Power System Analysis

Chapter 8 Unbalanced network: component models
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Example

Single-phase system

System model = device model + network model Y_ Y_

: § ! 2
1. DeVICG mOdeI Vl =, V|Oad - Zload Iload transmission line

\/g einl6 Z

I Vi
2. Transformer model: = Yiransformer
I, v,

1 V. = S
3. Line model: [ 2 ] = Yjine [ 2 ] VB -
Iload Vload ,

M~
o8] ‘ N
~
o~
g

4. Nodal (current) balance are implicitly taken into account

5. 6 (linear) equations in 6 unknowns (Vl, V, VIoad)a (Il,lz, IIoad) eachin C
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Example

Three-phase unbalanced system

System model = device model + network model

1.

Device model: Y/A-configured devices are a key difference

Transformer model: Y/ A-configured transformers are a key
difference

Line model: 3-phase lines have straightforward extension

Nodal (current) balance are the same as for 1-phase network

6 (linear) equations in 6 unknowns (Vl, Vs, Vload), (Il,lz, Iload)
each in C?
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Key question

How to derive external models of 3-phase devices

1. Voltage/current/power sources, impedances  (1-phase device: internal models)

2. ...in Y/A configurations (conversion rules: int — ext)

3. ... with or without neutral lines, grounded or ungrounded, zero or nonzero
grounding impedances

similar principle to derive external models of 3-phase transformers (but different details)
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Internal variables

Y configuration
Internal voltage, current, power across single-phase devices: = "
IAVI
_Van_ [ Ian_ [ San_ _Vanl_an_ y +?
Y._ bn Y. bn Y._ bn| = bnybn vu~—"' ~ Vo
V& yorl, I . J L K g : VI_ *OQ\I §
_VCI’l_ _ICn_ _Scn_ _Vcnlcn_ K—/-M1 oy b N Vb
z — 3 VW

neutral voltage (wrt common reference pt) V"' € C
neutral current (away from neutral) I € C

* Neutral line may or may not be present
* Device may or may not be grounded

+ Neutral impedance z"* may or may not be zero
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Internal variables

A configuration

Internal voltage, current, power across single-phase devices:

Vab Iab Sab i Vabiab_
VA = VbC , IA = ]bc ) SA = Sbc = Vbcjbc
i Vca_ _I ca_ B ca_ ] Vcajca_
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Terminal variables

Terminal voltage, current, power (for both Y and A) to reference: N 2 A
Ve i sl [ver ?
— ’n, - bn
Vi=1vel, I:= ||, s:= || := | voP° *VC’"{\EQVK

~ 1, )
Ve I s¢ VC]_C ixw 3 > W
- - B B - - - - = —> V(

T

« Vs with respect to an arbitrary common reference point, e.g. 1

the ground

e [ and s are in the direction out of the device
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Internal vs terminal power

1. Internal power:

« Across each single-phase device: sV .= diag (VY/AIY/AH)

e Across neutral conductor: s := V"]"

2. Terminal power:

« Power injected from device to network: s := diag (VI H)
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Summary: variables

2 A
Tpn
A4
Voltage | Current | Power | Neutral line - 1) e
Internal variable yY/A JY/A st/A (VeI s) { < | Q\Ih S
/ / / Ten c
External variable % I S (V” AT s" ) L ——,

* Neutral line may or may not be present
» Device may or may not be grounded

» Neutral impedance z"* may or may not be zero
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Device models

Internal model

1. Relation between internal vars: fint <VY/A,IY/A> = 0, diag (VY/AIY/AH) = g¥A
2. Examples
H
ideal voltage source: VYA = EYIA sVA = diag (EY/A (IY/A) >
H
impedance: VYA = VA YA s = diag (VY/A (IY/A) )
iQ\Ib L 4 _'/—4‘_ v,
—"':?’““V
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Device models

Internal model

1. Relation between internal vars: fint <VY/A,IY/A> = 0, diag (VY/AIY/AH) = g¥A
2. Examples
H
ideal voltage source: VYA = EYIA sVA = diag (EY/A (IY/A) )
H
impedance: VYA = VA YA s = diag (VY/A (IY/A) )

3. Internal model

« Independent of Y or A configuration
» Depends only on behavior of single-phase devices

 Voltage/current/power source, impedance
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Device model

External model

1. External model = Internal model + Conversion rule el A
« External model: relation between (V, I, s) . +r
Yy = o, s = diag (VIH) v - - e
* Devices interact over network only through their terminal vars g gb\%w N .V,
“ = — >V,

2. Internal model : relation between (VY/A, A, SY/A)

« Independent of Y or A configuration
« Depends only on behavior of single-phase devices

3. Conversion rule : converts between internal and terminal vars

« Depends only on Y or A configuration
* Independent of type of single-phase devices
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Line or transformer model

. . . o A
1. Aline or transformer has two terminals j and k House-ploct | | ot plas
sk ) e ¢! M
» Each terminal may have 3 wires (ports) or 4 wires (ports) if neutral line present ° S
ni

2. Terminal variables (3-wired)
. Terminal voltages: V= (V. V2, V) € ©, V= (VA VL V) € C
. Sending-end currents: Ijk = <If;¢’ IJ.Z;C, Iﬁ{) e C?, ij = (I,g., I,’c’j, I,;) e C?
. Sending-end powers: S := <SJCI‘<, SJ.Z;C, Sﬁ€> e C°, Sy = (S,ﬁ;-, S,fj, S,;) e C’
3. Model in terms of 3 X 3 admittance matrices:
. IV relation: g(Vj, Vi, Ijk,lkj> =0
b b(10) H H
. sV relation: Sjk = VJ (Ijk> or in vector form S := diag <lejk>, Sy = diag <Vklkj>
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Network model

Network balance equations relate terminal vars

Nodal current balance: IJ = Z Ijk
kij~k

Nodal power balance: s; = Z Sjk
kij~k
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Overall model

Device + nhetwork

1. Device model for each 3-phase device

) + conversion rules

. Internal model on (VjY/A,IjY/A, SjY/A

External model on <VJ L, sj)

Either can be used

Power source models are nonlinear; other devices are linear

2. Network model relates terminal vars (V, I, s)
* Nodal current balance equation: linear

* Nodal power balance equation: nonlinear
] Overall model will be linear if and only if only voltage/current
* Either can be used sources and impedances are present (but no power sources)
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Outline

1. Overview

2. Mathematical properties

« Conversion matrices I, I'T
* Sequence variables

3. Three-phase device models
4. Three-phase line models

5. Three-phase transformer models
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Conversion matrices

I -1 0

1 0 1

Incidence matrices for:

7N\

H——0
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Conversion matrices

Convert between internal vars and external vars

Vab 1 —1 0 Va I, 1
Vie| = [ 0 1 —1] Vil I| =- [—1
V., —1 0 1 V. I 0
| " ca | - | "] aa
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Conversion matrices

Convert between internal vars and external vars

Vb 1 —1 01 | Va I, 1 0 -1

Vbc — 0 1 —1 Vb 5 Ib =—|-=1 1 0

Vea —1 0 v, I 0 -1 1
- r - o rr

In vector form

VA = TV, I = -T2
internal terminal terminal internal
voltage voltage current current
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Conversion matrices

Lemma
Let M € C™" be a normal matrix, i.e., MM = M"M.

1. Decomposition: M = UAU" where A = diag(4,, ..., 4,) are eigenvalues and columns of U
are eigenvectors of M.

2. Pseudo-inverse: M = UANTU" where AT := diag (21_1, ...,/ln_l) with /1]-_1 =0 if /lj = 0.
3. Solution of Mx = b: A solution x exists if and only if b is orthogonal to nuII(MH) in which case

x = M'b + w, w € null(M)
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Conversion matrices

Spectral decomposition

Spectral decomposition:
eigenvectors

I' = FAF, FT = FAF of I, FT
where /l \
0 ] 11 1
A= | —a Fi=—|1 o &
] 1 — a2_ \/g 2 a

1 a
—~i2a/3 / \

anda ;= ¢ - ,
positive-seq negative-seq
balanced balanced
vector a vector a_
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Conversion matrices

Theorem

1.
2.

The null spaces of I" and I"Tare both span(1).
I"is normal. Moreover, ITT =TT = %FFT = %FTF = [ — %11T

1
. Their pseudo-inverses are: T = —TIT, " = —r

. Consider I'’x = b. Solutions x exist if and only if 1Th = 0, in which case

1 T

. Consider I'"x = b. Solutions x exist if and only if 17h = 0, in which case

1
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Sequence variables

Fortescue matrix F

1. Fis unitary and complex symmetric (recall " = FAF)

2. lts inverse is:

F_l = FH — F = L[" C_¥+ (,_Z_]

V3
3. F defines a similarity transformation:

~

x = Fx, ¥ = Flx = Fx

4. X is called the sequence variable of x. Its components are

~ 1H ~ 1H ~ 1H
Xg = —=1"%x, X, = —=alX, X_ = —a

V3 MV Y i
zero-sequence positive-sequence negative-sequence
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Sequence variables

Sequence voltage, current, power

1. Sequence voltage and current:

~

V= Fv, I = FI
2. Powers in phase and sequence coordinates:
s ;= diag (VIH), § := diag (VTH)
3. The total powers are equal 175 =1Ts:
15 = 1"V = (I"FY)(FV) = IV = 1Ts
since F'F = FF =1
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Outline

1. Overview
2. Mathematical properties

3. Three-phase device models
» Conversion rules

« Devices in Y configuration
 Devices in A configuration

« Y-A transformation (ideal devices)
4. Three-phase line models

5. Three-phase transformer models
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How to derive external models

Recall
1. External model = Internal model + Conversion rule By,
Tan
« External model: relation between (V, I, s) y +?
» Devices interact over network only through their terminal vars v - PERA
0 Q+\
. -~

2. Internal model : relation between (VY/A, A, SY/A) ix 3, S o v,

* Independent of Y or A configuration £ -1

» Depends only on behavior of single-phase devices
» Voltage/current/power source, impedance

3. Conversion rule : converts between internal and terminal vars

« Depends only on Y or A configuration
* Independent of type of single-phase devices
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Conversion rule

Y configuration
1. Converts between internal and terminal variables
V=V+vi I=-=-I s=—(s"+ VT
= Y
1T = —1T[Y = — " J—FM *
2. Negative signs in I, s due to directions of currents and powers VJ‘ y

Ve, -
« (1, 5) : current & power injection from 3-phase device to rest of network {0
x&w

. (IY, SY)Z current & power delivered to the single-phase devices

3. If there is no neutral line, then 7" := o0, [I":=0

« {T] = —1T]¥ = (, V" determined by network interaction
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Conversion rule

Y configuration: assumption C8.1

1. Assumption C8.1

 All voltages are defined wrt the ground

« All neutrals are grounded through z"* (which may be zero)

2. If Assumption C8.1 holds
« Vi=-7" (1TI)
e VI=0ifz"=0

3. If neutrals are ungrounded but connected to neutrals of other
devices through 4-wire lines

. (V”, I") determined by network interaction

N Va

an
.~ .V
M;__ﬂ V
Ic [4

C8.1 often assumed sometimes implicitly in literature
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Conversion rule

A configuration: voltage conversion
1. Converts between internal and terminal voltages & currents
VA = TV, I =TT

2. Given VA, solution V exists iff 1TVA = 0, i.e.
e V¥ 4 ybe 4 ye = () (Kirchhoff's Voltage Law)

1
3. Solution: terminal voltage V = ngVA + y1, yeC

4. y = %1TV: (scaled) zero-sequence terminal voltage

« A given reference voltage, e.g., V,, := a_, fixes y for every A-configured device
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Conversion rule

A configuration: current conversion
1. Converts between internal and terminal voltages & currents
VA = TV, [ = -T2

2. Given [, solution 12 exists iff 17] = 0, i.e.
e I+ 1°+ ¢ = 0 (Kirchhoff's Current Law)

1
3. Solution: internal current [ = — EFI + f1, pecC

1 ,
4. = §1 TyA . (scaled) zero-sequence internal current

« Zero-sequence internal current does not affect terminal current /

Steven Low Caltech 3-phase devices



Conversion rule

A configuration: power conversion

1. Relation between s and s2 is indirect, through(VA,1A>, through (V, I), or through (V, IA)

* Follows from voltage and current conversions

2. Given (VA,IA) with 1TVA =0, s := diag (VAIAH) and terminal power is
s = diag (VIH) = —diag <FT (VAIAH) F) + vl
3. Given (V,I) with 1] =0, s := diag (VIH) and internal power is
s® = diag (VAIAH) = —diag <F (VIH) FT) + pVA
4. Zero-sequence voltage y and current # may be determined by spec or network interaction

5. Total powers 17s and 17s® are independent of (¥, 5)
« Because1'/=0 and 1TV2 =0
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Conversion rule

A configuration: power conversion

6. Relation between s and s through (V, IA) ; , , A
» no direct relation between s and s

s = — diag (VIAHF>, SA = diag (FVIAH) « follows from voltage & current conversions

L AN . 1 |
. The parameterization (V,I ) implicitly contains y := 51 V and f:=—1'1% and is more

convenient computationally
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Three-phase devices

We next specify internal models and derive external models of 3-phase devices:

1. External model = Internal model + Conversion rule Lo,
Tan
« Internal model: relation between (VY/A, IY/A, SY/A) Mr
N—n' = Vin

« External model: relation between (V, I, s) +V°“<> + .

I, b
| S IS ) V
. =, 3 b
2. ... for devices >y,

» Voltage source
« Current source
* Power source
* Impedance

3. ...in Y and A configurations
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Voltage source (E*,z",z"): Y configuration

Internal model

1. Internal voltages and currents
VY= EY + 1Y, =177, yn= " (1TIY)
2. Internal powers:
« Across each single-phase device: sV = diag (VYIYH)

« Across neutral conductor: s := V*["

Z(li’l I(ll’l 2
EanlanH ,
2
s¥ = diag (EYI™) + diag ('1Y 1) = [ gonpor| + | 200 | 10n| 7|, o= 1T1Y‘
Ecnlan )
ZCl’l ICl’l
Y — -
Sideal
Simp
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Voltage source (E*,z%,z"): Y configuration

External model

1. Internal model
vY= EY + Y[Y
2. Conversion rule for Y configuration
V=V4+ve I=-I
3. = External model (under Assumption C8.1=>V" = — 7" (1T1))

V = EY — (ZY+ Z”11T) I  neutral conductor 7" couples the phases

s = dag (V(E"-V)"(@)")
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Voltage source (E*,z%,z"): Y configuration

External model

4. Comparison
Single-phase: V= E—-zI € C
Three-phase: vV = EY — 7ZY] e (3

7+ 7" 7" 7"
Y ._
4 = A L L
RS 7" "+ 7"

Il

s
2 +
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Voltage source (E*,z",z"): Y configuration

Ideal source

1. Assumptions
e 7Y =0
« Assumption C8.1 withz"=0:V"=0

2. Internal model

vY = EY
3. Conversion rule for Y configuration
v=1V, 1=-I
4. —> External model
V= E'

s = diag (EYIH)
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Current source (J',y",z"): Y configuration
Internal model

IL(
1. Internal voltages and currents s oy
= J"+ y'vr J?
QL an

2. Internal powers:

sV = diag(VYIYH) = diag(VYJYH)+diag(VYVYHyYH) g@\?/ SN

Q

T b

b
I N V4
I VA

IC

2
VanjanH yanH yan
= Vbn anH + yan Vbn 2
cn yenH
Ve yan yen 2
Sideal _ ~
Sadm
2
T
s = vt = 7 [1TJY + diag (yY) vY
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Current source (J*,y",z"): Y configuration
External model

IL(

1. Internal model r?_q»ﬂ Ve
! ?j

IY — JY + vaY

2. Conversion rule

Q%@J\
V = V¥ + vA, I = =IY [
‘_)__*,V

3. = External model (under Assumption C8.1=>V" = — 7" (1T1))
Zn
I = =AY +y'V)  where A = [-— yr11T
( ) 1+ 2z (17y")

s = —diag (V(JYH + VHyYH)AH)
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Current source (J*,y",z"): Y configuration

External model

4. Comparison r%‘——% v
JM 1‘11’

Single-phase: I = J—yV

LT Y Y : o
Three-phase: [ = A(—J -y V) G| Ao T S
= —
< .
A = - yrT L
1+ 27 (1Ty") - T
A=1if7"=0

1-phase device

J® 1%
Note: directions of J are opposite —
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Current source (J',y",z"): Y configuration

Ideal source

IL(

1. Assumptions >
S & C%:%‘J

yi=0
« Assumption C8.1 withz"=0:V" =0

fﬁi\ "
2. —> External model y
——pﬂ Ve

I = -J"
s = —diag (VJYH)
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Power source (¢”,z"): Y configuration

Internal model

1. Internal powers — e A
: S
|,
¥ = o R S (I 1T1Y‘ )
. =
P @\\x T
.
— v
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Power source (¢”,z"): Y configuration

External model

Ia

1. Internal model — e A
SY — GY «“[VGE
\51,
2. Conversion rule T RO ™
s LV
V=V+ve I=-I o
_%o |/c
3. = External model (under Assumption C8.1=>V" = — 7" (1T1)) re o
~1
IVrelation: V = —diag (I") o' — 2" (117)1
Is relation: s = — <0Y + 7" (T]T) 1)
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Power source (¢”,z"): Y configuration

External model

4. Comparison
Single-phase: s = o

Three-phase : s

Il

|
N

Q

h<
_I_
[

S
~
'\ll

—

~
-
N—

power delivered to 7"
Total power (3-phase) : l
—1T6? = 1Ts + 7(17Y) (171") = 1Ts + "

. v _InH

Steven Low Caltech 3-phase devices
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-
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Power source (¢”,z"): Y configuration

Ideal source

1. Assumption

« Assumption C8.1 withz"=0:V"=0

2. —> External model
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Impedance (z”,z"): Y configuration

Internal model

;gvi
1. Internal voltage and current: h‘é
‘1_
VY — ZYIY
TR T,
2. Internal power: 1% RN
I
H
st = diag(VYIYH) = diag(VYVYH(yY)> q —
) -
¢ = VnInH — Zn 1TIY‘
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Impedance (z”,z"): Y configuration

External model

1. Internal model
VY — ZYIY
TR T
2. Conversion rule for Y configuration A VY
I
Vv=Vvi+vi == | —
3. = External model (under Assumption C8.1=>V" = — 7" (1T1)) i
Vv = -Z"1 = (ZY + ZnﬁT) 1 neutral conductor z" couples the phases
H
s = —diag (VVH (2" )
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Impedance (z”,z"): Y configuration

External model

4. Comparison

Single-phase: V=—-7zI € C

Three-phase: Vv = —Z7ZY] e C3
29" + 2" "
VAR 7" "+ 7
| " Zn

Steven Low Caltech 3-phase devices
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Impedance (z,z"): Y configuration

Ideal impedance

1. Assumption

e Assumption C8.1 withz" =0: V"

2. —> External model

ZY — ZY, 1%

phases are decoupled

Steven Low Caltech 3-phase devices
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0

Balanced impedance
When 7" # 0 but z¥ is balanced, i.e., %" = 72" = 7" then similarity
transformation using F' produces a sequence impedance that is decoupled in the

sequence coordinate
2" +3z" 0 O




Recap: external models

Y-configured devices (ideal)

Device Y configuration

Voltage source | V =E' +v1 s = diag (EY I H) + I
Current source [=-J" s = —diag (VJY H)

Power source diag (IH) V—-y1)=—-0 | s=—c +9I

Impedance V=-T+y1 s = —diag (V (V — yl)H yYH)

1. y := V"is neutral voltage
2. Negative signs are only due to directions of I and s (out of device)

3. total terminal power 1Ts = total internal power 1TsY 4 power delivered across neutral
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Outline

1. Overview
2. Mathematical properties

3. Three-phase device models

 Devices in A configuration

o Y-A transformation
4. Three-phase line models

5. Three-phase transformer models
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Voltage source (E*,z*): A configuration

Internal model

1. Internal voltages and currents /K S
VA = EA &+ ZA I° independent of Y/ A config o @ .
abh
2. Internal powers: &) .

/- =
A diag(VAIAH) _ diag<EAIAH)+diag(ZA1A1AH) tfggw -
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Voltage source (E~,z*): A configuration

External model
1. Internal model
VA — EA + ZA IA
2. Conversion rule for A configuration

VA = TV, ] = -TT/A
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Voltage source (E*,z%): A configuration

External model

1. Internal model T

VA — EA 4 LApA EA@
£

2. Conversion rule for A configuration L@ U
— O %
va = TV, I = -T"* Li%g
Ve
3. Two (asymmetric) relations between terminal vars (V, I)

« Given V, 1st relation uniquely determines I (hence (VA,IA) as well)

 Given I, 2nd relation determines V up to zero-sequence voltage y

Asymmetry is because V contains more info (y) than I does (which contains no info

about zero-sequence current ff 1= §1TlA )
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Voltage source (E~,z*): A configuration

External model

4. GivenV,
I = (I'yY)E* - YAV
yab+yca _yab _yca 1
YA = FTyAF = —yab yab+ybc —ybc , yA — (ZA)_
i _yca _ybc yca+ybc_
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Voltage source (E*,z%): A configuration

External model

4. GivenV,
I = (I'y4)E* — Y2V
yab+yca _yab _yca 1
YA = FTyAF = —yab yab-|—ybc —ybc , yA — (ZA)_
_yca _ybc yca_l_ybc
5. Given I with17] = 0,
V="TE*-Z+p,| 1T =0

. 1 1 1 1
= -1 u——zAﬂ), Z8 = —FTZA<H——1ZAT>F
3 & 9 &
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Voltage source (E*,z%): A configuration

External model

6. Terminal power in terms of V or I A «
s = diag (VIH) = diag (V(FTyAEA — YA V)H> - @4 .
&) -

s = diag (VIH)

A - L% 3% = v,
diag( fEs — ZAI> 1H> + 4] Lﬂ
1
VC

Power due to zero-sequence voltage y
Total power 175 is independent of y because y1 T=0
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Voltage source (E~,z*): A configuration

External model
T

7. Comparison A
A @ .

Single-phase: V= E—2z/ fp i
Three-phase : V TEA — Z2 + n, 111 0 A@ ‘{;fgi
— o Yo

1-phase device

1
s >
2 +

EQ 1%
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Voltage source (E*,z%): A configuration

Ideal source

1. Assumption S

° A — O EN\_ A b
< + p @ + Eab
A 1 o _
2. = ['= —IT, ZA = 0 ﬁ;&ﬂz*
3 __ Zero-sequence voltage ¥ %EO —b" e Y,
3. — External model / LMI; Vv,
1

V = EI“TEA + 71, 111 = 0

/i\/

N

s = %diag (TTEAY) + 41

Steven Low Caltech 3-phase devices



Voltage source (E~,z*): A configuration

Voltage source specifies E* which does not uniquely determine terminal
voltage V Een A

1 5
. Because the zero-sequence voltage y := §1TV is arbitrary 47 -

I
ATO 3 e,
» ¥ needs to be specified, e.g., fixed by a reference voltage or grounding L\__E:Qﬂ
Ve

« ... for both ideal or non-ideal voltage sources
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Current source (J4,y*): A configuration

Internal model

1. Internal voltages and currents I

IA - JA + yA VA % ab
T A\’
2. Internal powers: o Gy N

s& = diag (VA - %};&_« v,

= diag (VAJAH) + diag (VAVAHyAH) ’ T
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Current source (J4,y*): A configuration

External model

1. Internal model I
v&
IA — JA + AvA
y » (b
2. Conversion rule @@ N22¢
be I
VA = TV, I = -TTA ~—% — Y,
3. = External model ! = .
I = —(TUV* + Y*V)
_yab+yca _yab _yca |
where (as before): YA = —y“b yab+ybc —ybc
i _yca _ybc yca+ybc
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Current source (J4,y*): A configuration

External model

1. Internal model f)

\/Cl
A _ gA A A
" = J° + y=V 3 %3@
N D
2. Conversion rule @@ 224

3. = External model L y
I = — (V% + Y2V)
s = diag(VI") = —diag (VJAT + VVHY2H)
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Current source (J4,y*): A configuration

External model

4. Comparison N
Single-phase: I = J—yV ) %3* A
Three-phase: I = —T'J2 — YAV j@@ K22

YA = TTyAT — S
S I ,

1-phase device

J® 1%
Note: directions of J are opposite —

\ B
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Current source (J4,y*): A configuration

Ideal source

1. Assumption T
c YA =0 % ) A
2. = External model 3‘“@@ N2 \3
] = _[TJA ] @}A_j_« v,
s = —diag(VJA) ngﬂ y
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Voltage & current sources: comparison

1. Voltage source specifies E* which does not uniquely determine

terminal voltage V Een A
£,

+V=TE*-Z7+pn, 1T=0 & -
I
1 T LRO 3 L Y,
. due to arbitrary zero-sequence voltage y := 51 |4 L—”—Eb’;ﬂ
I
Ve

2. Current source specifies J2 which uniquely determines terminal a
current / . (o
13 O
o1 &7 N

= — (TV2 + Y2V)
1
. J A contains its zero-seqguence current ﬂ = §1TJ A @b
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Power source ¢°: A configuration

Internal model

1. Internal powers T

>0 V1
s& = diag (VAIAH) = o2 - n
&

Lﬁé@ < vy

L "
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Power source ¢°: A configuration

External model

1. Internal model
—
SA — GA (fﬂu/k\ db
@CY
2. Conversion rule / L
(_
‘"

VA = TV, I = -TTA e
3. —> External model LéHﬂ

1 _
IV relation: ¢® = —gdiag (F(VIH) FT> + pr'v, 171 =

Y/

G

7 complex vars (V, I, #), 4 quadratic equations
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Power source ¢°: A configuration

External model

Y/

1. Internal model
- 0
SA = GA (YMX\@(YM)
- N
2. Conversion rule // \A\\ﬁ
VA

4
A _ _ T7A 2
Ve = TV, I = —-1"1 L Yo
3. —> External model = v,

1 _
IV relation: ¢® = —Ediag (F(VIH) FT> + pr'v, 171 =

Equivalent model: ¢® = diag (FV]AH)
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Power source ¢°: A configuration

External model

4. Comparison

- 0 Va
Single-phase: s = o &“‘@/\ s
(2
Three-phase: s = — diag (VIAHF) 4 E

/

- . A
(V, = V) I =
cd = diag (FV]AH) — (Vb _ Vc) oe T, "
(V.= V,) I .
u _ 1-phase device

Given V (and GA), 12 and hence s are uniquely determined
Given 12 (and %), only I'Vis uniquely determined, not V nor s 0] "“'b[
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Power source ¢°: A configuration
Ideal source

I

e

1. Assumption y
- 0
« Assumption C8.1 withz"=0:V"=0 @/\ .
(ftll Jd
2. = External model bl X |
/ ‘—Lﬁ

I,
s = —¢oF — O Y
Lﬂl
V,

Steven Low Caltech Device modSteven Low Caltech 3-phase devicesel



Impedance 7: A configuration

Internal model

1. Internal voltage and current:

VA — ZAIA
2. Internal power:
s® = diag (VAIAH) .= diag (zAIAIAH)

Steven Low Caltech 3-phase devices




Impedance 7: A configuration

External model

1. Internal model
AIA A

VA = ¢

2. Conversion rule \A\;ﬂ
L_h@ 2oy

VA = TV, [ = -T2 L—Mﬂ
= V.
3. = External model )
GvenV, I = —Y2V = —(I'y*I)V
Given ], V = _ZA] + }/1, 1T[ = ( As for voltage source, the asymmetry is
| because V contains more info (y) than I does
1
Zh = T2 (1-=122" T
9 ¢
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Impedance 7: A configuration

External model

4. Terminal power s can be related to V or to I A
Given V, s = diag (VIH) = — diag (VVHYAH)
diag (VIH) = — diag (ZAIIH) + vl L/

Given I, s

As for voltage source, the asymmetry is
because V contains more info (y) than I does
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Impedance 7: A configuration

External model

5. Comparison A
Single-phase: [ = —yZ or V=—-7zI € C

Three-phase : L
A . L_“@\_Lﬁiﬂ v,
I =-YV € C L—Qﬂ
V = —Z5 + 1, 171 0 Ve

1-phase device
— V +
<

_—

Il
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Impedance 7: A configuration

Balanced impedance

1. Assumption

. Zab — Zbc — an

2. External model

V = —ZA 4+ 1, 111 = 0
Zab 1
ZA — <|] — —1 1T> phases are coupled (ZA is not diagonal)
3
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Impedance 7: A configuration

Balanced impedance

1. Assumption A
. Zab — Zbc — an
2. External model / «Aﬂﬁ
LM@ L

V=-Z+yp, 1T =0 L—M&

Zab 1
ZA —_ <|] — —1 1T> phases are coupled (ZA is not diagonal)
3. Sequence impedance 7% is decoupled in sequence coordinate
a [O O O
ZA = — 101 O zero-sequence component (first row & col) is zero because I¢ + I” + I€ = ()
3 o 01
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Recap: external models

A-configured devices (ideal)

Device A configuration

Voltage source | V=1TTEA+y1,1'1=0 | s= tdiag (CTEAM) + 91
Current source | [ =—ITJA s = —diag (V]AH F)
Power source | o = diag (I'VIAR)

Impedance [=—-Y2V s = —diag (VVHY AH)

1. y:= §1TV is zero-seq terminal voltage

2. total terminal power 17s is independent of y because 17=0
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Outline

1. Overview
2. Mathematical properties

3. Three-phase device models

o Y-A transformation
4. Three-phase line models

5. Three-phase transformer models
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A-Y transformation

Ideal voltage source (E-,y)
1. External model
1
V= STE® + 1, 171 = 0

2. Y equivalent

« Ideal voltage source V = EY + V*1, 1T = — " with
1
EY .= —TTEA, Vit o=y, no neutral line so that " =0

* Not necessarily balanced
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A-Y transformation

Ideal voltage source (E-,y)

3. If E2 is balanced then

FTEA — (1 _ aZ)EA — \/ge—iﬂ/6EA

1 .

V = —— e "OFEA 4 41, 17 = 0
V3

Y equivalent:

EA, vVt o=y, no neutral line sothat " =0

Steven Low Caltech 3-phase devices



A-Y transformation

Non-ideal voltage source (E*,z%,7)

1. External model
V = TE2 — ZAI + 1, 17 = 0
where ' := lFT <|]—12A1T>, ZA = lFTZA <|]—l1ZAT>F
3 4 9 4
2. There is no Y equivalent
« Y equivalent has no neutral line so that 17/ = 0
. Externalmodel: V. = EY —z'1+ V™

. Z" is generally not diagonal (even if z* = z%1), but z! is diagonal
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A-Y transformation

Ideal current source J2

1. External model

[ = -T"J
2. Y equivalent
« |deal current source [ = — J¥, 17] = — [* with
JY := TTJ% noneutral line (177 = 0)

3. If J2 is balanced then

ﬁ]A

Y _ _ a2\ 7A  —
S = (1 (X)J eiﬂ'/6
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Outline

1. Overview
Mathematical properties

Three-phase device models

> LD

Three-phase line models
e 4-wire model
e 3-wire model

5. Three-phase transformer models
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4-wire line model

Series impedance matrix 2;k

1. Single-phase line: VJ -V, = Zy [jk

2. Three-phaseline: V.—V, = ‘kljk

J ]
VG EE
vl el | d | (e
Vi ol e s | | I
KA e gz 2| |k

impedance matrix 2

3. Impedance matrix 2;,( depends on
» wire materials, lengths, distances between wires, frequency, earth resistivity
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4-wire line model

Interpretation

Complete circuit a only

il (v
b

il _ %

Vil o|v

4 _V,?_

self impedance:

2dd
ik »
jk

Steven Low Caltech 3-phase line

Gk Lk Lk Sk

V- Ve

aaa 2ab  rac  zan
Lk Lk Lk Lk

ij Zj ij ij

ik ik &

rba 2bb 2bc 2bn
aca »cb  2cc  acen

Aana 2nb  anc  2nn

J J J J

ik

mutual impedance:

b _ /b

21961 VJ Vk
Jk a
Jjk

~
=

o O O




4-wire line model

With shunt admittances

Each line is characterized by

-1
. Series admittance y;; := (2; )

. Shunt admittances <§;J";<, )A;Z;>

A Ve

Terminal voltages (\A/], Vk) and terminal currents <Ijk, ij> satisfy

ho=5(9-0) + 59

Iy = Yy (Vk - Vj> + ViV
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3-wire line model

Series impedance matrix z]fz

Y 7| - - raa 2ab zac z2an B
Vi Ve Gk Gk <k Lk || ik
vl vl (g | (s
C C _ aca acb  ace  acen c
Vi Vi kK i G| |l
Vil ge b oo el (D

1. I = 0 can eliminate last column and row of Z;,

« There is no neutral line, e.g., A-configured device

1
n__ yn. T no o _ _ anajya anb yb SNC JC
2. VJ = : can eliminate Ijk = o (ij Ijk+ ik Ijk + ijljk)
'jk
« Neutrals at both ends are grounded with z}" =z/=0
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3-wire line model

Series impedance matrix z]fz

Both cases can be modeled by 3 X 3 impedance matrix

Steven Low Caltech 3-phase line

[ y/a | ] aa .ab _ac a

Vi Vi Gk Gk Gk | i

b b ba bb bc b

Vi Vi Gk Gk Gk | | Lk

¢ ¢ ca .cb _cc ¢
_V] | _Vk ] 4k Tk Lk ]k_

ij
Three-phase line: V, =V, =z I




3-wire line model

With shunt admittances

Each line is characterized by

-1 v,
. Series admittance yﬁ{ = (zﬁc) G

(AT
. Shunt admittances <y]?,”’j, y,’;) .

Terminal voltages (Vj, Vk> and terminal currents <Ijk, ij> satisfy
b= (V= Vi) + 1,
L= Yy <Vk_ VJ) + Vi Vi

Steven Low Caltech 3-phase line

— K, ve
Y L :
ji T '

I TH Pkl
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3-wire line model

With shunt admittances

Each line is characterized by

—1 v, :;)K ] 3_"1 .y
. Series admittance yj := ( ) P Y T% —
\G't N ;l r ______k\f T‘ :c v l{'
. Shunt admittances <y ko Vi ) J« . i Y

J

H H H H
5= vi) = w(u=n) (i) + v ()
H H H H
j = Vk (Ik]) = Vk (Vk V) (yﬁ) + VkV}: (y,’%") line flows are diag(Sj), diag(Sy)

Steven Low Caltech 3-phase line

Terminal voltages | V/, Vk> and line power matrices <S o Skj> € C% satisfy

5
|



Comparison

IV relation

Iy (VJ, Vk> = Vi (VJ— Vk)

ij(‘/ja Vk> = )ﬁ(vk_ V]>

SV relation

54
/N
=
=
N——"
I
~
VR
—~
I
=

same expressions for 1 or 3 phases !

Steven Low Caltech 3-phase line

3-phase 3-phase
1-phase (4-wire) (3-wire)
ad?wit’crfncn?s C x4 C3x3
voltages C c* C3
ViVi
currents C c* c?
Lir- 1y
line powers
4x4 3x3
St Sy ¢ . -




3-wire line model

Example

* Line model relates terminal voltages and currents at both ends of the line, regardless of device
Y/ A configuration
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3-wire line model

Example

i Ly sj> at bus j satisfy external device model and line model (that relate (VJ, Ij, sj> to V})

Terminal vars <V-,I
.. . _ gext — A H
. Device j model: 0= f] (V],I]>, s; = diag <VJIJ>

. Line (J, k) model: Ij= Ijk<Vj, Vk>, s; = diag <Sjk<Vj, Vk>>
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3-wire line model

Properties

1. Properties of admittance matrices (yjr}{, )’}z’ y]'€7;>

» They are typically complex symmetric (not Hermitian)

. yjsk is typically invertible

Complex symmetry of yj“}( leads to single-phase
equivalent of 3-phase networks (see later)
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3-wire line model

Properties

1. Properties of admittance matrices (yjr}{, yﬁ?, y]g)

» They are typically complex symmetric (not Hermitian)

. yjsk is typically invertible

2. Symmetric line, e.g., through transpose and
symmetric line geometry

1 2 .2 1 .2 .2

Gk Lk % Yik  Yik  Yjk

s 2 1 2 s 2 1 2
Gk = |Gk Gk Gk|- Ve Tk ik ik
2 2 1 2 2 1

_ij < ij_ _y ik ik Y jk |
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Outline

1. Overview
Mathematical properties
Three-phase device models

Three-phase line models

o &~

Three-phase transformer models
* General derivation method

« YY,AA, AY, YA configurations
* UVN-based model
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Review: single-phase transformer

. T I T I
1. Internal and terminal vars y “*qu“‘ﬁ ri v
A A A A VJ % g \71(
. Internal vars: (VJ, Ij> and (Vk, Ik> - B "
I:n
desd Hraut frmar

. Terminal vars: <VJ V] ) and (Vk, Vi, Ik)

2. Internal model on internal vars between primary & secondary sides

 (Ideal) transformer gains: ‘A/k = n\A/-, ik = afj

3. Conversion between internal & terminal vars on each side

A

— 17 _ 7T
Visy [+ Vi + Vi =

Vk= ‘A/k+V,?, Ikz_lk
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Review: single-phase transformer

. . T I - I
j . Lk
4. External model on external vars across pri & sec sides y =y i“—-ﬁ ] vk

* Eliminate internal vars from internal model and conversion ) % 5,\7“
Vw o — - '/;:
—_ n ) ]
Ij — y ay ‘/J _ ‘/J el hwrfmm
Iy —ay aly |\ |Vi| %

5. If neutrals are grounded with zero grounding impedance so that VJT“ = V,’g = 0 (often assumed)

Ly _ 1y oY K———w o
Ll |-ay a¥| |, _

0_4)3 R(Qﬂ

« Reduces to a I circuit

,,]
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Three-phase transformers

1. Three-phase transformers consists of 3 single-phase transformers in Y/A configuration

2. External models can be derived following the same procedure
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General method

Primary side

1. Internal vars (defined across individual windings)

[ van | [ 2an | [ ab | [ 2ab |
Vi I Vi I
7Y . (7bn 7Y . _ Tbn (A . (7bc TA . _ Tbc
A Rl AR L N
\ 7cn Tcn (rca Jca
Vi 5| Vi 5|

2. Terminal vars (voltages wrt common reference, e.g., ground)

Vil Ij
Vj:= ij , I] = I]‘b , for Y configuration: <V]?1,I]”>
Vi Kl

3. Leakage admittance matrix y := diag (y“,yb,yc)
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General method

Primary side

4. Conversion between internal and terminal vars

Y configuration

— n (7Y _ 7Y
p=y(V-vi-7). =1

« A configuration

Steven Low Caltech 3-phase transformers

1"

_qTjY

i.a :'EAV\
) i +
Amg
b 2b VJ (
O S
' y +
J .
W
. . J
. (&)
v° I) T -
j sl ol
V.
" 3 J
V -
)
Aab
v xf ﬂ i
jk—>__d »\;Zu
|
b A be -
y I 5 ,
ol U —
~ be
A
J
I T
\/'( ) ‘L +-
) Aot



General method

Secondary side

1. Internal vars (defined across individual windings)

[ an | [ 2an | [ ab | [ b |
Vk Ik Vk Ik
7Y . _ (7bn 7Y . | (A . (7bc TA . | 7bc
{7cn Tcn (rca Jca
_Vk i _Ik i _Vk ] i k ]

2. Terminal vars (voltages defined wrt common reference, e.g., ground)

_iﬂ.h Ik'l .
a Ia '1’ — V,,_

k k /\;Kab

Vii= [V, L = |[RR], f iguration: (V, It '

L= t|» I == ||, forY configuration: ( k,Ik> eI
A ic = 3—~— U,

k k gkbt
-'?LM ic v

3. Admittances in secondary side assumed to have been referred to primary i
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General method

Secondary side

V2 jL_E_I;,L__
. . . ) 4 +
4. Conversion between internal and terminal vars 3
o

b Zbn -

Y configuration V; o . —
s

_ Y n _ _ gy n_ 4TfY ) o LA

V= Vi + Vit L= -1, L= 11 e DI .

) va"%

. . v"" ii -

« A configuration )

Va=TV, L,=-TT

b A be
b I B 5 .
\/Jk_;). \1 4
e
J
[ 3 A
1. I
¢ .
Viesd ¥ 7
J Aca
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General method

Internal model

1. Voltage gain (real) n := diag (n“, n’, nc) e R¥3, turnsratioa :=n~! € R

« Voltage gains (or turns ratios) may be different across phases a, b, ¢

2. Transformer gains on internal vars across primary and secondary sides

Y'Y configuration: \A/,f = n\A/JY, IA{ = ai}/
AA configuration: ‘A/Ie = n\7J.A, fﬁ = af].A
AY configuration: \A/,f = n\7J.A, IZ = afJ.A
YA configuration: \A/Ie = n\A/JY, IAf = aIAJY

Voltage and current gains follow the same gains as those for single-phase transformers, regardless of 3-phase configuration
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General method

External model: summary

1. Couple internal vars (VJY/A, IJY/A>, <V£/A, 1}(“) across pri and sec sides through transformer
gains, the same way as in single-phase transformers

2. Relate terminal vars <V], 1% I-), (Vi VI, 1) to internal vars <\A/JY/A, ]AJY/A>, <‘7]1<//A, j{/A) on
each of primary and secondary sides

3. Eliminate internal vars from equations in Steps 1 and 2 (in previous slides) to obtain an
external model relating only terminal vars { V;, V;“,Ij , (Vk, i Ik)

The method is modular with respect to YY, AA, AY, YA configurations, as we will see
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3-phase transformers

Overview
c LetVi=(V, V) € Cand = (1) € C°

« Define 6 X 6 admittance matrix Yy, and column vector

Yoy = | ° = ()
T gy ay | vy = 1vbHbV

where a := diag (a% a” a°), y = diag (y%y"y°)

External models: [ = DTYYYD(V—y) where

' 0
0 I

I 0

YY: D=
b

| aa:pi=|
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3-phase transformers

Overview

External models: [ = DTYYYD(V—)/) where

S I A A e I R ST 1

YY:D:Z[OI] 0T 0 I 0T

. YY,AA : DY,y D is block symmetric and has 3-phase I1 circuit representation
« AY,YA : Not

Next: derive external models for each configuration in detail
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Y'Y configuration

Internal and terminal vars

1. Internal vars (defined across individual windings)

Acm_ _Aan_ [~ ] ~
Vi fj v ¢
7Y . (7 7Y . 1’12 7Y . Y 7Y . 7
Vie= |Vl I = |0, Vo= | v Iy o= = | 1
A Acn Acn ACI’l
Vi" I Vi | k|

2. Terminal vars (voltages wrt common reference, e.g., ground)

Vi i /? :
b b b b
Vj = Vj s I] = IJ s Vk = Vk s ] k = Ik

(ver). (ven)
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Y'Y configuration

External model

1. External model

- 1)

YYY
— T — T
o= AT =17

2. If both neutrals are grounded with zero impedance and
voltages are defined wrt ground

A EsIE

which can be represented as a I1 circuit
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Comparison

With single-phase transformer

External models: exactly the same expression

i) _ oy cor[v] [
I Vi Vi

—ay dzy

YYY

. Single-phase: Yy, € C*?

« Three-phase: Yy, € C%%°
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AA configuration

Internal and terminal vars

1. Internal vars (defined across individual windings)

[ (ab | [ Gab | [ ab | [ b |

Vi [ Vi Iy
A .__ (7bc TA . 7bc A . (b 7A ._ _ | 7bc
‘/j « ‘/j ° IJ - I_] 9 Vk -« Vk D) Ik o« Ik

Van cha _V]C;a_ I ](éa_

2. Terminal vars (VJ,IJ>, (Vk, Ik) same as for Y'Y config

e without neutral vars
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AA configuration

External model

External model

LI [tm o] [Y ~9[r o] [V
I o | |-ay a>y||0 T V.

YYY

e Can be represented as II circuit

« Conversion matrices due to A configurations
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Comparison

With single-phase transformer

Single-phase: Yyy € C**?
[; y —ay] V;

J
} k Vk

—ay Clzy

YYY
* No neutral lines

Three-phase: Yy, € C©

HIER A S

YYY

« Conversion matrices due to A configurations
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AY configuration

Internal and terminal vars

1. Internal vars (defined across individual windings)

[ Ac.’b_ i A‘.’b_ [ an | [ 2an |

Vi fj Vi k
A . (7h TA . _ 7b Y . (/ 7Y . T
Vdi= |Vl I o= | ¢, Vo= Ve Iy == | 1

Vchd cha _V]C;I’l_ I ]c;n_

2. Terminal vars (VJ,IJ>, (Vk, Ik) same as before
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AY configuration

External model

1. External model

f _ ool [ Y ¥ r o Vil —I'Tay -
I, 0 I||-ay a*> |0 1 Vi a’y k

YYY

2. Comparison with YY and AA configurations (modular)

- I;depends on (V}, V) similarly to AA config

« [, depends on (Vj, V,) similarly to Y'Y config

« Even though there is no neutral line on primary side, I] depends on
V! on secondary side

e Ifa=a"l, y = y“l], i.e., identical single-phase transformers, thenlj
becomes independent of V|’ (because '™ =0
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YA configuration

External model

1. External model

=Bl 2 el - L)

YYY

2. Same modular structure as for AY configuration

I; depends on (V;, V) similarly to Y'Y config
I} depends on (V, V) similarly to AA config

Even though there is no neutral line on secondary side, Ik depends
on VJT" on primary side

If a = a“l, y = y“l, i.e., identical single-phase transformers, then
I, becomes independent of V]?“ (because I''1 = 0)
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Other transformers

Same method can be applied to derive external models for other transformers
* Open transformer
» Split-phase transformer

» See textbook

Open AA transformer Split-phase transformer
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Outline

1. Overview
Mathematical properties
Three-phase device models

Three-phase line models

o &~

Three-phase transformer models

e UVN-based model
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Three-phase transformers

Example: YY configuration

Steven Low EE/CS/EST 135 Caltech

External vars:

Transformer parameters:

[diag(l/]\fj"bc) 0

= C6X6
0 diag(l/N,?bC)

y; 1= diag (3,37, () € C*°, i= 0,k

Unitary voltage network per phase



Three-phase transformers

Example: AA configuration

Qe

— v “  External vars:
% I V.
I = [16@6, V [16@6
, Iy Vi

NE oot
b ¢
I Ab
b 3
v %;_Lb | i——@
I. [
¢ f a}.b
NE s !
r ~e
< I % < ]’E
v oot | J . ﬁ’f—[’_@
ge
/\(0L :
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N .
S
_"eb ——0 Vub
% Transformer parameters:
: abc
F M := diag(1/N™) 0 e Co*¢
1¢ 0 diag(l/N,?bC)
if& " VKL

y; 1= diag (3,37, () € C*°, i= 0,k

Unitary voltage network per phase



Three-phase transformers

Unitary voltage network per phase

£ e Admittance matrix in C**°

A i 1[0

Py X =Y

0
~o P 2 _
W o | . Bl = =i D 0 U
. B _ fk | Tk 0 Yk | 0k

fi= 0= = 3= Uo) Since J, = 0, can eliminate U, to obtain Kron reduced
YoUs = Jo+J;+J; admittance matrix

J = Yuvn(A]

where

-1
YiOo+Y)  —Yik

Y =1L® Vi

Hvn ? (Z > [ e Yo +y)
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Three-phase transformers

External model: primary circuit

3
3 Eﬂ—ﬁ .
A o /liq'

&_LN k

ST I [fi—= ~
C«\; F ﬁ‘:
~ 3
*I—’@ﬂ ‘ [g— -
b f i

neutral may or may not be grounded!

Y config: / A config:
T = — J. = M1 T I — A-lyA
0= M (vi-vi1).  di= w7, 0= MV, Jy= M7,
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Three-phase transformers

External model: conversion rule

Primary circuit
Y configuration:

A configuration:

Secondary circuit
Y configuration:

A configuration:

Steven Low EE/CS/EST 135 Caltech

0k = Mk(Vk_ V1?1)’
U, = MIV,



Three-phase transformers

External model: admittance matrix

Eliminate internal vars (lA], f): where

/= DT(MYuvnM)D (V— J/) | y = <VJ 1, Vk1> : neutral voltages in Y'Y configuration

D e C5%¢. configuration dependent

| (1 0
Y'Y config: D =

0 I
| T 0

AA config: D = 0

0TI
For both single-phase & three-phase transformers: _ -
 This model is equivalent to T equivalent circuit AY config: D = o
 Different from simplified circuit (approximation) _O [l i
e If shunt adm = 0, then all 3 models are equivalent [ I 0_
YA config: D = 0T
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