6
YA Kya(n) = 2 £7/6
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Equivalent circuit

YY configuration

equivalent circuit

Steven Low EE/CS/EST 135 Caltech

oC’

K,,(n)=n
I, ,
o—p> Z, »—O
+ +
V. L, V..
o o
I:n

per-phase circuit



Equivalent circuit

AA configuration

Co— ocC’

equivalent circuit

Steven Low EE/CS/EST 135 Caltech

K,,(n)=n

o—+»—71/3

+ +
3Y

Van " % g Va'n

o o

l:n

per-phase circuit



Equivalent circuit

AY configuration

equivalent circuit

Steven Low EE/CS/EST 135 Caltech

per-phase circuit

K,,(n)

ICZ Iav
o> Z/3 ——Pp—O
+ +

3y jml6
‘/an " ¢ ‘/a'n
o o
1: \/gn



Equivalent circuit

YA configuration

equivalent circuit

Steven Low EE/CS/EST 135 Caltech

—oC’

Ky, (n)

I .
o—> Z p—O
+ +

j/6
V., . Vi
o o

1:n/\/§

per-phase circuit



Outline

3. Equivalent impedance
* Equivalence
e Transmission matrix
* Driving-point impedance

Steven Low EE/CS/EST 135 Caltech



Motivation

Short cut in analyzing circuits containing transformers

* Thevenin equivalent of impedances in series and in parallel
e Equivalent impedances in primary or secondary circuits

Il 12 13
o+»— z 7. —> 7, f——
+ + +

T, jt/6
‘/1 % % ej o V2 ej ‘/3 Zl«xa
ci
1:3n J3n:1
transformer T] transmission transformer T2
line
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Equivalent impedances

« referring Z, in secondary to primary

7 = 5
P K|

“It is equivalent to replace Z, in the secondary circuit by Zp in the primary circuit”

 referring Zp In primary to secondary
Z, = |[Kn)|* Z,

“It is equivalent to replace Zp in the primary circuit by Z in the secondary circuit”
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Equivalent admittances

« referring Y, in secondary to primary
2
Yp = |K(n)|" ¥,

“It is equivalent to replace Y, in the secondary circuit by Yp in the primary circuit”

« referring Yp in primary to secondary

Y. = Yy
T K|

“It is equivalent to replace Yp in the primary circuit by Y, in the secondary circuit”

Steven Low EE/CS/EST 135 Caltech



Equivalent impedances

What is equivalence ?
e Same transmission matrices
e Same driving-point impedance

This is a simple consequence of Kirchhoff’'s and Ohm’s laws
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Transmission matrix

Il 12 Il
o0—> Z p—0 o—> Z,
+ + +
v K(n) v, = K(n)
o o o
ideal ideal
transformer transformer

External models (transmission matrices) of 2 circuits are equal
Z

S

ifandonlyif Z =
Y% | K(n) |
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Transmission matrix

Y~

o Z, —»—o
+ +
V, K(n) v,
o o

ideal
transformer

=1 71
1) 015
Vi K~'(n) 0
[11_ i 0 K*(n)

Steven Low EE/CS/EST 135 Caltech

o

K((n)

A A

ideal
transformer



Transmission matrix

I, I, I, I,
o—> Z, —»o o—pr— Z, >—o
+ + + +
4 K(n) Vv, =— K(n) v,

o
o
o
(o}

ideal ideal
transformer transformer

H _ KT KTz, H H _ |k K*m)Z, [V2]
I 0 K*(n) I I 0 K*(n) I

External models (transmission matrices) of 2 circuits are equal
Z

S

ifandonly if Z =
2
b | K(n)|
Steven Low EE/CS/EST 135 Caltech



Transmission matrix

Il 12 Il
(o, > p—O O >
+ + +
v K(n) Y, v, v Y, K(n)
o o o
ideal ideal
transformer transformer

External models (transmission matrices) of 2 circuits are equal
if and only if Y, = | K(n) |2 Y,
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Transmission matrix

Example
[1 ............. : I / ............ : [ A : I
£ : : 1 22 1 2 : : 22 2 : : 22
o—>p - Z, »— 0O Z. - : »—O ya - : »—O0
+ L= + + a4 + + 4 +
v BB O[] v 88 [] v« ] 8B v
o— : o o : o o : °
N, N, N, N, N, N,
ideal ideal ideal
transformer transformer transformer

(a) (Zy,Ys) in the secondary circuit.

Steven Low EE/CS/EST 135 Caltech

(b) Refer Z; to the primary.

(c) Refer ¥; to the primary.



Driving-point impedance

Thevenin equivalent

1 I/ ] I
+ + + +
Zl
V V Zy=2,+2, 14 Z| |z, V Z. =
Z2
o o o o
(a) Impedances in series (b) Impedances in parallel

Thevenin equivalent is a short cut in analyzing circuits with impedances only
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Driving-point impedance

Thevenin equivalent

Jj/6

2E

[
+

Il 12
H ZI > Zline
+ +
Jjrl6
v, % % v
o—
1:\/§n
transformer T] transmission

line

\/gn:l

transformer 7,

What if circuits contain both impedance and transformers ?
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Driving-point impedance

Referring impedance from secondary to primary

Il Il
Oo—p— —> o—»
+ +
V4 _ V4
‘/1 K(n) 2,eq ‘/1 |K(n)|2 2,eq
o—— o

ideal
transformer

Both circuits have same driving-point impedance V,/I; on primary side
« Can verify using Kirchhoff’'s and Ohm’s laws
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Driving-point impedance

Referring impedance from primary to secondary

12 12
> - » o —  » 0o
+ +
Z | |K(n) v, K[ Z,., v,
o o

ideal
transformer

Both circuits have same driving-point impedance V,/I, on secondary side
« Can verify using Kirchhoff’s and Ohm’s laws
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Driving-point impedance

Example
Il Il' 12'
o Z —>— >
+ + +
Vl Yl,eq Vl ' K(I’l) VZ ! ZZ,eq
- _ _

ideal
transformer

To find V,/1;, can analyze using Kirchhoff’s and Ohm’s laws
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Driving-point impedance

Example
11 Il ' 12 ' 11
o Z —— > o—+»——Z7Z .,
+ + + +
! Z
% Y V' | K | v, Zy e V, Y e W 2.eq
o — — o
ideal
transformer
-1
V, 1

eq T [Yieq T

L 25 eq/ | K(n) |2
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Driving-point impedance

Example
11' 12' 12
—— — Zz,eq »—O
+ + +
Zia| V'l K(n) | V' Yl Y,

Ol

ideal
transformer

To find V,/1,, can analyze using Kirchhoff's and Ohm’s laws

Steven Low EE/CS/EST 135 Caltech



Driving-point impedance

Example
Il ' 12 ' Iz 12
—— —p— Zg,eq »—O Zz, »—O
+ + + +
Z, o Vl ' K(n) V2 ' Y, V2 |K(n)|2 Z, Y. V2
— — o o
ideal
transformer
v, 1
— = |eq +

Steven Low

4!

EE/CS/EST 135 Caltech
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Driving-point impedance

Reference from one circuit to the other is not always applicable
« Example: circuits containing parallel paths (see example later)
* Generally applicable in a radial network without parallel paths

e Can always analyze original circuit using Kirchhoff’'s and Ohm’s laws
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Outline

4. Per-phase analysis
 Example
 Normal systems
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Per-phase analysis

Procedure
1. Convert all sources and loads in A configurations into their Y equivalents
2. Convert all ideal transformers in A configurations into their Y equivalents
3. Obtain phase a equivalent circuit by connecting all neutrals
4. Solve for desired phase-a variables
* Use Thevenin equivalent of series impedances and shunt admittances in networks
containing transformers whenever applicable, e.g., for a radial network
5. Obtain variables for phases b and ¢ by subtracting 120° and 240° from

phase a variables (positive sequence sources)

« If variables in the internal of A configurations are desired, derive them from
original circuits

Steven Low EE/CS/EST 135 Caltech



Per-phase analysis

Balanced 3¢ system
Example

« Generator with line voltage Viine

Vive Z « Step-up AY transformer
58 7] omi
A

* Transmission line with series
impedance Zjine

Zload

« Step-down AY transformer
(primary on right)

« Load with impedance Zjya4

 Single-phase transformer with
voltage gain n and series
impedance 3Z; on primary side

Steven Low EE/CS/EST 135 Caltech



Per-phase analysis

Balanced 3¢ system

« Generator with line voltage Viine

Step-up AY transformer

Transmission line with series
impedance Zjine

Step-down AY transformer
(primary on right)

Load with impedance Z|55g

Single-phase transformer with
turns ratio n and series impedance
- 3Z, on primary side

Example
Vline
§:§ % Zline % % l
AY Y A
Zload
I, I, 1
o—r— 7 g Ze Z, >
+ + +
‘/1 % é ejJr/G ‘/2 Jjml6 % % ‘/3 Zl ]
- -
1:/3n V3n:1
transformer 7 transmission transformer 7,

Steven Low

line
EE/CS/EST 135 Caltech

Vl'
Ine
Vl -

\/§ inl6



Per-phase analysis

Example
Vline % Zline % %
AY Y A l
Zload
I, I, 1

o—— 7 > Zyine > Z >

+ + +

‘/1 % é ejJr/G ‘/2 ej]r/ﬁ % % ‘/3 Zload

- — -

1:/3n V3n:1
transformer 7 transmission transformer 7,
line
Steven Low EE/CS/EST 135 Caltech

Calculate

 Generator current /,

Transmission line current I,

Load current I

Load voltage V;

Power delivered to load: V5

Vl'
Ine
Vl S

\/5 inl6



Per-phase analysis

Example

Vline
A Y

Z line

28

Z

load

Solution strategy

* Refer all impedances to
primary side of step-up
transformer

* Derive driving-point

\ A

% é ejJr/G ‘/2

Jjml6

2k

impedance V,/I,

V, [2.. » Derive generator current I1

* Propagate calculation
- towards load

Steven Low

transformer 7 transmission
line
EE/CS/EST 135 Caltech

\/gnzl

transformer 7,

Vl'
Ine
Vl -

\/5 inl6



Per-phase analysis

Example

I, ‘e o I, ‘e o I
o—»— 4 ; . > Zije » . : Z >
+ : : +

‘/1 % é e./'zr/6 ‘/2 e./'zr/é % % V; Z.,

| K() 1> (Zioad + Z)

1 ( 2
(Zie + 1K) 2 (Z +Z)>
K 2 line load I
Vv Z);
L = 27, + I|ne2 + Zjoad transformer gains on Z,g54 is canceled
I, | K(n) |
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Per-phase analysis

Example
; s § s y
o—r— 7 - - > Zline > - - Z,
+ | z + | | +
Vl % é o/l V2 P % é V3 Zou
” 1V NoE
Vine / (V3e) L= Kl = I
]1 —
AT I —
line V3 — Zload]3 — Zloadll
+ | K(n) | + Zload
I -
2 K*(n)

Steven Low EE/CS/EST 135 Caltech



Per-phase analysis

Example
; o , e .

o 7 > Ly, > - - Z, -

+ : : + : : +

v % é o/l v, P % é Vil Ziw

i 13 it
Viine / (V3e™)

1 1 = 7 * External behavior does not depend on

line o e inil6

1T k2 T “load connection-induced phase shift e

L= 1 « Only internal variables /|jne does

V3 = Zjoad!,

Steven Low EE/CS/EST 135 Caltech



Simplified model for terminal behavior

I [' I Iv

>— > >— >

+ + + +

% ejn/é A B ej:t/6 \ A B ,

|% C D \% \% C D \%
1 \/gn \/gnzl 1 \/gn \/gn 1

transmission transmission
line line

Terminal behavior does not depend on e

* The simplified model has the same transmission matrix

Steven Low EE/CS/EST 135 Caltech



Normal systems

A system is normal if, in its per-phase circuit, the product of complex ideal
transformer gains around every loop is 1

Equivalently, on each parallel path,

1. Product of ideal transformer gain magnitudes is the same, and
2. Sum of ideal transformer phase shifts is the same

Steven Low EE/CS/EST 135 Caltech



Normal systems

Example

4 —

— ' 1
gen l

load
T4
1:K,

Generator & load connected by two 3¢
transformers in parallel (forming a loop)

Per-phase circuit

Steven Low EE/CS/EST 135 Caltech



Normal systems

Example

Calculate
« Load current /|59

« Line currents I}, I,

in terms of Vgen, Z;, Zjoad

Implications when

« K, = K, (normal system)
« K, =K e"

« K, =k K,

Per-phase circuit

Steven Low EE/CS/EST 135 Caltech



Normal systems

Example

K, = K, (normal system):

ch=1;

load _ fload _ 0
A

Per-phase circuit

Steven Low EE/CS/EST 135 Caltech



Normal systems

Example
K, =K, e":
- [ #1
‘Iload‘ B ’1+e’€’ ‘Iload‘ B ‘1+eia‘
A T A o I Y R P

Example: K, = K, e"™° :
/load !load
: ’ > ’ =20.6%, ‘ > ‘ = 17.1%
|1 ] |15

Most current loops between transformers
without entering load

Steven Low EE/CS/EST 135 Caltech

Per-phase circuit




Normal systems

Example

K, =K, e":

- [ #1
‘Iload‘ B ’1+e’€’ ‘Iload‘ B ‘1+eia‘
A T A o I Y R P

Example: K, = K, ¢"™°

+ Sgen = 183 271", Sjoaq = 60 £0° MVA

Most current loops between transformers
without entering load
Steven Low EE/CS/EST 135 Caltech

Per-phase circuit




Normal systems

Example
K2=k'K1
- I} # 1
‘Iload‘ 1+ ‘Iload‘ _1+k
A o N | T P
Example: K, = 2K :
I I
load load
. ‘ , ‘=29.4%, ‘ , ‘=29.9%
|17 | | 15|

Per-phase circuit

Most current loops between transformers
without entering load

Steven Low EE/CS/EST 135 Caltech



Outline

5. Per-unit normalization
* Kirchhoff’'s and Ohm’s laws
* Across ideal transformer

3¢ quantities
e Per-unit per-phase analysis

Steven Low EE/CS/EST 135 Caltech



Per-unit normalization

Quantities of interest: voltages V, currents I, power S, impedances Z

actual quantity

. quantity in p.u. =
base value of quantity

Base values
* Real positive values

* Same units as actual quantities

Choose base values to satisfy same physical laws
» Kirchhoff’'s and Ohm’s laws

 Across ideal transformer

« Relationship between 3¢) and 1¢) quantities

Steven Low EE/CS/EST 135 Caltech



Per-unit normalization

General procedure
1. Choose voltage base value V for (say) area 1

2. Choose power base value S for entire network

3. Calculate all other base values from physical laws

Example: Choose
1. V|p = nominal voltage magnitude of area 1

2. Sz = rated apparent power of a transformer in area 1

How to calculate the other base values (Vl-B, Lp, Z; )?

 Consider single-phase or per-phase circuit of balanced 3¢ system
Steven Low EE/CS/EST 135 Caltech



Kirchhoff’s and Ohm’s laws

Given base values (Vl B SB), within area 1:

Then: physical laws are satisfied by both the base values and p.u. quantities

Vie = Ziglip leu = Z1pu11pu
S = Viglip Slpu — leullpu

Can perform circuit analysis using pu quantities instead of actual quantities

Steven Low EE/CS/EST 135 Caltech



Kirchhoff’s and Ohm’s laws

Other quantities

These quantities (V1 59 11p, 2 B) serve as base values for other quantities
within area 1, with appropriate units

« Sy is base value for real power in W, reactive power in var

_ B _ 2 :
Pipy = 5, leu =S Slpu =Py + lleu

« Z,pis base value for resistances & reactances in €2

[ J— Rl y— Xl — s
Ripy = 7 Xipu = 7 Zipu = Ripy + Xipy

« Yig:i=1/Z5in Q~lis base value for conductances, susceptances, & admittances
G, B, 1

Gipu = Y, Bipy = Y, Yipu = Gipu +iBjpy = Zipu

Steven Low EE/CS/EST 135 Caltech



Across ideal transformer

E;_,[ o N 2 Choose (VZB, Lz, ZZB) according to
2 4| — ~—> o T

’ i Vop = |[Km)|Vig V

i ¥ Kcm) Iis
Vi j/_m\ \/l v2 L = K()|
- i _ Zyp = |Km)|*Z;z Q
o > —
area 1 area 2

Base values remain real positive

Sp remains base value for power

Steven Low EE/CS/EST 135 Caltech



Across ideal transformer

S
g L, Lo

i‘é“‘[ Z, ‘ ’ —~ n —~S = 7+ External behavior

~ ‘71 V2 |K(n)| . n
o~ [‘<C(A Vipu = v, T % v = Vypue J<K(m
Ym % ) V 1B (n)  Vap

V) ) | 2 ~ L KWL ke

hipu= = = = bpye”
Iip | K(n) | g
tc/'/‘ — o —
area 1 area 2

If £K(n) = 0 then

leu = Vzpw Ilpu = Izpu
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Across ideal transformer

oy o I I =1,
——S 5 T o—)—Z,pu >

)
|

0l

(o)

area 1 area 2 per-unit circuit

If £K(n) = 0 then

leu = Vzpw Ilpu = Izpu

|deal transformer has disappeared !
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Across ideal transformer

hv I, Yo I, ilpu =1,,
'fo“ [ 2’( ‘ ’ 7 + ~—>—o T ?__’_ Zy, > 2
c KCM ) N
Vi Z’L( v "> Vi Lo Viw = Vi
to//‘ }‘ — 0o — g ;
area 1 area 2 per-unit circuit
2K(n) =0 if

« 1¢) or balanced 3¢ in YY or AA

* Normal systems where connection-
induced phase shifts can be ignored
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Across ideal transformer

T T ~
3 [ - T +2 I, Ipy L,
i 4 ] ’ T ~—>—o T o——1 % o

i c [‘<C(A) V 3
v‘ Ym \/ o Vl N Yol V4 pul e 2K(n) V2 "
tq/ }* — o — g ‘—O_

area 1 area 2 per-unit circuit
Otherwise

* pu circuit contains an off-nominal
phase-shifting transformer
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Across ideal transformer

Example

Given nameplate rating
of generator N

vej9(> Y
* \Voltage vV -

* Apparent power s VA

1:n1 nz:l

Calculate base values \ . )\ )\

area 1 area 2 area 3

Voltage base V|, := v, power base $p := s
« Areal: I,z :=s/v, Z;p:=V*Is
e Area2: V,p:=n, Ly = s/(nv), Zoz := v)?/s, Yop = s/(v;v)?

o« Area3: Vip:=nywin, Lp:=nsl(ny), Zyg:= (nv)*/(n3s), Y3 := (n3s)/(v;v)?*
Steven Low EE/CS/EST 135 Caltech




3¢ quantities

Given 1¢) devices (generators, lines, loads) with
 with 1¢) quantities (Sl¢, vie 1 Zl¢)

* and their base values

Construct balanced 3¢ devices from these 1¢) devices
« What are 3¢ quantities of interest?

« What are base values so that 3¢) quantities equal to 1¢) quantities in p.u.?

Base values should satisfy the same 3¢ relationships as actual quantities
Values depend on the configuration, Y or A
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3¢ quantities

Y configuration
In terms of * 3¢ power (total power to/from 3 1¢) devices):
(Slc/), Ve 110 Zlqs) 3¢ = 3819

“and their base values * Line-to-line voltage

VII — \/gem/6 Vln
Line current

r’=1, =1,

Line-to-neutral voltage

Vln — Vld)
e Impedance
Z3gl’) — Zl¢,
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3¢ quantities

Y configuration
In terms of 3¢ power (total power to/from 3 1¢) devices):
3¢ — 1 3 _ 1¢)
(S', Vi, 19, 71%) §°¢ = 3§79, S3? = 38,
“and their base values * Line-to-line voltage

V” — \/geiﬂ/6 Vln, Vg — \/gv|Bn

Line current

3 1
rt=1p, =19 D=1

Line-to-neutral voltage

Vln — Vld), V}Ign — qub -
B Calculation
* Impedance Base values satisfy
73 = 719 ng’ — Z;¢ - the same relationship
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3¢ quantities

A configuration

3¢ power (total power to/from 3 1¢h devices):

In terms of §3p 3Sl¢,

(S'2, Vi 119, Z17)

| and their base values

Line-to-line voltage
V” — \/geiﬂ/6 Vln
Line current
134'? — Iab _ Ica — \/g e—i]l’/6 11¢,

Line-to-neutral voltage

Note: _1
In _ i71/6 1
Vln, Z3? are voltage Vil = (\/g e > vie,
and & impedance in « Impedance
Y equivalent circuit
' ' ' 73 = 71973,
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3¢ quantities

A configuration

3¢ power (total power to/from 3 1¢h devices):

In terms of S3¢ = 35164 S§¢ — 35;45
(Slcb, vie 1o Zlcb)
* Line-to-line voltage
~and their base values _
V” — \/gelﬂ/6 Vln, Vg — \/gv|Bn

Line current
Pt=1,-1,=+3e ™00  PV=/31

Line-to-neutral voltage

Note:
o1
VN, Z3¢ are voltage Vvin = (\/5 elﬂ/6> vie, Vllen = (\/g)_lvéd)
and & impedance in « Impedance
Y equivalent circuit
, , , 3p _ 7l¢ 3p — 7o
73 = 7193, Z = 7713
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Per-unit quantities

Per-unit quantities satisfy

3¢p _ lg I _ y/n 3¢ _ 7l
Spu — Spu’ Vpu B VDU’ Zpu — Zpu
In | _ 1¢ 3¢ | _ 1¢
‘Vpu = ‘Vpu B =
3¢ quantities equal 1¢) quantities in p.u.
« modulo phase shifts in A configuration:
a6\ 16
LT,
n Vln <\/§€ > |% - |
Vou = —— = = ¢ oYY
pu yin - pu

1
Vi’

)
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Per-unit per-phase analysis

1. For single-phase system, pick power base S)_};"Z5 for entire system and voltage base
Vllg in area 1, e.qg., induced by nameplate ratings of transformer

2. For balanced 3¢ system, pick 3¢) power base Sgd’ and line-to-line voltage base Vg

induced by nameplate ratings of 3¢) transformer. Then choose power & voltage
bases for per-phase equivalent circuit:

lp . Q3¢ lp ._
si0= s /3 it = VL /3

Sllg will be power base for entire per-phase circuit.
3. Calculate current and impedance bases in that area:
2
gl (Vllg)

B
1 1
Vig S5’
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Per-unit per-phase analysis

4. Calculate base values for voltages, currents, and impedances in areas i connected
to area 1 using the magnitude n; of transformer gains (assume area 1 is primary):

1
l¢p ._ 1 I ._ Il . e 2
Vil = Vit Vigi= Vg Ipi= —lg Zgi= n'Zp
l

Continue this process to calculate the voltage, current, and impedance base values
for all areas

Steven Low EE/CS/EST 135 Caltech



Per-unit per-phase analysis

5. For real, reactive, apparent power in entire system, use Sllf as base value.
For resistances and reactances, use Z; as base value in area 1.

For admittances, conductances, and susceptancesq, use Y;p := 1/Z;; as base
value in area i

6. Draw impedance diagram of entire system, and solve for desired per-unit quantities

7. Convert back to actual quantities if desired
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Summary

1. Single-phase transformer
« Ideal transformer gain n, equivalent circuit

2. Three-phase transformer
« YY,AA, AY, YA: external behavior, YY equivalent

3. Equivalent impedance
* Short cut for analyzing circuits containing transformers
* Transmission matrix, driving-point impedance

4. Per-phase analysis

5. Per-unit normalization
 Physical laws, across transformer, 3¢p quantities, per-unit per-phase analysis
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