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Preface

The purpose of computing is insight, not numbers.
—- Richard W. Hamming, 1962

This book is tailored for students and researchers who are interested in both power
systems and analytical tools for understanding their structural properties. It prepares
students for research by equipping them with, not only power system knowledge, but
also analytical techniques and a way of thinking. Such a structural understanding is
critical for conceiving possibilities, steering explorations and verifying results in an
age when the means for executing them is being rapidly automated.

It complements several excellent texts on power system analysis, e.g., [1, 2, 3, 4, 5,
, 7]. In terms of topic, it develops, from scratch, basic power system concepts, single-
phase and unbalanced three-phase models, and theory and algorithms for power flow
optimization. It focuses on steady state modeling and analysis, as opposed to dynamics
or electricity markets. In terms of style, it focuses on developing analytical tools and
using them to discover structural properties that provide conceptual understanding of
applications or help design solutions with performance guarantees. It does not focus
on the scalable computation of these models or specific applications such as state
estimation, unit commitment, economic dispatch, or voltage control, but uses these
applications to illustrate models and techniques that are widely applicable.

The book has three main parts. Part I introduces basics of power system analysis,
from phasor representation to single-phase models to optimal power flow problems
and the use of these concepts to analyze power system operations. Part II studies the
theory and algorithms for power system optimization, from convex programming to
semidefinite relaxations to nonsmooth and stochastic optimization. Part III develops
from scratch a comprehensive mathematical theory of unbalanced three-phase power
flow. It is motivated by emerging applications on distribution systems where control-
lable devices are the single-phase devices that make up three-phase devices in Y or
A configurations. It explains the crucial role of device models and how single-phase
analysis extends directly to unbalanced three-phase networks. Such a theory is not
currently available in textbook form.
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Three-phase transformers in YA configuration and its per-phase
equivalent circuit.

(a) The two 150 kVA transformers and two electric panels in Caltech
ACN to which charging stations and electric subpanels are connected.
(b) The transformer ratings.

Referring series impedance in the secondary to the primary.
Referring shunt admittance in the secondary to the primary.
Referring (zg,ys) in the secondary to the primary.

(a) Thévenin equivalent zeq of two impedances z1,z> in series. (b)
Thévenin equivalent zq of two impedances z, 2> in parallel.

Driving-point impedances.

Driving-point impedance V;/I; on the primary side.
Driving-point impedance V, /I, on the secondary side.
Example 3.7: per-phase analysis.

General transmission line model between stepup and stepdown
transformers.

Two buses connected in a loop with two parallel transformers.

Per-phase equivalent circuit of balanced three-phase transformers with
gain K (n).

Example 3.9 with rated voltage magnitude of v and rated apparent
power of s.

Normalization of an off-nominal transformer.

Normalization when connection-induced phase shifts cannot be ignored.

Impedance diagram of a three-phase transformer bank.

Exercise 3.1: T equivalent circuit of transformer with n := N, /N and
a:=Ni/N,.

Referring (zs,ys) on the secondary to the primary of a transformer.
Example 3.11: one-line diagram.

The three-phase transformer is connected to a three-phase voltage
source and a three-phase load through two three-phase lines.

Network graph and notations.

112

114
116
117
117

118
119
119
120
122

124
125

130

132
133
133
137

139
141
142

142
145



20 lllustrations

4.2 Multiple devices connected to the same bus. 146
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lies in the set.

(a) The straight line connecting f(x) and f(y) lies above a convex f.
(b) The linear approximation of a differentiable convex function f lies
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Proof of Theorem 8.1.1.
Proof of Lemma 8.3: Construction of (xg,zx) from ¥ and yy.

Example 8.6: minysqx%. If a < 0 then the unique minimizer is xj =0
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£(x*) > 0.
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Cones cone(X) generated by X C R".
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cone Kgoo = KNH.
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Theorem 8.11.1: Farkas Lemma. In (b), y is the normal to the separating
hyperplane between the closed set cone(aj,a,) and b.

Theorem 8.11.2: Decomposition of R™ into range(A) and null(AT).
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Special classes of convex problems studied in this section and Chapter
12.9 using nonsmooth methods.

Theorem 8.25: optimality condition at x* = 0 where (x) is nondiffer-
entiable with f(x) := ¢"x and without Ax = b. (a) ¢ € Kyoc: x* =0 and
S5 =0.(00) c ¢ Koc: [*=—co0.

Moving away from x* to another feasible x locally increases the cost.

Example 8.15. Optimal value f* = —1 which is upper bounded by f™*
throughout the algorithm. The shaded areas are the feasible sets of
various subproblems.

Benders decomposition.

UTE grid for planning application: battery installations at nodes 2049
and 4027. (April 25, 2026: TO PROCESS)

Comparison of tap management under traditional and OPF-based
controls. (April 25, 2026: TO PROCESS)

UTE grid for operation application: day-ahead dispatch (April 25,
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Uruguayan utility UET’s gird: day-ahead dispatch based on an OPF
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power; black: generators. (c) green: min. voltage; red: max. voltage.
April 30, 2026: file size opt.)

Problem instances of OPF. Theorems 9.2 and 9.3 provide a sufficient
condition and a necessary condition respectively that characterize the
intersection.

Three types of local optima. The cost function decreases in the direction
of the arrow. Point b is a global optimum, ¢ a pseudo local optimum,
and a, d are genuine local optima.

Notation for the proof of Lemma 9.5. Point x and £(¢") will be proved
to be identical.

(a) The nonsmooth functions f(x) := max(0,x) and g(x) := min(0,x)
and their smooth approximations f€(x) and g€(x) respectively

(e = 0.05). (b) The smooth approximation 4€(x) of the nonsmooth
function h(x) := [x]2 (€ =0.05,a =-0.2, b =0.2).

Example 10.1: The overlapping maximal cliques of chordal extensions
X (F) are in shades.

10.2 Example 10.4.
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Condition C10.1” for OPF on a line (j,k) € E. The quantities
([P] ks [Pr]jxs [P)]k, [Wk] k) on the left-half plane correspond
to finite upper bounds on (p;,pk.qj,qx) in (10.23a)(10.23b);
(=[®@;] k=[Pl ji, =[]k, —[WPk] jx) on the right-half plane corre-
spond to finite lower bounds on (p;, px.q;,qx)-

The feasible set of OPF (10.26) for the two-bus network is a subset of
an ellipse without the interior, hence nonconvex. The SOCP relaxation
(10.27) includes the interior of the ellipse. If the cost function C is
strictly increasing in (P, Py ;) then the Pareto front of the SOCP
feasible set lies on the lower part of the ellipse, O(Py) = Py, and
hence (10.27) is exact. The points P := (P (6;x),Px;(0x;)) = 0 when
0k =0, Pjy = n}?‘,i“ when 64 = 6‘}‘;“, and Py = n}(“}“ when 64 = 02‘}“.
(a) The set conv(Py) is the intersection of the ellipse, including its
interior, and a half-space. (b)(c) conv(Py NP,) C conv(Py) NP,. If
the cost C(p) is strictly increasing in p; but independent of pj then
the vertical darkened segment in (c) is part of the Pareto front of the
relaxation but only the point on the ellipse is feasible, i.e., in Po NP,
and hence optimal.

Lower bounds p™" on injections affect exactness of relaxation.

Exercises 10.4 and 10.5.

SOCP feasible set ng is a line segment and OPF feasible set X is its
endpoints.

The nonconvex feasible set for a two-bus network without constraint
consists of the (two) points of intersection of a line and a convex
surface (without the interior). SOCP relaxation includes the interior and
enlarges the feasible set to the line segment joining these two points.
If the cost function C is increasing in ¢ or (pg,qo) then the optimal
point over the SOCP feasible set (line segment) is point ¢, and hence
the relaxation is exact.

Impact of voltage upper bound v{"* on exactness. (a) When v™*
(corresponding to a lower bound on ¢) is not binding, the power flow
solution c is in the feasible set of SOCP and hence the relaxation is
exact. (b) When v'lna" excludes ¢ from the feasible set of SOCP, the
optimal solution is infeasible for OPF and the relaxation is not exact.

Linear network and notations. Line m in the proof is the line closest
to bus 0 where the inequality in (11.27) is strict, i.e., (11.27) holds
with equality at lines j = 1,...,m — 1, strict inequality at line m, and
inequality at lines j =m+1,...,N.
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Polar cones and dual cones of X € R". For the leftmost set X which is
nonconvex, both its polar cone and dual cone contain only the origin.
The other three sets X are closed convex cones and therefore (X°)° = X.
Note that (X°)° # —X° = X* unless X is self-dual.

Polar cone X° = (cone(X))° according to Proposition 12.1.

Normal and tangent cones of closed cones K C R? at a boundary point
X (see Exercise 12.2 for derivation). The normal cones Nk (¥) are
illustrated in (a)(d) with the origin shifted to x.

The tangent cones Tx (¥) = cl(cone(X —X)) and the normal cones
Nx (X) = (Tx(x))° of X at x. At X where the boundary of X is “smooth”,
the left panel illustrates the importance of “cl” in the definition of T (X)
and why Ny (¥) is a singleton.

Orthogonal decomposition of R" using singular value decomposition
of matrix A.

Example 12.3: while Y is a cone, X}, is not. X, = AT(Y —b)° and
Nx, (¥) = ATNy (3) (Corollary 12.7).

Theorem 12.8 when rank(A) = n : linear transformation Y of a convex

cone X and their polar cones Y° = Ny (0) and X° = Nx (0) respectively.

Example 12.4. Since A is singular, (a) ATY° € X°; (b) ATY° = X°;
moreover A' Ny () = Nx ().

Example 12.5: while X is a cone, Y}, is not. X° = AT(Y;, — b)° and
Nx (%) = ATNy, (75) because A is nonsingular (Corollary 12.9).

12.10Theorem 12.10: The normal cone Nk (X,5) is the line segment on the

boundary of the lower cone K¢ in the direction of x.

12.11Example 12.7.

12.12For a nonempty closed convex X, dox (X) is a supporting hyperplane

of X at y.

12.13Example 12.10: Normal cone of set intersection.

12.14The primal and dual problems (12.49) defined by the nonempty set M

with optimal values (w*,d*). The normal (u*,8*) of the nonvertical
hyperplane attains the dual optimal solution u*, i.e., d(u*) = d*. (a)
Nonzero duality gap d* < w* when M is not convex. (b) Zero duality
gap d* =w* when M is convex. In both cases, 0 € ri(D5;) which
ensures that 8* > 0 (nonvertical hyperplane).
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12.15Every dual optimal u* € Q* defines a hyperplane H that passes through
(0,w*) and separates (0,w*) from cl(M). The shaded region labeled H
in the figure shows all the hyperplanes defined by Q™.

12.16The (u,w) space: M = (h(X’), f(X")) :== {(h(x), f(x) : x e dom(f)N
X'} and its positive extension M.

12.17Exercise 12.3.

13.1 S-lemma: S, T and their separation.

13.2 Example 13.6: neither Z., nor Z, may contain the other, depending on €.

13.3 Example 13.7.

13.4 Partitioning of ZV (a) into ZN (I®) according to s support constraints,
or (b) into ZV (I*) according to § regularized support constraints (see
Chapter 13.3.5).

14.1 A simple model of a three-phase system consisting of a source connected
through a line to a load.

14.2° A power source o; supplying a load (current source) J; through a
distribution line y; K

14.3 Internal and terminal variables associated with a single-terminal
three-phase device.

14.4 Overall model of the system in Figure 14.1.

14.5 Three-phase devices in Y configuration. (a) A voltage source. (b) A
current source. (c) A power source. (d) An impedance. Note that the
direction of J¥ and oY is terminal-to-neutral.

14.6 Three-phase devices in A configuration. (a) A voltage source. (b) A
current source. (¢) A power load. (d) An impedance. Note the direction
of JA and 2.

14.7 Comparison of single-phase and three-phase voltage sources.
14.8 Comparison of single-phase and three-phase current sources.
14.9 Comparison of single-phase and three-phase power sources.
14.10Comparison of single-phase and three-phase impedances.

Y

14.11Terminal power s and internal power s* .

15.1 A four-wire line characterized by 4 x4 series and shunt admittance

matrices (jzj.k , )A)’}‘k , ﬁ;{"j ) .
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15.2 A three-wire line characterized by 3 x 3 series and shunt admittance
1 Ay m
matrices (yjk,y;."k,ykj).

15.3 A voltage source connected to an impedance load through a three-phase
line.

15.4 Nonideal three-phase sources in Y configuration.
15.5 Nonideal three-phase sources in A configuration.

15.6 A voltage source connected to a current source through a three-phase
line.

15.7 Single-phase transformer: simplified model. The internal variables
(Vj,fj), (Vk,fk) and terminal variables (Vj,VJ'?,Ij), (Vk,VIZ‘,Ik).

15.8 (a) Circuit model of admittance matrix Y2%" and (b) when neutrals are
grounded with zero grounding impedances, V]’.‘ =V =0.

15.9 Primary side of a three-phase transformer in Y (left) or A (right)
configuration.

15.10Secondary side of a three-phase transformer in Y (left) or A (right)
configuration.

15.11YY-configured transformer.
15.12AA-configured transformer.
15.13AY -configured transformer.
15.14Y A-configured transformer.
15.150pen AA-configured transformer.

15.16Unitary voltage network in each phase ¢ of a three-phase transformer.

15.17Primary side of a three-phase transformer with unitary voltage networks.

15.18Three-phase transformer models with unitary voltage networks.
15.19AY -configured transformer with zero shunt admittances.
15.20Radial network in Exercise 15.17.

16.1 Network graph and notations.

16.2 The admittance matrix Y for a 3-bus network with no shunt admittances.
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Example 16.3: An ungrounded Y-configured generator connected
through a three-phase line to an ungrounded Y-configured impedance
load.

Example 16.5: An ungrounded Y-configured generator connected

through a four-wire line to an ungrounded Y-configured impedance load.

Example 16.6: A A-configured generator connected through a three-
phase line to a A-configured impedance load.

The sequence networks of a voltage source (EY,z¥,z") with balanced
impedance z¥ := 2" EY = EY =0 if EY := E“"a, is balanced.

The sequence networks of a voltage source (E®,z*) with balanced

impedance z* := z%°1. E}} = E2 = 0 if E* := E®’a, is balanced.

The sequence networks of a current source (J¥,yY,z") with balanced
impedance y¥ :=z4"L. JY = V3J and JY =JY =0if J¥ :=J"a, is
balanced.

16.10The sequence networks of a current source (J%,y*) with balanced

impedance y* := 9?1 E} = EA = 0 if E* := E“" v, is balanced.

16.11Example 16.14: Three-phase unbalanced sources supplies power to two

balance loads in parallel through symmetric lines.

16.12Example 16.14: Circuit models of sequence networks.

16.13Exercise 16.10: An ungrounded Y-configured generator connected

through a four-wire line to an ungrounded Y -configured impedance load.

16.14Three-phase Y-configured current source connected through a three-

16.15Sequence components of unbalanced phase currents in balanced load zI.

17.1
17.2
17.3
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phase line to a A-configured impedance load.

Example 17.2.
BFS on unbalanced three-phase radial networks.

Solution of linear branch flow model for unbalanced three-phase radial
networks.

Change of bases. The new matrix A is similar to A when n = m and
U=Vv.

Matrix decompositions. Singular value decomposition (Thm A.11),
Diagonalizability (Thm A.6), Spectral theorems (Thms A.13, A.15,
A.16), Takagi’s decomposition (Thm A.17).
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Orthogonal decomposition of C* and C and pseudo-inverse A'. For
any x € range(A™), x = AT(Ax) which is generally different from
x' = AH(Ax).

Orthogonal decomposition of C"* and C™ using singular value
decomposition of A.

The boundaries of unit balls for /;, [, and [, norms.

The edge space R” = null(C) @ range(CT) and the vertex space
R" =null(CT) @ range(C). (The dimensions are for a connected graph.)

A connected graph with a spanning tree 7, with cycle subspace
null(C) and cut subspace range(CT). The cycle subspace has dim 2
with a basis vector for each [ ¢ T, e.g., z(cyc(T,1)) = (0,-1,1,1,0).
The cut subspace has dim 3 with a basis vector for each [ € T, e.g.,
z(cut(7,1)) = (0,0,1,-1,0).
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How to use this book

Possible courses

This book can be used as a research reference. It can also be used as a textbook and
we suggest three possible courses that can be constructed from this book.

Power System Analysis I: models and operation. A 13-week course for senior
undergraduate and beginning graduate students that covers Part 1 of the book. It
develops from scratch single-phase network models and formulates optimal power
flow problems. These models are then used to describe and analyze power system
operation such as mechanisms for balancing power, controlling frequency, pricing
electricity and reserves, estimating state, and stabilizing voltages. This course does not
require prior power system knowledge or optimization theory, but does require circuit
analysis, linear algebra and interest in or exposure to mathematical analysis.

Specifically it covers

1. Basic concepts: Kirchhoft’s laws, phasors, device models, three-phase systems,
complex power (Chapter 1).

2. Branch models: transmission line (Chapter 2), transformers (Chapters 3, possibly
skipping Chapter 3.1.5).

3. Network models: bus injection models (Chapter 4, possibly skipping Chapter
4.4.4), branch flow models for radial networks (Chapter 5, possibly skipping
Chapter 5.4).

4. Power system operation, I: control mechanisms for balancing power, including
unit commitment, real-time dispatch, secure operation, primary and secondary
frequency control, as well as market mechanisms for pricing electricity and re-
serves using locational marginal prices (Chapter 6).

5. Power system operation, II: state estimation, voltage control on distribution net-
works, and network topology identification (Chapter 7).

Power System Analysis Il: power flow optimization. A 13-week graduate course
that covers Part II of the book on power flow optimization. It focuses on analytical
tools for and structural properties of power systems and prepares students for research.



How to use this book

. Power system basics: Reviews models and basic operation of power systems (topics

from Chapters 4, 5, 6 depending on students’ prior knowledge).
Convex optimization: convex analysis, optimality conditions, special convex pro-
grams, optimization algorithms, convergence analysis (Chapters 8).

. Optimal power flow (OPF): OPF in bus injection models and branch flow models,

NP-hardness, global optimality, techniques for scalability (Chapter 9).
Semidefinite relaxations of OPF: SDP, chordal, SOCP relaxations of OPF, exact-
ness conditions (Chapters 10 and 11).

. Nonsmooth convex optimization: normal cones and feasible sets, CPC functions

and subgradients, optimality conditions, special convex programs (Chapter 12).
Stochastic OPF: robust optimization, chance constrained optimization, convex
scenario program, two-stage optimization with recourse (Chapter 13).

Unbalance Three-phase Power System. A 10-week undergraduate/graduate
course that covers Part III of the book on unbalanced three-phase networks. It de-
velops from scratch three-phase component and network models, three-phase optimal
power flow and its semidefinite relaxations. It shows how models and analysis for

single-phase networks extend directly to a three-phase setting and where the difference

is. Prior knowledge of single-phase power networks or optimization theory will be
helpful but not absolutely necessary.

1.

Review: Single-phase power networks (topics from Chapters 4 and 5 depending
on students’ prior knowledge).

Component models: mathematical properties of three-phase systems, three-phase
devices in Y and A configurations, three-phase transmission or distribution lines,
three-phase transformers (Chapters 14 and 15).

Bus injection model: network models, three-phase analysis, balanced network
(Chapter 16, possibly skipping Chapter 16.4).

Branch flow model: network models, equivalence, linear models and solution
(Chapter 17, possibly skipping Chapter 17.4).

Review: basic convex optimization theory and algorithms (topics from Chapter 8
depending on students’ prior knowledge).

Power flow optimization: three-phase OPF, semidefinite relaxations, example ap-
plications (Chapter 18).

Overview

The book consists of three parts and an appendix.
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Part | Power network: models, operation, analysis

1. Chapter 1 introduces basic concepts in modeling the steady-state behavior of an
alternating current (AC) power system, including circuit models, Kirchhoff’s laws,
phasor representation, balanced three-phase systems, per-phase equivalent, and
complex power.

2. Chapter 2 develops circuit models for the terminal behavior of a balanced three-
phase transmission line that map the voltage and current at one end of the line to
those at the other end.

3. Chapter 3 develops models for balanced three-phase transformers and their per-
phase equivalent and analysis techniques for circuits containing transformers,
including per-unit normalization.

4. Chapter 4 uses the component models of previous chapters to construct a class of
network models we call the bus injection model (BIM). It introduces the network
admittance matrix Y that relates linearly bus voltages and current injections, its
Kron reduction, and their analytical properties. It also introduces power flow
equations that relate nonlinearly bus voltages and power injections and presents
iterative algorithms for solving these equations. Finally it introduces a linearized
power flow model called the DC power flow model that is widely used for electricity
market operation.

5. Chapter 5 introduces the branch flow model (BFM) for radial networks with a
tree topology and proves its equivalence to the bus injection model. It presents a
fast iterative algorithm called the backward forward sweep for solving power flow
equations for radial networks. Finally it introduces a linearized model that admits
an explicit solution which bounds nonlinear power flow solutions.

6. Chapter 6 overviews three control mechanisms at different timescales, unit com-
mitment, real-time dispatch and frequency control, that balance power supply and
demand. It also studies pricing of electricity and reserves using locational marginal
prices and optimality properties of these prices.

7. Chapter 7 illustrates the models and tools developed in earlier chapters through
three applications: state estimation, voltage control on distribution networks, and
topology identification.

Part Il Power flow optimization

1. Chapter 8 formulates convex optimization problems and introduces some of the
most useful tools for convex analysis. We develop a general theory to charac-
terize optimal solutions and provide sufficient conditions for their existence, and
then apply the general theory to special classes of convex optimization problems
widely used in applications. We describe iterative algorithms for solving convex
optimization problems and basic techniques for analyzing their convergence.

2. Chapter 9 formulates optimal power flow (OPF) problems that underly numerous
power system applications, in both the bus injection model and the branch flow
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model. It proves that OPF is NP-hard but a subclass characterized by a Lyapunov-
like condition can be solved efficiently to global optimality. Finally it describes
common techniques for scaling OPF solutions.

3. Chapter 10 studies the semidefinite relaxation of the nonconvex OPF problem
formulated in BIM as a quadratically constrained quadratic program. It develops
the concept of partial matrices and their positive semidefinite rank-1 completion
to exploit the sparsity of large networks. Finally it proves two sufficient conditions
for exact second-order cone program (SOCP) relaxations of OPF on single-phase
radial networks. Convex relaxation complements linear approximation and local
iterative algorithms as one of the main tools for dealing with the nonconvexity of
OPF.

4. Chapter 11 studies the semidefinite relaxation of OPF in BFM for radial networks.
It formulates SOCP relaxation and proves its equivalence to the SOCP relaxation
in BIM. Finally it proves two sufficient conditions for exact SOCP relaxation for
single-phase radial networks.

5. Chapter 12 generalizes the structural results of Chapter 8.3 to a convex but non-
smooth setting, motivated by stochastic OPF studied in Chapter 13. It shows that
convexity is fundamental, but not smoothness, and, once the basic framework is
established, the more abstract approach here that relies only on convexity is both
more natural and simpler conceptually.

6. Chapter 13 studies basic methods for stochastic optimization, robust optimization,
chance constrained optimization, scenario programming, and two-stage optimiza-
tion with recourse. A focus is on problems (e.g., two-stage optimization) that are
convex, but often nonsmooth, to which optimality conditions studied in Chapter
12 are applicable and computation algorithms studied in Chapter 8 can be adapted
by replacing gradients with subgradients. Finally we present examples to illustrate
concepts of stochastic OPF.

Part lll: Unbalanced three-phase networks

1. Chapter 14 studies the mathematical properties that underly the behavior of un-
balanced three-phase systems and derives models of three-phase voltage sources,
current sources, power sources, and impedances in Y and A configurations.

2. Chapter 15 derives models of three-phase lines and transformers.

3. Chapter 16 uses the component models of Chapters 14 and 15 to extend the
bus injection model to the unbalanced three-phase setting. It also introduces the
sequence coordinate in which sequence networks become decoupled when there
is a certain symmetry in the original phase coordinate.

4. Chapter 17 extends the branch flow model to the unbalanced three-phase setting.

5. Chapter 18 extends OPF and its semidefinite relaxations (studied in Chapters 9,
10, 11) from single-phase to unbalanced three-phase networks.

Appendix: Linear algebra preliminaries Appendix A collects mathematical prelim-
inaries used in the rest of the book.
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Notation

Vector and matrix. Let C denote the set of complex numbers, R the set of real
numbers, R; the set of nonnegative real numbers, R_ the set of nonpositive real
numbers, N the set of integers and N, the set of positive integers. We use i to denote
V=1.For a € C, its real and imaginary parts are denoted by Re a and Im a respectively.
Its complex conjugate is usually denoted by @ or a" (though & also denotes a particular
vector in R” when it is clear from the context that X is a real quantity). For any set
A C C", conv A denotes the convex hull of A. Fora € R, [a]* :=max{a,0}. Fora,b € C,
a < b means Rea < Reb and Ima < Imb. We sometimes abuse notation to use the
same symbol a to denote either a complex number Rea +ilma or a size 2 real vector
a = (Rea,Ima) depending on the context. The empty set is denoted (.

In general scalar or vector variables are in small letters, e.g. u,w,x,y,z. Most
power system quantities however are in capital letters, e.g. Sk, Pjk,Q k.1, V;. Unless
otherwise specified, a vector is a column vector and is written interchangeably as

X1
x=|: or x = (X[,...,Xp)
Xn

A variable without a subscript usually denotes a vector with appropriate components,
eg s:=(s;,j=0,...,n), S :=(Sjr,(j, k) € E). For a vector x = (x1,...,x,), x_; de-
notes (xy,...,X;i—1,Xi+1,-- - ,Xn) Without the x; component. For a subset A C {1,...,n},
x_a = (x;,i ¢ A). For vectors x,y, x < y denotes componentwise inequality. We freely
refer to x as singular if we mean the vector x or as plural if we mean its components
X1,...,Xx,. For example we may refer to A* as a locational marginal price or locational
marginal prices. B¢ (x*) may denote the open ball or the closed ball centered at x* with
radius € > 0.

Matrices are usually in capital letters. Let M, N be index sets with m := | M|, n :=|N|.
An m x n matrix with a;; € C as its (i, j)th entry for i € M, j € N, can be written as
A =(a;jj,i € M,j € N). Its null space, range space, and trace are denoted respectively
by null(A) := {x € C" : Ax = 0}, range(A) = span(A) := {Ax € C™ : x € C"}, and
tr(A) := ); Aj;. The dimension of range(A) is rank(A) < n and that of null(A) is
nullity(A) < n (they sum to n; see Appendix A.1.2). Given an n X n matrix A, diag(A)
denotes the column vector (Ajy,...,Axx) consisting of A’s diagonal entries. Given n
scalars ay,...,ay, or a vector a := (ay,...,a,), Diag(ay,...,a,) and Diag(a) denote
the n X n diagonal matrix with a; on its diagonal; we sometimes also denote Diag(a)
by diag(a) when it is clear a is a vector. We use A to denote the componentwise
complex conjugate of a matrix A. The transpose of a matrix A is denoted by AT and
its Hermitian (or conjugate) transpose by A" := AT. A vector x* € R” or x* € C" or
a matrix X* € S” is usually used to denote an optimal solution of an optimization
problem. We use interchangeably (y*)" and y*H. A matrix A is Hermitian if A = A", A
complex matrix A is positive semidefinite (or psd), denoted by A > 0, if A is Hermitian
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and xH Ax > 0 for all x € C". A real matrix A is positive semidefinite (or psd), denoted
by A > 0, if A is symmtric and x" Ax > 0 for all x € R”. In particular if A > 0 then by
definition A = A™ if A is complex and A = AT if A isreal. ! A is negative semidefinite
(nsd) if —A is psd. For matrices A,B, A > B means A — B is psd. Let S” be the set of
all n x n Hermitian matrices, S the set of n X n psd matrices, and S” the set of n X n
nsd matrices.

The vector 1,, usually denotes the vector of all 1s of size n and I, usually denotes the
identity matrix of size n. Without the subscript, the vector 1 and the identity matrix I
either denote the corresponding vector and matrix of size 3 (in unbalanced three-phase
systems) or a generic size depending on context. For the study of three-phase power
systems, both balanced and unbalanced, ¢“ := (1,0,0), el = (0,1,0), e :=(0,0,1),
and e?’ € {0,1}" is the unit vector with a single 1 in the j#th position. We often use
@ = ¢727/3_ The standard balanced vector in positive sequence is @, := (1,@,a?) and
that in negative sequence is a_ := (1,a?,@). The following conversion matrices are
key to the understanding of three-phase power systems:

1 -1 0 1 0 -1
r=1(o 1 -1/, rr:=|-1 1
-1 0 1 0 -1 1

Its properties are explained in Theorems 1.2 and 14.2. The similarity transformation
to obtain symmetrical components due to Fortescue is defined by the eigenvectors
(1,ay,a_) of T'.

Sequence and limit. By a sequence in R" or C", we mean either an ordered or
an unordered set of vectors depending on context, and denote it interchangeably by
(x; eR":ieN, :=1,2,...) or {x; e R":i e N, :=1,2,...}. We often refer to the
sequence by {x; } or simply x; if it should be clear from the context that we are referring
to the sequence {x;}, not the element x;. The sequence {x;} is said to converge to a
vector x* if every component of x; converges to the corresponding component of x* as
i — oo. In this case we call the unique vector x* the limit point of the sequence {x;}
and write lim; . x; = x* or simply lim; x; = x* or x; — x*. If A is an infinite and strict
subset of N, then the subsequence {x; € R" :i € A} is also denoted {x;}4. If there
is a subsequence {x;}4 that converges to a vector x*, we call x* a limit point of the
sequence {x;} (also called a cluster point), even though {x;} itself may not converge.

In this case we write lim;ea ;o0 X; =X* Or x; — x™ as i ﬂ co. We use e to denote the
constant lim,(1+1/n)" and e; € {0,1}" the unit vector of appropriate size n with a
single 1 in the jth position. We use In = log, to denote the natural log. When there is
no confusion we may also use log to denote In.

! As explained in Definition A.2 and Remark A.1 of Appendix A.5, for a complex matrix, xH Ax > 0 for
all x € C™ implies that A is Hermitian, so including Hermitian in the definition of psd is redundant and
only for uniformity. For a real matrix, xT Ax > 0 for all x € R” does not imply A is symmetric.
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Given a function f : R" — R™, % is the m X n matrix whose (j, k)th entry is

of) 9k
0x Jjk ' 6xk

(‘x)’ j=1,...,m, k=1,...,n

T
and Vf(x) := (g—i) is its transpose. In particular if m = 1 then ??_{c is a row vector and

V f(x) is a column vector.

Graph. A graph G = (N, E) consists of a set N of nodes and a set E C N XN of
edges. If G is undirected then (j,k) € E if and only if (k,j) € E. If G is directed then
(7, k) € Eonlyif (k,j) ¢ E; in this case we will use (j, k) and j — k interchangeably to
denote an edge pointing from j to k. Therefore, for an undirected graph, X’ (; x)er Xk
includes both x;; and xi; for each edge (j,k) € E, whereas, for a directed graph,
2.(j.k)eE X jk includes a single term x jx for each directed edge j — k. Sometimes, we
write X (j x)eE (xjx +xk.,-) instead of ) (; xyeg Xjk to emphasize the undirected nature
of the graph. By “j ~ k” we mean an edge (j, k) if G is undirected and either j — k
or k — j if G is directed. Sometimes we write j € G or (j,k) € G to mean j € N or
(j,k) € E respectively. A path p :=(J1,...,Jjk) is an ordered set of nodes j; € N so
that (jk, ji+1) € E for k=1,...,K — 1. In this case we also refer to p as the order set of
edges (Jk,jk+1), and refer to a node or an edge in the path by jix € p or (jk,jk+1) € P
respectively. A cycle is a path where jx = ji. A simple cycle is a cycle that visits every
node at most once. In this book, we refer to j interchangeably as a node or a bus and
J ~ k interchangeably as a link, a branch, a line or an edge.

Probability. A measurable space is a pair (Q,F) where the sample space Q is an
arbitrary nonempty set. The o-algebra & C 22 is a collection of subsets A C Q called
events that satisfies: (i) Q € F; (i) if A € ¥ then Q\ A € F; and (iii) if A; € ¥ for
i=1,2,...,then U;A; € ¥. Given a measurable space (Q,F), a probability measure P
is a function P: ¥ — [0, 1] such that (i) P(Q) = 1; and (ii) if A; € ¥ fori=1,2,... are
pairwise disjoint, then P (U; A;) = 3; P(A;). The triple (Q, F,P) is called a probability
space. When P(A1\ Ay))+P(A2\ A)) =0, i.e., A} and A, differ by a set of measure
zero, we say A| = Ay almost surely or a.s.

A random variable or random vector Z defined on the probability space (Q, F,P)
is a function Z : Q — R such that P({w € Q : Z(w) < z}) is called the probability of
the event {Z < z} and denoted by P(Z < 7). The probability distribution function or
distribution function Fz : R™ — [0, 1] of the random variable Z is the function defined
by the probability measure P, Fz(z) :=P({w € Q: Z(w) < z}). Two random variables
Z1,7Z, defined on the same probability space are said to be equal almost surely or equal
a.s. if the measurable sets Z;' (z) = Z; ' (z) a.s. for all z.

Given two probability spaces (1, %,P) and (£, %3,P,), one can define a prob-
ability measure P on the product measurable space (Q X Q,, % X ) and form the
probability space (2 XQy, F1 X %>, P). For random variables Z; defined on (Qy, #1,P)
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and Z; defined on (3, #2,P>), the function
Fz,2,(21,22) = P({(w1,w2) € Q1 X Q) : (Z1(w1), Z2(w)2) < (21,22)})

is called the joint probability distribution function. The distribution functions Fz, and
Fz, defined by P; and P, respectively are called the marginal distribution functions
of Z; and Z,. The probability measure P is called the product measure and the joint
distribution function Fz, z, the product distribution function if

P((Z1,22) < (z1,22)) = P1(Z1 £ 21)P2(Z3 £ 22),
Fz,.7,(z1,22) = Fz(Z1 £21)F7,(Z2 £ 22)

In this case, the random variables Z; and Z, are called independent. If, in addition,
(Q1,%1,P;) and (Q5,F>,P,) are identical, then Z; and Z, are called independent and
identically distributed, abbreviated as i.i.d. or iid. We then write the product measure
P as P2.

1

In this book we ignore measurability issues, i.e., we assume all random variables
or processes encountered are well defined, they generate appropriate o-algebra on
which appropriate probability measures are defined, and all functions encountered are
measurable. We often say two sets A; = A, when we mean A = A; a.s.

Due to the breadth of topics covered, we often overload notation and use the same
letter to denote different quantities depending on context; e.g., I may denote current
or the identity matrix, G a graph or the real part of an admittance matrix ¥ = G +iB,
and x a generic variable or the imaginary part (reactance) of an impedance z = r +ix.
Finally, as defined above, e :=lim, (1+1/n)" but e; is the unit vector.

Units

The unit of a quantity is specified usually the first time the quantity is introduced.
Commonly used units in this book are collected here for convenience. We often overload
notations so that the same symbol may refer to different quantities depending on the
context, e.g., I may denote a vector of current phasors I = (I;,i = 1,...,n) or the identity
matrix of appropriate size, V may denote a vector of voltage phasors V = (V;,i=1,...,n)
or their unit volt.

1. voltage v(t),V: volt (V).

2. current i(t),I: ampere (A).

3. real power P : watt (W); reactive power Q : volt-ampere reactive (var); complex
power S := P +iQ, apparent power |S|: volt-ampere (VA).

4. resistance r, reactance x = iwl or 1/iwc, impedance z := r +ix: ohm (Q).

5. conductance g :=r/(r>+x?), susceptance b := —x/(r> +x?), admittance y 1=z~ =:
g +ib: Siemen (S) or mho (Q71).
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6. inductance /: henry (H); magnetic flux linkage A(¢) = [i(t) : weber-turn (Wb-turn).
7. capacitance c: farad (F); electric charge ¢(¢) = cv(t) : coulomb (C)

We will sometimes overload notation, e.g., [ is used sometimes to denote inductance,
sometimes inductance per unit length, some times a line index. The meaning should
be clear from the context.






Part |

Power network: models,
operation, analysis






Basic concepts

1.1

This chapter introduces basic concepts in modeling the steady-state behavior of an
alternating current (AC) power system where voltages and currents are sinusoidal
functions of time. For us, steady state means that the frequencies of voltages and
currents in the entire network are at their nominal value (e.g., 60 Hz in the US,
50 Hz in China and Europe). In Chapter 1.1 we describe phasor representation of
sinusoidal voltages and currents, introduce single-phase device models, and review
circuit analysis. In Chapter 1.2 we explain balanced three-phase systems and how to
simplify their analysis using per-phase models. In Chapter 1.3 we define the concept
of complex power for single-phase and three-phase systems, and illustrate through
an example that a three-phase system saves power and conductors compared with a
single-phase system serving the same load.

Single-phase systems

An AC system consists of generators and loads connected by transmission or distribu-
tion lines and transformers. Their behavior can be described using quantities such as
voltages, currents, and powers which are sinusoidal functions of time. These quantities
obey laws of physics. For our purposes they are the Kirchhoft’s current law (KCL),
Kirchhoff’s voltage law (KVL), and Ohm’s law. These laws allow us to analyze or sim-
ulate system behavior in the time domain. For steady-state behavior it is often easier
to transform these quantities to the phasor domain, apply the corresponding physical
laws in the phasor domain to analyze the steady state of a power network, and then
translate the results back to the time domain, as illustrated in Figure 1.1.

In this section we define voltage and current phasors, present simple models of
generators, loads, and lines using voltage sources, current sources, and impedances.
We also summarize KCL, KVL and Ohm’s law in the phasor domain. They can be
used to analyze a network of these circuit elements. Finally we derive the equivalent
circuit of a one-line diagram.
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Figure 1.1 Phasor representation and analysis.
1.1.1 Voltage and current phasors

The quantities of interest, voltage v(¢), current i(¢), and power p(t), are physical and
can be empirically measured. The potential energy gained in moving a unit of charge
from point k to point j is called the voltage, or electric potential difference, between
J and k, denoted by v ;. Its SI unit (International Systems of Units) is volt (V),
or equivalently, joule/coulomb. Usually we arbitrarily fix a reference point O for all
voltages in the system under study. In that case we refer to the voltage at point j with
respect to the reference point simply as the voltage at j and denote v jo simply by v;.
Then the voltage between two points j and k is v := v; —v. While v i represents
the energy required to move a unit of charge from point & to point j, v; represents the
energy to move a unit of charge from the reference point to j. The flow rate of electric
charge through a point is called the current through that point. Its SI unit is ampere
(A), or equivalently, coulomb/second. The rate of energy transfer when a unit of charge
is moved through an electric potential difference (voltage) between two points is called
electric power. Its SI unit is watt (W), or equivalently, joule/second. It is equal to the
product of voltage and current between these two points.

A sinusoidal voltage function is
V(1) = Vmaxcos(wt+0y) = Re{Vmaxe'® - e’}

where Viyax is the amplitude (i.e., maximum magnitude) of the voltage v(7), w is the
steady-state frequency in radian, and 6y is the phase angle. In steady state, w is assumed
fixed systemwide, and hence a voltage function is fully specified by two parameters
(Vimax, v ). This motivates the definition of voltage phasor

Voo
y o= B volt (V)

V2

such that
V(1) = Re(\/§|V|-e‘<‘“’”’v)) (1.1)
The period of v(z) is T := 27 /w. The magnitude of the voltage phasor

Vinax
\%4 = max
V2
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is equal to the root-mean-square (RMS) value of the voltage, defined as

1/T 2(t)dt I/TVZ cos?(wt +6y )dt T
- v . ] _ Vinax
T Jo TJy ™ v V2

where we have used cos? ¢ = (1 +co0s2¢) /2.

Similarly let the sinusoidal current function be
i(t) = Inaxcos(wt+67) ampere (A)
with the corresponding current phasor

Imax i
_ 10

V2

such that

i(f) = Re (\/§|1| ~ei(“”+9’)) (1.2)

The RMS value of the current is |7| = Imax/ V2.

Single-phase devices

Basic building blocks of an AC power system are generators that generate power,
loads that consume power, transmission and distribution lines, and transformers that
connect generators and loads. These devices can be modeled by circuit elements such
as impedances, voltage sources, current sources, and (later) power sources, as we now
explain.

Impedance z. The voltage and current across a resistor r in ohm (Q), an ideal
inductor / in henry (H), or an ideal capacitor ¢ in farad (F) satisfy a linear relation,
both in the time domain and in the phasor domain. We now derive Ohm’s law in the
phasor domain from its representation in the time domain.

Consider the circuit in Figure 1.2. The voltage v(z) across the resistor r and the

i(t)

0 ]

(a) Time domain (b) Phasor domain

Figure 1.2 The voltage and current across a linear circuit element r,/, ¢ are related by Ohm’s
law in both time and phasor domains.



Basic concepts

current i(¢) through it are related by Ohm’s law:
v(t) = ri(t)
Using (1.1)(1.2), this is equivalent to:
Re {V-\/Eei“”} = Re {rl-\/zei‘“’}
Hence Ohm’s law in the phasor domain for a resistor is:
V=rl
The current across a resistor is called in phase with the voltage.

An ideal inductor / is characterized by

di(t)
1) =1
v(1) 7
Substituting (1.1) and
di(t
ii(t) = —wlnaxSin(wt+607) = wlpacos(wt+6;+m/2)

we have
Re{v-vaeiw} = Refiwir-V2e !}
or in the phasor domain:
V = (iwh)1
The current across an inductor is said to lag the voltage by /2 radian.

Similarly an ideal capacitor c is characterized by

. dv(r)
1) =
i(t) = c T
Substituting (1.2) and
dv(t
dv((t)) = —wVmaxsin(wt +0y ) = wVpaxcos(wt+0y +7/2)

we have
Re {I . \/Eei‘“’} = Re {ia)cV . \/Eei“”}
or in the phasor domain:
1
V=—I
iwc
The current across a capacitor is said to lead the voltage by /2 radian.

In summary we define the impedances of these elements, a resistor r, an ideal
inductor /, and an ideal capacitor ¢ in the phasor domain as respectively (Figure 1.2):

Zr =T, 71 = iwl, Ze = —
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Instead of impedance z, sometimes it is convenient to use its inverse, called the
admittance y = z~'. The voltage V across an impedance z (or admittance y) and the
current / through it are related in the phasor domain by

V=2, I=yV

An important advantage of phasor representation of an AC circuit is that circuit analysis
involves only algebraic operations rather than differential equations in the time domain.

Example 1.1. A voltage v(¢) is applied to a resistor  and an inductor / in series
and the current through these devices is i(f). Derive the dynamic equation that relates
(v(?),i(2)) in the time domain and the corresponding equation that relates their phasors
v, I).

Solution. Let vi(t) = ri(t) denote the voltage drop across the resistor and v;(¢) the
voltage drop across the inductor that satisfies v, (1) =1 %i (t). Then the relation between
(v(1),i(2)) is given by KVL: v(t) = v{(t) +v,(¢) or

v(t) = ri(t)+l%i(t)

Noting that v(z) = Re {\/EVei“”} and i(z) =Re {\/zlei“”}, we multiply both sides of

the equation above by €1’ to get
V2V el = V216 41 (ia)‘/zlei“”)
\%4

(r+iwh)I

Hence the resistor and inductor in series can be modeled in the phasor domain by an
impedance z :=r +iwl. )

Voltage source (E,z). Inthe phasor domain, a voltage source is a circuit model with
a constant internal voltage E in series with an impedance z, as shown in Figure 1.3(a).
Its external behavior is described by the relation between its terminal voltage V and

+

Q) v @ [ v

(a) Voltage source (b) Current source
Figure 1.3 A voltage source (E,z) and a current source (J,y).

terminal current I
V =FE-zI

Hence the open-circuit (terminal) voltage V equals the internal voltage E. We often
adopt an ideal voltage source with z =0. In this case V = E.
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Current source (J,y). In the phasor domain, a current source is a circuit model
with a constant internal current J in parallel with an admittance y, as shown in Figure
1.3(b). Its external behavior is described by the relation between its terminal voltage
and current (V,1):

I1=J7-yV

Hence the closed-circuit (terminal) current / equals the internal current J. We often
adopt an ideal current source with y = 0. In this case I = J.

Remark 1.1. 1. Anonideal voltage source (E, z) and current source (J, y) are equiv-
alent, i.e., have the same terminal voltage and current relationship if their param-
eters satisfy

J =

E
— (closed-circuit equivalent)
Z

! (open-circuit equivalent)

N

y =

2. Ideal voltage or current sources are reasonable models as their series impedances
or shunt admittances can be combined with the series impedance and shunt ad-
mittances of a transmission or distribution line to which they are connected, as we
will see in Chapter 2. We will therefore often use ideal voltage and current sources
in this book with zero series impedances and shunt admittances. O

Power system devices. Power system devices such as generators, loads, transmis-
sion and distribution lines, transformers, and other control devices can be modeled
by the circuit elements presented above. For instance, a generator can be modeled
by a voltage source or current source. A load can be modeled by an impedance (or
admittance), a current source, or a voltage source. A transmission or distribution line
can be modeled by a series impedance and a shunt admittance at each end of the
line; the details are described in Chapter 2. A transformer can be modeled by a series
impedance and a shunt admittance followed by voltage and current gains; the details
are described in Chapter 3. We will introduce in Chapter 1.3 the concept of complex
power. This leads to a circuit element that we will call a power source that generates or
draws a constant power. These are summarized in Table 1.1. They are abstract models

Device Circuit model

Generator Voltage source, current source, power source

Load Impedance, current source, voltage source, power source
Line Impedance (Chapter 2)

Transformer Impedance, voltage/current gain (Chapter 3)

Table 1.1 Circuit elements commonly used for modeling generators, loads, lines, and
transformers.

of physical devices. For relation to a common load model, called ZIP, that describes
how power consumed by a load depends on the voltage magnitude |V| across the load,
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see Exercise 1.1. This book develops techniques for analyzing power system models
constructed from these circuit elements.

Kirchhoff’s laws, Ohm’s law, Tellegen’s theorem

Consider a circuit consisting of an interconnection of resistors, inductors, capacitors,
and voltage and current sources. An ideal voltage source between two points enforces
a given voltage between these two points. An ideal current source between two points
enforces a given current between them. We now describe Kirchhoff’s current law
(KCL), Kirchhoff’s voltage law (KVL), Ohm’s law for a general circuit and derive a
result called Tellegen’s theorem.

We represent a circuit by a connected directed graph G := (N, E) with an arbitrary
orientation where N is a set of nodes and £ C N x N is a set of links. We sometimes
abuse notation and use N to denote both the set of nodes and the number of nodes
in N when the meaning should be clear from the context. We allow multiple links
between two nodes j and k (see Figure 1.4). A link / that points from node j to node
k is represented by [ = (j,k) or [ = j — k. Multiple links /y,...,[; between nodes
J and k may have different orientations, e.g., [y = j — k and [, = k — j. There are
two variables associated with each link [ = (j, k) between nodes j and k. The voltage
across link / is denoted by U in the direction of / and the branch current over link /
from j to k is denoted by J;.

A link [ represents either an impedance, a voltage source, or a current source. If
link / represents an impedance then its value z; is given and the voltage U; and branch
current J; across link [ satisfies U; = z;J; (Ohm’s law). If link / represents a voltage
source then U; = y; is given, and if it represents a current source then J; = j; is given.
These notations are illustrated in Figure 1.4a.

J

U= u{@ ( > Uee]) U [2d] 1 ) 4= s

= ES

(a) Circuit (b) Incidence matrix

Figure 1.4 A circuit represented as a directed graph G where each link / is either an impedance
71, a voltage source Uy, or a current source J;. The voltage source U, = us and current source
Jis = —J are given. Its incidence matrix Cis partitioned into ¢1,6,, 6‘3 corresponding to the
impedances, the voltage source, and the current source respectively.
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KCL, KVL. Kirchhoff’s current law (KCL) states that the incident currents at any

node j sum to zero: !

=Y gy Y =0 (1.32)

iii—jek k:j—keE

For the example in Figure 1.4 this means —J;, +J, +Jj; +J;, = 0 at node 2. Kirchhoff’s
voltage law (KVL) states that voltage drops around any cycle ¢ sum to zero. Consider
a cycle c in the graph with an arbitrary orientation, say, clockwise. A link / in the cycle
that is in the same direction as c¢ is denoted by [/ € ¢ and a link / that is in the opposite
direction to ¢ is denoted by —/ € c¢. Then KVL states that the voltage drops around any

cycle ¢ sum to zero:
ZUZ—ZUI =0 (1.3b)

lec —lec

For the cycle indicated in Figure 1.4(a) we have U, + U, — U5 = 0.

We can represent (1.3) compactly in vector notation. Let U := (U;,[ € E ) and J :=
(Ji.l € E ) denote the vectors of voltages and currents respectively across these lines.
Let C € {~1,0, 1}V IXIEl be the node-by-link incidence matrix defined by:

1 if I = j — k for some bus k
Cip =1 -1 ifl=i— jforsomebusi |, jeN,leE
0 otherwise

See Figure 1.4 (properties of general incidence matrices are summarized in Appendix
A.11). Then Kirchhoff’s current law (1.3a) states that

KCL: CJ =0 (1.4a)
Kirchhoff’s voltage law is equivalent to the condition that there exist nodal voltages
V e CV! (with respect to the common reference point) such that

KVL: U=Cv (1.4b)

i.e., given line voltages U, there must exist nodal voltages such that U; = V; - V;
where [ = j — k, from which (1.3b) follows. This seems intuitive and can be proved
mathematically using concepts in algebraic graph theory (Exercise 1.2). Without loss
of generality we use node N as the common reference point for all voltages, i.e., we
have by definition

Vg =0 (1.4¢)

" An equivalent statement for KCL is: the line currents on any cut of the graph G sum to zero; see
Exercise 1.4.
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Circuit analysis. Consider a circuit represented by an incidence matrix C. The
|N| x |E| incidence matrix C is of rank |[N| -1 since G is connected, with span(1)
as its null space (see Appendix A.11 for more details). Therefore (1.4) consists of
|N|+|E|+1 complex equations in |N|+2|E| complex variables (V,J,U), of which
|N|+|E| equations are linearly independent. To obtain another | £| linearly independent
equations we note that across every link / is exactly one of the following devices:

1. impedance with a given z;: Its behavior is described by Ohm’s law

U = zJ; (1.5a)

2. ideal voltage source with a given u;: Its behavior is described by
U = u (1.5b)

3. ideal current source with a given j;: Its behavior is described by
Ji=Ji (1.5¢)
Partition the set £ qf links into three disjoiPt sets £ =: E1UE, UE5 where E; is the
set of impedances, E; voltage sources, and E3 current sources. Then (1.4)(1.5) specify

|N|+2|E|+1 equations in |[N|+2|E| variables (V,J,U), of which at most |[N|+2|E]|
equations are linearly independent:

0 C 0 O\Nl
0 -Z I, v 04,
2 J| = . (1.6)
AT 3 U
E 0 -lLg P
€15 0 0 | | 01 |

where Z := Diag (z;, € E}) is the diagonal matrix of impedances, u := (u;,1 € E>) and
j = (ji,I € E3) are given vectors of voltage and current sources respectively, 0,, is
the zero vector of size m, I, is the identity matrix of size m, and e,, € {0, 1}“\7 l'is
the unit vector with a single 1 in the nth entry. A circuit analysis problem is to solve
(1.4)(1.5), or equivalently (1.6), for variables (V,J,U). A sufficient condition is given
in Theorem 1.1 for the existence and uniqueness of solution. A necessary condition
for the existence of a solution is that the given voltage and current vectors (v, j) are
consistent, e.g., if only current sources are incident on a node k, then these given
currents must satisfy KCL at node k, or if a set of voltage sources form a cycle ¢ then
these given voltages must satisfy KVL on c.

The system of equations (1.6) can be simplified, as follows. Order the links such
that the incidence matrix decomposes into submatrices Cy,C»,C3 corresponding to
impedances, voltage sources, and current sources respectively (see Figure 1.4b):

é = [é] éz 63]
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Partition the branch voltages U and branch currents J accordingly:

U, Ji
U:=1ul, J = |/
Us; J

where v and j are the given vectors of voltage and current sources respectively. Then
KCL and KVL are

Cih+Cor = =G5
uy=Clv, u=0qv, U=C0CV

for some nodal voltages V. Use Ohm’s law U; = Z J; to eliminate U; to obtain

0o ¢ & 0 [V -Gsj

¢ -7 0 0 I 0

Al =

¢ 0 0 0 Ja u (L.7)
AT

¢ 0 0 —Ip,llUs 0

The desired quantities (V,J;,J2,Us3) are solutions of (1.7) if they exist. Given J;, U}
is given by Uy = ZJ;.

Recall that we take without loss of generality node N as the common reference point
for nodal voltages and assign Vy := 0. We can consider the (IN|=1) x |E| reduced
incidence matrix C obtained from C by deleting the last row corresponding to the
reference node N. The advantage of using C is that it has a full row rank of |[N| - 1.
Let V_g = (V;,j # N) be the vector of all non-reference nodal voltages. Similarly
partition C into C =: [C; C, C3]. Then (1.7) is equivalent to the following equation:

0 i 0 V—N —-C3j
cl -z o 0 Ji 0
1 _
G 0 0 0 L| | u e
G 0 0 ~Tpy) L Us 0
M

The key feature of this model, compared with (1.7), is that it does not contain the
reference node N.

Example 1.2. Consider the circuit in Figure 1.4 represented by the directed graph
G = (N,E) with
N = {1,2,3,4}
E={1=1-215:=2—31:=2—>41:=2—>41s:=1>4, [g:=3—>4)

The incidence matrix C can be partitioned into submatrices

1 0 0 0 I 0
N S N B B Az 0 A 0
“=lo o0 o T ol ST

o 0 -1 -1 -1 -1
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The reduced incidence submatrices are then

1 0 0 O 1 0

C,=1|-1 1 1 1{, C, = |0], C; =10

0O -1 0 O 0 1
The equation (1.8) becomes:

[0 0 O 1 0 0 O (1101 W [ 0 ]
0O 0 0| -1 1 1 1 (0] O Vs 0
0O 0 O 0 -1 0 0 (0] O Vs J6
1 -1 0 |-z 0 0 0 |0] O Ji, 0
01 -1{ 0 -z O 0 |0] O J, | =10
o 1 0 0 0 -z; 0 |0| O Ji, 0
o 1 0 0 0 0 -z,10]0 Ji, 0
1 0 0 0 0 0 0 (0] O Jis us

L0 O 1 0 0 0 0 |0|-1]l Uy | | 0 |

We now discuss the existence and uniqueness of solutions to (1.8).

Theorem 1.1. Suppose the graph G is connected. The matrix M in (1.8) is invertible
if the following square matrices of sizes |[N| — 1 and |E;| respectively are invertible:

ni=C2z'cl, ay'c

where E» is the set of voltage sources. O

The conditions in Theorem 1.1 are reasonable and intuitive.

Remark 1.2 (Implications of Theorem 1.1). Let G| denote the subgraph of G with all
non-reference buses induced by the set of impedances in £.

1. The (|N|—=1) x |E{| matrix C; is called the reduced incidence matrix and the
(IN|=1)x (IN|-1) matrix Y; := CIZ‘1C1T is called the reduced admittance matrix
of the subgraph G . For the circuit in Figure 1.4, G| consists of nodes 1, 2, 3 and is
connected. When z; are real and positive (i.e., resistive network), Y is nonsingular
if and only if G is connected. This is because Z := Diag(z;) is positive definite and
C is of full row rank (for a proof, see Theorem 4.13 of Chapter 4.6.1 on Laplacian
matrix). When z; are complex, however, G| being connected is necessary but not
sufficient for the nonsingularity of Y; (see Chapter 4.5).

2. KCL can be equivalently stated as: the line currents on every cut of the circuit G
sum to zero. If G; is connected then no current sources in E3 form a cut in the
subgraph of G induced by all non-reference nodes (and links in £). This ensures
that no given j can violate KCL in the original graph G. See Exercise 1.4.

3. If the matrix C]Y; ' C, is nonsingular, then C; is of full column rank. The converse
does not necessarily hold because Y; is complex symmetric but not Hermitian. The
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matrix C, having full column rank is equivalent to the condition that no voltage
sources in £, form a cycle in the original graph G. This ensures that no given u
can violate KVL in G. See Exercise 1.5. ]

The proof of Theorem 1.1 relies on the following fact. Let M € C"™" and partition
it into blocks:

ool 2

D A

where A € C**k k < n, and the other submatrices are of matching dimensions. If A; is
invertible then the k X k matrix M /A, := A| - BA; D is called the Schur complement of
block A, of matrix M. In that case M is nonsingular if and only if M /A; is nonsingular.
Similarly if A; is invertible then the (n— k) X (n— k) matrix M /A := Ay — DAI‘IB is
called the Schur complement of block A of matrix M, and M is nonsingular if and
only if M /A is nonsingular; see Theorem A.4 in Appendix A.3.

Proof of Theorem 1.1 We can interchange the second and third rows and interchange
the second and third column and write (1.8) equivalently in terms of the matrix

0 G|ca o0
_ c; 0|0 0
M =

cl o ‘—z 0

T

C; 0|0 I,

The matrix M is nonsingular if and only if M is. Since Z and I}z, are both nonsingular,
M is nonsingular if and only if the Schur complement of Diag (—Z, -1 Eg,\):
g [o Cz] . [cl 0] [Z‘l 0 HCIT o] _ [Clzlc{ Cz]
=T T = T
¢, 0 0 0] 0 IgllCG O C, 0

is nonsingular. The Schur complement S is a square matrix of size (N —1)+|E>| where
E is the set of voltage sources. If C IZ‘1C1T is nonsingular then M is nonsingular if
and only if the Schur complement

s/(az'c]) = -] (Clz—‘c{)_1 C

is nonsingular. O

Tellegen’s theorem An important result in circuit theory is Tellegen’s theorem that
expresses a relation between voltage drops across links and currents on these links. Itis
a simple consequence of Kirchhoff’s laws and algebraic graph theory (see Chapter A.11
for more details). Since the rank of the | N'|x |E| incidence matrix C is |[N|— 1 assuming

G is connected, rank (C‘T) =rank(C) = |[N| -1 and the dimension of the null space

null(C€) is |E| —|N|+ 1. Recall that the subspaces null (C) and range(@T) are orthogonal
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complements of each other and they span C|E|, ie., CIEl = null(€) +range (CT) The
KCL and KVL (1.4a)(1.4b) say that the branch current (vector) J is in null(é ) and the

branch voltage (vector) U is in range (C‘ T) respectively. Therefore

Tellegen’s theorem: JHu =o.

It is remarkable that this relation holds for any branch current J and branch voltage
U, even if they are from different networks as long as these networks have the same
incidence matrix C. In circuit analysis, it takes both the Kirchhoff’s laws (1.4) and the
link characteristics (1.5) to determine a unique solution. The Kirchhoff’s laws (1.4) are
graph properties that depend only on the incidence matrix C. Tellegen’s theorem is a
consequence of the graph properties, independent of link characteristics.

One-line diagram and equivalent circuit

A power system is often not specified as a circuit of the form we study in Chapter 1.1.3.
Instead it is usually specified by what is called a one-line diagram. A one-line diagram
is equivalent to a circuit that includes the common reference point for nodal voltages as
an addition node. Each line in the one-line diagram may represent a transmission line,
a distribution line or a transformer, single or multi-phased. As we will see below if a
single-phase line has a equivalent I circuit then the line translates into three links in the
equivalent circuit. In this subsection we formally define one-line diagram and derive
its equivalent circuit. A one-line diagram can be analyzed by applying the method of
Chapter 1.1.3 to its equivalent circuit.

One-line diagram. A one-line diagram specifies a network topology and admittance
parameters associated with the lines; see an example in Figure 1.5 for a three-bus
network. Formally we define a one-line diagram as a pair (G,Y) where G := (N, E)

isa graph and Y := (y;k,y;”k,y’g‘i, 1=(j,k) e E) is a set of line parameters for every

line [ € E (we assume here a single-phase system and yj.k = yij). Each node j € N
represents a bus in the power system. We will therefore refer to j as a bus or a node
interchangeably. Each link / € E represents a transmission or distribution line or a
transformer. We will therefore refer to / as a line, a link or a branch interchangeably.
The line parameter y;l « € Cis called the series admittance associated with line (j, k)

and (y;?j{, y’k"j) € C? is called its shunt admittances. We will see below how these
parameters determine the equivalent circuit of the line. There can be multiple lines
between two buses, though for notational simplicity we assume, unless otherwise
specified, there is a single line between each pair of buses in which case a line /
between buses j and k can be identified by (j, k).

There can be a nodal device at each node j € N. The device can be an impedance
Zj, an ideal voltage source v, or an ideal current source i;. The interpretation is that
these devices are connected between node j and the common voltage reference point
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I
Vi
V= (hofot),
L L (33 ¥25 Y52)
v, v, (309591))
(a) Graph G = (N ,E) (b) Line parameters Y

Figure 1.5 One-line diagram for a three-bus network (G,Y). It is not a circuit but has an
equivalent I1-circuit model.

and behave according to (1.5). (We will introduce later the nodal device called a power
source.)

The behavior of the network specified by a one-line diagram is described in terms
of its equivalent circuit.

Equivalent circuit. Associated with each node j are a nodal voltage V; € C with
respect to an arbitrary but common reference point and a nodal current injection I; € C
from the common reference point. Our goal is to derive the relation between the
nodal voltage vector V € CV and nodal current vector I € CV. We will first derive an
equivalent circuit of the one-line diagram and then apply the method of Chapter 1.1.3
to the circuit.

We illustrate this with a simple 2-bus network. The method and the conclusion
extend directly to general networks.

Example 1.3 (Equivalent IT circuit of a single line). Figure 1.6(a) specifies a one-line
diagram (G,Y) for a network consisting of two nodes 1 and 2 connected by a line
[ = (1,2). Suppose there is an ideal current source at each node with given current
injections (I, 15). The nodal voltages are (V},V;). The line parameter (yfz,yq’é,yg”l)

+ U, -
[ o 2
./w Ji, /N Jis
Vi Vs + 7 + +
L—) L& u=v@® V| U Vi | Us L) Us=V,
T Ghoton T ‘ ,O EALE La)v ®
3
L
(a) One-line diagram (G,Y) (b) Equivalent IT circuit

Figure 1.6 One-line diagram (G,Y) with two nodes 1,2 connected by a line [ = (1,2) and its
equivalent IT circuit. The nodal current injections (I, 1) and the nodal voltages (V1,V>) in the
one-line diagram become current sources and branch voltages respectively between nodes 1,2
and the reference node 3 in the II circuit.
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defines the equivalent circuit in Figure 1.6(b) called the IT circuit of line / = (1,2).?
Apply KVL, KCL, and Ohm’s law on the IT circuit to derive a relation between (11, 1)
and (V1 s Vz).

Solution. Let the directed graph G := (N, E) represent the IT circuit where
N = {1,2,3}
E={1=1-2L=1-313:=2—>3,1;:=1->3,15:=2— 3}
as shown in Figure 1.6(b). Note that the graph G of the one-line diagram has 2 nodes
while the graph G of its equivalent circuit has 3 nodes with node 3 being the voltage
reference point. For each link [ € £ let U; and J; denote the voltage and current across

link [ in the direction of . Let U := (U;,I € E) and J := (J;,1 € E). The devices on the
links [y, 1, /5 are admittances with

ll . ][1 =y”1v2U11, lz : le Zy?éUlz, l3 : Jl3 :yﬁUls

Since the nodal devices at nodes 1 and 2 are ideal current sources with given currents
I, and I, respectively, we have

l4 . 114 =—11, 15 . J15 =—12
The node-by-link incidence matrix C of the IT circuit is

1 1 0 1 0
C=1|-1 0 1 0 1
0 -1 -1 -1 -1

The KCL, KVL and Ohm’s law in terms of ¢ ,U,J for the II circuit in Figure 1.6(b)
are:

KCL: ¢€J =0 (1.9a)

KVL: 3V:=(V;,Vo,V3) st. U =C'V (1.9b)

Ohm’s law : J;, = y{, Uy, Ji, = y13Us, Jiy = ¥5 Ul (1.9¢)

nodal current sources : J;, = =1y, Ji; == (1.9d)

We will set the nodal voltage V3 := 0, i.e., node 3 in N is chosen to be the voltage
reference point. This allows us to eliminate branch variables (U,J) from (1.9) to
obtain a relation between the nodal currents [ := (I, 1) and voltages V := (V},V2):

I =y}, (Vi=V2)+y3V, I = yl, Va=V)+y51 Vs
In vector form this is I =YV with

y = [T
Vi Yty

The matrix Y is called the admittance matrix of the network, a single-line in this

2 We will explain the origin of the equivalent circuit in Chapter 2.
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. . . . 1
example. The admittance matrix Y can be expressed using the submatrix Cjipe := [ 1]

of ¢ corresponding to link /; with the series admittance yiz. Note that Cjjjpe includes

every node in the equivalent circuit except the reference node 3, i.e., C describes the

connectivity between exactly the set of nodes in the original one-line diagram. If we
S [y — [ 0

let D} :=[y{,] and D' := [ 12 ] then

0 3

1line

Y = CiiineD}Cliype + DY

O

For a general network specified by a one-line diagram (G = (N,E),Y) let
V:=(V;,j e N)and I := (I;,j € N) denote the vectors of nodal voltages and cur-
rent injections from the nodal devices respectively. We interpret the line parameter
(yj.k, y;.'}{,y;fj) of each line (j,k) as defining a Il-circuit model for the line, as ex-
plained in Example 1.3. This induces an equivalent circuit for the entire network that
can be described by a directed graph G = (N,E) constructed from G = (N, E), as
follows. The set N of nodes in the equivalent circuit is

N = NU{|N|+1}
where the additional node N := Wl + 1 is the reference point for all voltages, i.e.,
VN = O.

For each node j € N in the one-line diagram, there is a link / = j — N in the
equivalent circuit corresponding to the nodal device at j. The voltage U; across line
l=j— NisU; = V; and the current J; across link / in the direction of [ is J; = —1;. If
the nodal device at node j is an impedance z;, then V; = U; = z;J; = —z;1;; if it is an
ideal voltage source V;, then U; = V; is given; if it is an ideal current source /;, then
Ji = =1, is given. If there is no nodal device at node j, then we set J; = —1; :=0.

For each line (j,k) € E parametrized by (y‘;k,y;.';{,y’,:}) in the one-line dia-
gram, there are 3 links (l ol L 1\7) in £ in the equivalent circuit. The currents
(ij’JjN’JkN) and voltages (Ujk’UjN’UkN) across these links satisfy:

lik=J—k : Jje=y5Ujk
lj,;, =j>N: Jin =kaUj]\7
Lep =k—N : Jen =y2"jUkN

The set of links / = j — k corresponding to series admittances is the set £ in the
one-line diagram. Let £ x denote the set of links [ = j — N connecting nodes j € N to
the reference node N. They correspond to the shunt admittances on each line (j,k) € E
and the nodal device at each node j € N. The set £ in the equivalent circuit is the
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1.2

disjoint union of these two types of links:

E = FU E N
See the two-bus network in Figure 1.6 and its equivalent I1 circuit for an example. If bus
je N is connected to m j other buses k € N in the one-line diagram, then there will be
m; links ljk}\7 =j— N in the equivalent circuit, for k = 1,...,m}, all between node j

and N, representing shunt admittances y;."k on these lines. Therefore |E Nl= IN|+2|E]|.

Let Cyjine be the incidence matrix for the subgraph of the circuit consisting of non-
reference nodes N and links in £ connecting them, i.e., Cyjine describes the connectivity
between exactly the nodes in the one-line diagram:

1 ifl=j > kinE
[Cliinel j == { -1 ifl=i—> jinE , jeN,l€E
0 otherwise

Let Df := Diag (yj.k, (j,k)€eE ) denote the diagonal matrix of series admittances

on the lines. Let D' := Diag (y;f’j, G N) denote the diagonal matrix of total shunt
admittances y;?;. = Xk (k) eE y;”k incident on each bus j. Then the linear relation
between nodal current injections and voltages found in Example 1.3:

I =YV (1.10a)
holds for the general network with the admittance matrix Y given by (Exercise 1.7)
Y = CuiineD}Clijpe + DY (1.10b)

The relation (1.10) serves as a formal identification of a one-line diagram (G,Y)
with an equivalent IT circuit. Moreover given (G,Y) we can directly write down the
admittance matrix ¥ without going through the circuit analysis conducted above. We
therefore often refer to the one-line diagram itself as a circuit model. This relation will
be studied in detail in Chapter 4.3.1.

Remark 1.3 (Transformers). The equivalent-circuit interpretation above of a one-
line diagram assumes every line (j,k) in the one-line diagram is parameterized by

(yj. Lo y;.”k, y’]?]) and therefore has a circuit representation. Not all transformers (j, k)

have such a representation. As we will see in later chapters, the interpretation of a one-
line diagram can be extended to include transformers by allowing the line parameters to

be Y := ((yj.k,y;?’k), O, ) 1= (k) € E) ie..y%, and y}  may be different. O

Balanced three-phase systems

To motivate three-phase systems, consider the single-phase system in Figure 1.7(a)
composed of three identical circuits each consisting of a generator modeled as a voltage
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source in series with an impedance z,, a forward conductor and a return conductor
each modeled as an impedance z;, and a load modeled as an impedance z;. The same
loads can also be supplied by a three-phase system shown in Figure 1.7(b). As we will

(a) Single-phase system (b) Balanced three-phase system

Figure 1.7 A single-phase system and a balanced three-phase system that transfer power from
generators through transmission lines to loads.

illustrate in Chapter 1.3.3, such a three-phase system needs half as much the conductor
and incurs half as much the thermal loss as the single-phase system. In this section we
explain the operation of three-phase systems.

Three-phase sources and loads can be arranged in Y (Wye) or A (Delta) configura-
tions. This is explained in Chapter 1.2.1. A three-phase system is balanced if all the
sources are balanced, loads are identical, and transmission lines are identical and have
symmetric geometry. A balanced three-phase system has several simplifying proper-
ties. In Chapter 1.2.2 we prove a theorem that summarizes the mathematical structure
of balanced three-phase systems that underlies these properties. We apply this theorem
to balanced system in Y configuration (Chapter 1.2.3) and A configuration (Chapter
1.2.4). This leads to per-phase analysis of a balanced system described in Chapter
1.2.5. Finally we present in Chapter 1.2.6 example configurations common in a power
distribution system.

Even though power systems are generally multiphased, single-phase models are
widely used as per-phase models of balanced three-phase systems, especially for trans-
mission system applications. Unbalanced three-phase systems are studied in Part III of
this book.
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1.2.1

Internal and terminal variables

Three single-phase devices can be arranged in either an Y or a A configuration as
shown in Figure 1.8. They can be three voltage sources, three current sources, or

oye : Ve

Ve 15

(a) Y configuration

(b) A configuration

Figure 1.8 Three-phase systems, not necessarily balanced, in ¥ and A configurations.

three impedances and they may not be identical, e.g., the three impedances may have
different values.

Y configuration. For the Y configuration, the internal voltage (vector) is VY :=
(van ybn yen) These voltages are called phase-to-neutral or phase voltages. The
internal current (vector) IY := (19", 1", [°") is defined to flow from each terminal to
the neutral as shown in Figure 1.8(a). The external behavior of a three-phase device is
described by what is measurable on the terminal of the device. The terminal (or nodal
or bus) voltage V := (V¢ ,V? V) are voltages with respect to an arbitrary but common
reference point, and the terminal (or line) current [ := (I“,I by ”) is defined to be the
current coming out of the device as shown in the figure. If the common reference point
is taken to be the neutral of this device then V = V¥ | i.e., the terminal voltage is the
same as the phase voltage for ¥ configuration. Otherwise V = V¥ — V"1 where 1 is
three-dimensional vector of all 1s. As we will see in Chapters 1.2.3 and 1.2.4, for a
balanced systems, the neutrals of all Y-configured devices are often at the same voltage
and, in this case, can serve as the common reference point. This is not necessarily the
case for an unbalanced system, which we will study in Part IIT of this book (the ground
usually serves the common reference point).

Hence, for Y configuration, when the neutral is directly grounded and the ground is
the common reference point so that V" := 0, the terminal voltage and current (V, ) are

determined by the internal voltage and current (VY vi Y) according to:
vV =V, I =-1" (1.11)

By convention, when V" := 0, the neutral current /" := 0. When V" # 0, we have
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V= (V¥ +V"1). In general [ = 1" and 11 = -1"1" = I"" where 1 := (1,1,1) is the
column vector of all 1s.

Instead of the terminal voltage V it is also common to describe the behavior of the
three-phase device in terms of its line-to-line or line voltage V'in® := (Vab ybe yea),
To relate V" to V or to V¥, define the matrices I' and its transpose I'':

1 -1 0 1 0 -1
r=1{0 1 -1}, m=1-1 1 0 (1.12)
-1 0 1 0 -1 1

We call T and I'T conversion matrices. They can be interpreted as the bus-by-line
incidence matrices of the directed graphs shown in Figure 1.9. Then

VANIVAN

(@ T ®) T

Figure 1.9 Directed graphs of which I and I'" are incidence matrices.

yab 1 -1 0]][ve 1 -1 0][ve
vbel = o 1 -=1|{vel =10 1 =1||ven
yea -1 0 1]]|ve -1 0 1[|]|ven
N———— N———
T T

or in vector form:
yline — ry = ¥ (1.13)

This holds for both Y and A configurations and whether or not the common reference
point for V is the neutral of a Y-configured device (since I'1 = 0).

A configuration. For the A configuration in Figure 1.8(b), the internal voltage (vec-
tor) is the line-to-line voltage V2 := (V4P vb¢ ye4) = yline and the internal current
12 = (190 1€, [°9) is the line-to-line current. As for the ¥ configuration, the terminal
voltage V := (V4,V?,V¢) are voltages with respect to an arbitrary but common ref-
erence point. The terminal current is [ := (1“,1 by C) as shown in Figure 1.8(b). The
terminal voltage and current (V,I) is determined by the internal voltage and current
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1.2.2

(VA,1%) according to
1
0

-1 0][v¢ yab 14 1 0 -=1][14b

L =1 VP = |vPel, P =--1 1 0[|*
-1 0 1]]|ve yea Ic 0 -1 1][1°@
———— —————

r T

or in vector form (for arbitrary common reference point for V):

vV = VA, [ =-I"1" (1.14)

Equivalent Y configuration. For any A configuration with given internal voltage
VA = (Vb yPe vea) and current 2 := (197, 15¢,1¢%), an equivalent Y configuration
is one that has the same external behavior. This means that, if Ve’g = (Var, ybn, ven)
and Iéf] =11 bn e ) are the internal voltage and current of the Y-equivalent and
Veq 18 its neutral voltage, then they are related to (VA,1%) according to (from (1.13)
(1.14)):

vy =rWh+ven =vA 1 =1 (1.15)

The second equation above implies that the neutral current Ig, = ITI; =0 where
1:=(1,1,1). One way to ensure I;’q =0 is to assume that the Y-equivalent has no
neutral line and the neutral is not grounded, in which case the neutral voltage V¢, will
be determined by interaction of the device with other parts of the system. Note that
(1.15) holds regardless of the value of V(.

Summary. The external behavior (1.11) and (1.14) for ¥ and A configurations re-
spectively as well as their equivalence (1.15) hold for any three-phase system whether
or not it is balanced. The relation (1.13) between line-to-line voltage V" and terminal
voltage V holds for Y and A configurations whether or not the system is balanced.

The behavior of a three-phase system is determined by the mathematical properties
of the conversion matrices I"and I'". When a system is balanced the conversion becomes
particularly simple because the transformation of balanced vectors under I" and I'T
preserves their balanced nature (Corollary 1.3). We now explain these mathematical
properties and then apply them to the analysis of balanced systems in Chapters 1.2.3
and 1.2.4.

Balanced vectors and conversion matrices I', T

Definition 1.1 (Balanced vector). A vector x := (x1,x2,x3) with x; = Ileei(’f eC,
J =1,2,3,is called balanced if x ; have the same magnitude and they are separated by
120°, i.e.,

leil = |xo| = |xs]
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and either
2r 2r ..
6,—61 = R 6;—6; = 3 (positive sequence) (1.16a)
or
2 2
6,—0, = ?ﬂ, 63—0, = —?ﬂ (negative sequence) (1.16b)

O

A balanced vector x is said to be in a positive sequence if x satisfies (1.16a) and in
a negative sequence set if x satisfies (1.16b). Let

@ = e—127r/3

Clearly o® = ¢27/3, & = 1; see Figure 1.10. (Also see Exercise 1.8 for more properties
of @.) Define the vectors

Im
Een
EL’(I
e E” Re
E/m
(a) Phase shift a := ¢™1277/3 (b) Phase and line voltages

Figure 1.10 Balanced vectors and examples: phase voltage £ Y — E4q, and line voltage
Eme =TEY = (1-a)EY.

1 1
@, = |al, a_ = |a? (1.17a)
a'2 a

Then o is a balanced vector in a positive sequence and a_ is a balanced vector in
a negative sequence. Moreover the set of all balanced positive-sequence vectors is
span(a) and the set of all balanced negative-sequence vectors is span(a-), i.e., x is a
balanced vector in a positive sequence and y a balanced vector in a negative sequence
if and only if

X = xiay, y = yia-, x1,y1 €C (1.17b)

Note that @, = @_ where for any vector x, X is its componentwise complex conjugate.
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Define the matrix ' whose columns are a.,,a_ as well as 1 normalized:

| LR
Fi=—[1 a o] =—=|1 a a2 (1.18)
\/g[ " ] \/5 1 a,2 a

All main properties of balanced three-phase systems originate from the mathemat-
ical properties of the vectors a,, @— and their transformation under the matrices I',T" T
defined in (1.12), summarized in Theorem 1.2. Its proof is left as Exercise 1.9. The
theorem implies in particular that the transformations I' and I'T preserve the balanced
nature of a vector and hence ensures that the entire network stays balanced. The key en-
abling property is that the voltages and currents from balanced sources are in span(a..)
or span(a_) and (a,,a_) are eigenvectors of I',T'T (according to (1.19a)(1.20a)).

Theorem 1.2 (Transformation of balanced vectors by I',T'T). Let o := e 127/3 Recall
the balanced vectors (.., _) defined in (1.17a), the matrices F in (1.18) and I',T"" in
(1.12).

1. Suppose the entries x; of x := (x1,x2,x3) € C3 have the same magnitude. Then x
is balanced if and only if x| +x +x3 = 0.
2. The columns of F are orthonormal. Both F and F are complex symmetric, i.e.,

F"=F and F" = F, where F is the componentwise complex conjugate of F. Hence
_ 1
F'=F'=F=—[1 o o,

V3

3. I'is a normal matrix, [TT =I'"T"'=31-11". 3

4. Spectral decomposition of T':
(a) The eigenvalues and eigenvectors of I" are

't =0, Fa, = (1-a)as, Fa. = (1-a?)a- (1.19a)

where 1—a = V3e7/¢ and 1 - a? = V3e 17/9,
(b) Therefore the spectral decomposition of I" is:

0
r="r l-a F (1.19b)
1-a?
5. Spectral decomposition of T
(a) The eigenvalues and eigenvectors of I'T are
=0 7TI"e.=U-)a, TIa=(0-ada, (1.20a)

where 1 —a = V3e7/6 and 1 — a2 = V3e i7/6,

3 I'TT =I''T are Laplacian matrices of the graphs in Figure 1.9; real Laplacian matrices are studied in
Chapter 4.6.1.
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1.2.3

(b) Therefore the spectral decomposition of I'T is:

0
"=F l-a F (1.20b)
-«

The following corollary of the theorem is repeatedly used in the analysis of balanced
systems. It says that the transformation of a balanced vector x under I' and I'T reduces
to a scaling by (1 —a) and (1 —a?) respectively (see Figure 1.10).

Corollary 1.3. For any balanced positive-sequence vector x € span(a,) and y € C, we
have

1. T(x+y1) = (1-a)x.
2. TT(x+y1) = (1-a?)x.
3.ITT(x+y1) = I'T'(x+y1) = 3x.

Informally a three-phase system is called balanced if all voltages and currents are
balanced vectors in, say, positive-sequence sets. The main consequence of the corollary
is the following. A three-phase system consists of voltage sources, current sources, and
impedances connected by lines. The voltage and current at any point in the system are
induced by the internal voltages of voltage sources and the internal currents of current
sources. When these sources are balanced positive-sequence sets, their internal voltages
and currents are in span(a,) and a, is an eigenvector of I" and I'". This means that
balanced voltages and currents remain in span(a,) after being transformed by I",T"T,
but are scaled by their eigenvalues 1 —a and 1 —a? respectively. Since the voltage
and current at every point in the system are linear combinations of transformed source
voltages and source currents, transformed by I, I'T and line admittance matrices, they
remain in span(a,) when the sources are balanced and the lines are identical and
phase-decoupled. This is the key property that enables balanced sources to induce
balanced voltages and currents throughout the network, leading to per-phase analysis
of three-phase systems. A formal statement and its proof have to wait till Chapter 16
(Theorem 16.10) after we have developed a general theory of unbalanced three-phase
system. In this chapter we will use the corollary to analyze example circuits to build
Intuition.

Balanced systems in Y configuration

Figure 1.11 shows an ideal three-phase voltage source E Y .- (E“" E bn g ¢m), current
source JY := (J¢*,JP" J") and impedance z¥ := Diag(z,z,z) = zIin ¥ configuration.
The ideal voltage source EY is called balanced when its internal phase voltages
(E®" EP™ E€™) is a balanced vector according to Definition 1.1, i.e.,

positive sequence:  E®" =1.6, E""=1.6-120°, E"=1,0+120°
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(a) Voltage source E Y (b) Current source JY (c) Impedance o
Figure 1.11 Ideal and balanced three-phase devices in Y configuration.
or
negative sequence: E“"' =1/0, EP" =1/60+120°, E"=1/0-120°

where their magnitudes are normalized to 1. See Figure 1.10 where 6 = 0. For a
balanced voltage source in a positive sequence, the instantaneous voltages in the time
domain reach their maximum values in the order abc. We call abc in such an order
a positive sequence and the voltages { E*", E®" E°"} a (balanced) positive-sequence
set. Whether a voltage source is in a positive or negative sequence depends only on how
one labels the wires. Therefore, unless otherwise specified, we will always consider
abc to be a positive sequence. If there are multiple three-phase sources connected to
the same network their phase sequences must be the same.

Similarly, the ideal current source JY := (J¢*,Jb", J¢™) is called balanced if JY is a
balanced vector. The impedance 2= Diag(z,z,z) = zI, where I is the identity matrix
of size 3, is called balanced when its constituent impedances are equal.

Theorem 1.2 implies the following properties of a balanced positive-sequence volt-
age and current sources:

1. Sum to zero: The internal (phase) voltages E%" + EP" + E" = 0 and the internal
currents J4 4 Jb" + J¢" = 0. This is because EY = @,E%" and hence 1"EY =
(lTa+) E“" = 0; similarly for JY.

2. Ideal voltage source: line voltage V' is balanced: The line voltage of an ideal
voltage source is equal to V'™ =T'EY from (1.13) and hence Corollary 1.3 implies

vire = TEY = (1-a)EY

since a is an eigenvector of I'. Therefore E? = \/3¢17/0Ean Ebe = [3,in/0 pbn
and E°® = \/3¢17/E" This is illustrated in Figure 1.10.

3. Ideal current source: terminal current I is balanced: From (1.11), the terminal
current of an ideal current source is I = —J¥ which is clearly a balanced vector.

In fact all voltages and currents in a balanced network driven by balanced voltage and
current sources are in a balanced positive sequence, i.e., all are in span(a. ). The phases
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are therefore decoupled, i.e., the variables in each phase depend on quantities only in
that phase, and can be analyzed separately. A full understanding of phase decoupling
and per-phase analysis is postponed till Chapter 16 (Theorem 16.10) in Part III of the
book. In the following we will illustrate this property with simple examples.

Example 1.4 (Balanced Y-configured system and phase decoupling). Consider the
circuit in Figure 1.12(a) when a balanced three-phase impedance is connected to a
balanced three-phase positive-sequence voltage source in Y configuration. Show that

1. The neutral-to-neutral voltage is zero, yn' =,
2. The internal voltages and currents across the impedances are in a balanced positive

sequence.

a J ‘ a'
n' T
¥
OBRO. =0 ]
¢ b'
n n'
[/)
(a) Balanced three-phase system (b) Per-phase system

Figure 1.12 Balanced three-phase system in Y configuration and its per-phase model.

Solution. Referring to Figure 1.12(a) let

« EY := (E9" EP" E") and VY = (V4 VP V<M denote the internal voltages
from terminals to neutrals, and I'Y := (I am’ b'n’ C'"') denote the internal current
between the terminals a’,b’, ¢’ and the neutral n’ across the impedances z.

o V:=(V4,V?,V¢) denote the terminal voltage (vector), with respect to an arbitrary
and common reference point, not necessarily the neutral n or n’;

« V" and V" denote the neutral voltages with respect to the common reference point.

Given the balanced positive-sequence voltage EY and balanced impedance z¥ = zI
where I denote the identity matrix of size 3, we wish to show that V" = V"/, that
V'Y I'Y are in a balanced positive sequence, and that phases are decoupled.

KVL, KCL, and Ohm’s law imply
EY =v-vi, VvY=v-v?'1, vY¥ =Y 11" =0 (122
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Therefore EY — VY = (V" —V")1 and hence 1" (EY —V¥) = 3(V" —V"). Since
1TEY =0 we have

3(V"'—V") - ATy = —Z(ITI’Y) -0

showing that the voltage across the neutrals V™ = 0. Substituting it into (1.22) yields
(denoting y := zh

vy = EY+(Vn_Vn’)1 - EY, I =W = yEY

Hence both V¥ and I’Y are in a balanced positive sequence. Moreover the phases are
decoupled in that Vg, and 14,/, ¢ =a’,b’,c’, depend only on E 4, but not on voltages
in other phases. O

Remark 1.4. 1. Since V™ =0, even if n and n’ are connected, the current on that
wire will be zero. We can therefore either assume n and n’ are connected or
disconnected in our analysis, whichever is more convenient.

2. Since the currents are balanced, I¢ +1? +I¢ = 0 or i%(t) +i®(t) +i°(f) = 0 at
all times ¢, the currents flow from and return to the sources only via the wires
connecting the sources to the loads, and no additional physical wires are necessary
for return currents. This halves the amount of required wire compared with three
separate single-phase circuits; see Chapter 1.3.3. O

As a consequence, each phase of the balanced system is decoupled and equivalent
to the circuit in Figure 1.12(b). We can therefore analyze the phase a equivalent circuit
(see Chapter 1.2.5). The voltages and currents in phase b and phase c circuits will be
the corresponding phase a quantities shifted by —120° and 120° respectively, assuming
the source is of positive sequence.

Example 1.5 (Balanced Y-configured system and phase decoupling). Figure 1.13
shows a balanced three-phase source Eg := (E%mo Ebomo | EComo) of positive sequence
supplying two sets of balanced three-phase loads in parallel through balanced trans-
mission lines. The transmission lines have a common admittance ¢ and all loads have
a constant admittance /, as shown in the figure. Suppose the neutrals are connected by
lines with a common admittance y # 0 and ¢ = y/u, [ = y/u* for some real number
u#0.

Denote the internal voltages and currents in stage k = 1,2, by V,f =
(Ve ybink VEkik) and IZ = (9% [k [9enc) regpectively. Denote the voltages
and currents from stage k — 1 to stage k, k = 1,2, by V. := (V“k*‘“k,ka*‘bk,Vck*‘ck)
and I := (I“’H“k,Ibkflbk,lck*‘ck) respectively. Show that

1. yron = ymim = 0,
2. For k =1,2, VY Vi, I}, I are balanced positive-sequence sets.
3. The phases are decoupled, i.e., E} =Vi+V] and V! =V, +V).
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-]

[<]

-] [+

One-line diagram:

Q | | |
N~
I
'l !
Figure 1.13 Balanced three-phase system in Y configuration (Example 1.5).

This implies that the three phases of the balanced system in Figure 1.13 are decoupled
and can be studied by analyzing the per-phase circuit shown in Figure 1.14 where the
line admittances connecting the neutrals are set to zero.

% e e
20 [1] H

g n n,

Figure 1.14 The per-phase equivalent circuit of the balanced system in Figure 1.13.

Solution.

1. We will apply Ohm’s law and Kirchhoff’s current and voltage laws (KCL and KVL)
to derive two linear equations in (V0" V™) and show that V"0 = V™™ = ()
is the only solution to these equations. By Ohm’s law across each admittance, the
currents are in terms of voltages:

I =1y, I = tVy, k=1,2 (1.23)

This allows us to eliminate currents I,f,]k and express KCL and KVL in terms
only of voltages V¥, Vy.
Making use of (1.23), apply KCL at node (a;,b;,c;) to obtain

(VO = [yt gy ade - pybobr = Jybim g gybiba - pycoct <y y pyeics
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and similarly for KCL at nodes (a5, by, c3). This in vector form is
Vi = IV +1Vs, tVy = 1V) (1.24)
Apply KCL at nodes (ng,n,n,) to obtain
t(lTV1)+yV"°”1 - 0, l(lTVIY)+yV"°"‘ = yymm I(ITV2Y)+yV”‘"2 -0
where 1 := (1,1,1) is the column vector of all 1’s. Hence, since y/t = u and
y/l = u?, we have
1TV, = —pvon, 1TVY = —2viom g 2ymm s TyY = 2vmm (1.25)

Finally, apply KVL around the loops from stage O to stage 1 and similarly from
stage 1 to stage 2, we have, in vector form,

El = Vi+V] -y (1.26a)
A R i | (1.26b)

where EJ := (E%m, Ebomo Ecom) Substitute (1.24) into (1.26b) to eliminate V5:

1
vl o= (—+1)V2Y—V"‘"21 (1.26¢)
M

To obtain a system of equations that involves only (V0™ V™17"2) multiply (1.26)
by 17 and apply (1.25) to obtain (using 17 Eq = 0 since the source are balanced):

Vnonl] = [0] (1.27)

w3 -
2

—u 2+ p+3| [vmm 0

We now argue that the determinant of the matrix in (1.27) is nonzero, and hence
yrom =y = (), Let B := u? + p+3. Then

determinant = B(B+pu?) —u*

If determinant is zero then B = —u? (1 +5 ) /2. By the definition of B we therefore

have (3+V5)u2+2u+6=0.Itis easy to check that no real number y satisfies this
equation, and hence V0™ = V™" = (),

. We now show that (VY, Vi) are balanced positive-sequence sets. Since V12 =0,
(1.26¢) implies

Y Moy
= —V
2 u +1 1
Substitute this into (1.24) to obtain
1 1 2u+1
V= VY ey = SR yy
u JZ p(p+1)

Substitute into (1.26a) to get

2u+1
QP 0 7 G

O p(u+) !




42 Basic concepts

Hence

+1 2u+1)
- ,Lzl(ﬂ ) By v, = /12( K
wr+3u+1 ue+3u+1

Hence V; ,VIY are balanced positive-sequence sets since Ej is. Furthermore V5, V2Y
are balanced positive-sequence sets from (1.24). Then (1.23) implies that all
currents (1Y, I;) are balanced positive-sequence sets.

3. To show that the phases are decoupled, substitute V™0™ = V™™ = ( in
(1.26a)(1.26b). O

Remark 1.5 (Phase-decoupling of lines). 1. A key enabling property that allows the
balanced nature of voltages and currents to propagate from one node to the next is
the assumption that three-phase lines are phase-decoupled (see Example 1.5 and
Exercise 1.13). This assumption is valid only if the lines are symmetric and the
sources and loads are balanced such that currents and charges both sum to zero in
these lines across phases; see Chapter 2.1.4. Otherwise an unbalanced three-phase
model of transmission lines should be used; see Part III of this book.

2. If the lines are symmetric but the sources or loads are unbalanced then variables of
different phases are coupled. A similarity transformation can be used to transform
the system to a so called sequence coordinate in which the lines become decoupled
and single-phase analysis can then be applied in the sequence coordinate; see
Chapter 16 in Part III of this book. O

1.2.4 Balanced systems in A configuration

Figure 1.15 shows an ideal three-phase voltage source E* := (E%?, EP¢, E?), current
source J2 := (J4b,Jb¢, J¢%) and impedance z* := Diag(z,z,z) in A configuration. As

.................................... I O £ PO |
Ve v v
E“~ + Eab J Je
+ - % Y z
1/r 1/ I/r
be be

E I U I I
v Ve 14

(a) Voltage source EA (b) Current source JA (¢) Impedance z2

& p

Figure 1.15 Ideal and balanced three-phase devices in A configuration.

for Y configuraiton, the ideal voltage source is balanced if E* is a balanced vector
according to Definition 1.1, i.e., assuming positive sequence:

Ebc — e—i27r/3Eab, Eca - gi27r/3Eab
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A

The ideal current source is balanced if J* is a balanced vector. The impedance 7 = zI

is balanced when its constituent impedances are equal.

A balanced three-phase system in A configuration enjoys the same properties as
such a system in Y configuration. In particular the line voltages and the line currents
sum to zero (from (1.14)):

E +EbC v Ece = 17(TV) = 0, 1“+1°+1¢ =17(-1"J% = 0

Moreover all voltages and currents in a balanced system driven by balanced three-phase
positive-sequence A-configured sources are balanced positive sequences. Moreover the
phases are decoupled. We illustrate this in the next example.

Example 1.6 (Balanced A-configured system and phase decoupling). Figure 1.16
shows a balanced three-phase source E2 := (E%Po, EPoco E€odo) positive sequence
supplying a balanced three-phase load through balanced transmission lines in A con-
figuration. The transmission lines have identical admittance ¢ # 0 and the loads are
of constant admittance / # 0. Denote the terminal current by I := (/%@ [bobr feocry,

a, a,
t
Eco0 ~ * b0
R ~ l l
Eboco

(1]

Figure 1.16 Example 1.6.

the voltage across the transmission line by V := (V4041 ybobi yeocy ), and the line-to-
line voltage by U := (V101 ybict yeiar) Show that I,V, U™ are in balanced positive
sequences, provided the ratio p :=¢/l # -3.

Solution. Apply KCL at nodes a1, b1,c; to get (from (1.14)):
[ =1"U» = v (1.28)
Apply KVL to get
E* = UM+TV (1.29)
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where I is defined in (1.12). Eliminate V from (1.28) and (1.29) to get
| | u+2 -1 -1
E: = —(,uH+FFT)UA = | -1 g2 1|0t (1.30)
# -1 -1 u+2
where u :=t/l and I is the identity matrix of size 3. The matrix ul+TT" has a

determinant of u(u+3)? and hence is nonsingular provided u # 0,-3. Since E* :=
E“’q, is a balanced positive-sequence matrix we have

(/ﬂI+ITT) UL = uE®a,
It therefore suffices to show that a, is an eigenvector of uI+TT" with an associated
eigenvalue A, because then
u Eab

-1
Ut = uE“ (pI[+ITT) a = F—a,

showing that U2 is also a balanced positive-sequence voltage (note that if Ax = Ax for a

nonsingular matrix A then A™'x = %x). To show that a, is an eigenvector of ul + I'TT,
we apply Theorem 1.2 to get

(,LL}I+FFT)Q'+ = pa,+I(1-a?)a, = (,u+(1—a)(1—0/2))a'+ = (u+3)a;

———
A

as desired. This shows that U2 is indeed a balanced positive-sequence voltage. Indeed

Uh = H EA

u+3

To show that voltage V is also a balanced positive sequence and decoupled, use
(1.28) and Corollary 1.3 to get

1 1 1-a?
V=-Iyb =~ (1—a2) Uh = —— L pA
% u u+3
The expression I =tV from (1.28) then implies that the phase current / is also in a
balanced positive sequence and that the phases are decoupled. O

A and Y transformation. A balanced A-configured system also has a per-phase
equivalent circuit. We now explain how to transform between A and Y configuration.
This is the first step in per-phase analysis of balanced three-phase system described
in Chapter 1.2.5 where all balanced devices in A configuration are transformed into
their equivalent Y configuration, the per-phase circuit of the Y-equivalent network is
then analyzed and the result translated back to the original system with A-configured
devices. The validity of this procedure is studied in Chapter 16.3.6 (see Remark 16.10).

As explained in Chapter 1.2.1, given any balanced internal voltage V :=
(Vab,yPe yeay and current 12 := (19?,1¢,19¢) in A configuration, an equivalent
Y configuration is one that has the same external behavior, i.e., the internal voltage



1.2 Balanced three-phase systems 45

VY = (Ve ybr veny and current IV = (19,19, [%") of the Y-equivalent satisfy
(1.15) reproduced here

vy =vA M =TT

The Y-equivalent is assumed to have no neutral line and the neutral is assumed un-
grounded so that 1" = 171¥ = 0. The neutral voltage V" of the device will be determined
by its interaction with other parts of the system, but I'VY = V2 regardless of the value
of V" since Y equivalence requires V4 =T'(VY +V"1) =T'VY. Since V¥ and I are
balanced vectors, Corollary 1.3 implies

(1-a)V¥ =Vv4, 1" = (1-H1°

Hence the Y-equivalent of (YA,I A) is an ungrounded Y-configured device without a
neutral line with

V3

1 1
Y _ A A Y _ 2 1A
V= —v 1% "= (-ah)t = o

= —— VA & 1.31
1—0/ \/geiﬂ'/G ( a)

This implies:

1. Anideal voltage source E2 in A configuration has an equivalent ideal ungrounded
Y-configured voltage source with EY := (1—a)~'EA = (V3¢l7/) EA and without
a neutral line.

2. Anideal current source J* in A configuration has an equivalent ideal ungrounded
Y-configured current source with JY := (1 —a?)J2 = V3e 7/ J2 and without a
neutral line.

Consider a balanced three-phase impedance Z2 := Diag(z®,z%,z%) in A con-
figuration as shown in Figure 1.17(a). An Y-equivalent is a balanced impedance
ARE Diag(zy,zy,zy) as shown in Figure 1.17(b) so that their external behavior
is the same, i.e., the terminal currents / are the same when the same line-to-line volt-
age V'"® js applied to both impedances. Let V2 € C? and 72 € C be the internal voltage

Figure 1.17 A-Y transformation of balanced loads: z¥ = z2/3.

and current across the A-configured impedance Z*. Then V2 = ZAT and
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1.2.5

where the last equality follows from Corollary 1.3. Hence, for A-configured impedance,
the line-to-line voltage V'"® is related to the terminal current / according to

1

1-a

line _ A
\% = - 2Z 1

For the Y-equivalent, let V¥ € C? and I' € C? be its internal voltage and current across
the Y-configured impedance Z¥ and V" its neutral voltage. Let Z¥ := Diag (z¥,z",z").

Then VY = Z¥ 1" and Corollary 1.3 implies
vire = (VY +vi) = (1-)2" 1, 1 =-I"

Hence, for Y-configured impedance, the line-to-line voltage V'"® is related to the
terminal current / according to

Vit = —(1-a)Z"1

The relationships between the line-to-line voltage V" and the terminal current I for
both the A-configured impedance and its Y-equivalent will be identical if and only if
A A
Z — -

3

= i - (1.31b)

The corresponding admittances y¥ := (ZY)_1 and y* := (ZA)7l are related by y¥ =3y2.
As for the Y-equivalent of a voltage or current source, the Y-equivalent of an impedance
Z* is ungrounded and has no neutral line so that 177 = 0.

Per-phase analysis of balanced systems

A balanced three-phase system consists of balanced three-phase sources and loads
connected by balanced (identical) transmission lines. Given a balanced three-phase
system with all sources and loads in Y configuration, assuming the neutral voltages are
zero at all voltage sources and impedances, then

« all neutral voltages are at the same potential (zero);
« all phases are decoupled;
« all network variables are in balanced sets of the same sequence as the sources.

These properties lead to equivalent per-phase circuits, as explained in Chapter 1.2.3.
Even though we have only illustrated these properties for simple systems, they hold
more generally. They allow us to study such a system by analyzing a single phase,
say, phase a. The corresponding variables in phases b and c lags those in phase a by
120° and 240° respectively when abc is a positive sequence, and by 240° and 120°
respectively when abc is a negative sequence.

When some or all of the sources and loads are in A configuration, the phases are still
decoupled and can be analyzed separately. To obtain the equivalent per-phase circuit,
however, we first transform each A-configured device into an equivalent Y-configured
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device using the transformation (1.31a) for voltage and current sources and (1.31b) for
impedances. The neutral voltages V" of these Y equivalents are taken to be zero (and
by convention, the neutral currents /" are zero). We then analyze the equivalent circuit
consisting of only Y-configured devices. Finally we translate the results for equivalent
Y configuration back to the corresponding quantities in A configuration.

We emphasize that these transformations hold only in the balanced case with bal-
anced sources, identical impedances, and symmetric transmission lines. Moreover
the equivalence of these two configurations is with respect to their external behav-
jor (VP 9 etc); for internal behavior, we have to analyze the original circuit; see
Example 1.7.

In summary, the procedure for per-phase analysis is:

1. Convert all voltage sources, current sources and impedances in A configuration
into their equivalent Y configurations, ungrounded and without neutral lines, using
(1.31a) for sources and (1.31b) for loads.

2. Solve for the desired phase a variables using equivalent phase a circuit with all
neutrals directly connected (since all neutrals are at the same potential).

3. If all sources are in positive-sequence sets, the phase b and ¢ variables are deter-
mined by subtracting 120° and 240° respectively from the corresponding phase a
variables. (If all sources are negative-sequence, add 120° and 240° instead.)

4. If variables in the internal of a A configuration are desired, derive them from the
original circuits.

This procedure is formally justified in Chapter 16.3.6. We illustrate it with an example.

Example 1.7 (Per-phase analysis). Consider the balanced three-phase system shown in
Figure 1.18. The three-phase sources are a balanced positive sequence in A configura-
tion with line voltage E4? = V/3¢17/ 4" etc. The A-configured loads are balanced with
identical admittances /1, and the Y-configured loads are balanced with identical admit-
tances [>. The transmission lines are modeled by admittances #1 and 7,. Find the current
i1(t) and voltage v, (¢) in the diagram. Assume 3[1lr + 3l 1t, + [ (t1 +12) + 11t # O.

Solution. First we convert the A-configured source to its Y-equivalent Y using (1.31a)
and the A-configured loads to their Y equivalents using (1.31b). The result is shown in
the upper panel of Figure 1.18(b). Then we construct the equivalent per-phase circuit
with all neutrals n,n,n, connected, as shown in the lower panel of Figure 1.18(b).

We analyze the per-phase circuit to solve for voltages
Vi = yarm s V, = yarn
Applying KCL to nodes a; and a, we get
H(E"=Vi) = 3LVi+t (Vi-V2), n(Vi=Va) = bV,
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(a) Balanced three-phase system

(1] [r.]
Lo L]

ny n n

(b) Equivalent per-phase system
Figure 1.18 Balanced three-phase system and its per-phase equivalent circuit.

Hence

31+t +1 -1
t —(l2+13)

ol =[]

By assumption, the determinant

A = —=(BLil+3Lt+ 1 (t +1)+t1t) # 0
Hence
Vi _ l —(l2+t2) [5) tE" _ —HhE" [lL+1 (1.32)
V| A -t 3+t +1p 0 a A 1) '
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1.2.6

Since V4™ =V, we get:
va(t) = V2|Va|cos(wt+ £V5)
where w is the steady-state system frequency and V; is given by (1.32). To calculate
i1(1) = V2|14 | cos (wt + £1U€") (1.33)
we use (1.31a) to first get
yabi — \3inloy,
where Vj is given by (1.32). Hence
[P = [yt = 3170
Since the sources are a positive sequence we have
19 = —[@ = 0127 357631y = 3V3e 0y,

where V| is given by (1.32). Substituting 7! into (1.33) yields #; (¢). o

Example configurations

The secondary sides of three-phase distribution transformers in the US are commonly
configured as shown in Figure 1.19. For our purposes we can treat them as three-
phase sources. Figure 1.19(a) shows the secondary side of a typical 5-wire three-phase

I a ’. od

V.| = 120V V.l = 120V ’

on |V, =208V | d  |V,l=240V

[V,,| = 120V ‘ [Vial = 120V
cd &b D { [V.u| =208V——=b
|V,.| = 240V
c J
(a) 208Y /120V 3-phase Y (b) 240V split phase A

Figure 1.19 Common distribution transformer configurations.

transformer in Y configuration. Three phase wires (labeled a, b, c¢) and a neutral wire
(labeled n) are shown. The fifth wire, not shown, is the earth ground wire, typically
connected to neutral. A different voltage magnitude can be supplied to a load depending
on how it is connected. The voltage magnitude between a phase wire and the neutral
is 120V and that between a pair of phase wires is 120V3V = 208V.

Figure 1.19(b) shows a 5-wire transformer in A configuration with one of the phases
center-tapped to provide three voltage levels. Four phase wires (labeled a,b,c,d) are
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shown but an earth ground wire is not shown. The voltage magnitude between wires
ad or bd is 120V, whereas that between wire cd is 208V (derive this). The line-to-line
voltage magnitude is 240V.

Figure 1.20 shows a Y-configured voltage source connected to a set of loads in A
configuration. The voltage source is the secondary side of a three-phase 208Y /120V
transformer shown in Figure 1.19(a). The voltage magnitude across each load is the
line-to-line voltage 208V. Figure 1.20 also shows the electric panel arrangement to

BUS
DA DB OC

33
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P S Y ) P P Py ey ey
E 3% [ [=[]
i e e M e K

i
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5

Figure 1.20 Three-phase voltage source connected to loads in parallel (left) and the panel
arrangement (right).

connect the loads to the voltage source. The dot in the first row indicates that the wires
numbered 1 and 2 are connected to phase a, the dot in the second row indicates that
the wires numbered 3 and 4 are connected to phase b, the dot in the third row indicates
that the wires numbered 5 and 6 are connected to phase ¢, and so on. Therefore the
load connected between wires 1 and 3 is connected between phase a and phase b lines
(see the corresponding labels on the loads). Similarly for the load connected between
wires 2 and 4, and other loads connected between different phases.

The currents Jo := (190, [P0b1 [c1) supplied by the three-phase source to the
loads represent loading on the transformer. Suppose each phase of the secondary side
of the transformer (the voltage source) is rated at /™**. In order not to overload the
transformer, we require that the current magnitude in each phase be bounded by 7™#*:

[[PoP] < ™ = ab,ec (1.34)

Suppose the loads are not impedance loads, but constant current loads that draw
specified currents. Let the current drawn by the load in Figure 1.20 between wires 1 and
3 be 14151 that between wires 9 and 11 be 1211 , that between wires 5 and 7 be 114!, In
general let the load currents in the kth three-phase load be If =1 arbi pbrci ,ICKakY,
We therefore are interested in bounds on the load currents (I, k = 1,...,K) that
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1.3

1.3.1

enforce the limit (1.34) on transformer loading (see Exercise 1.11). This problem
arises in the smart charging of electric vehicles where each load is a vehicle. The goal
is to determines the charging rate, i.e., current magnitude |/P¥9%|, for each vehicle
to optimize certain objective subject to capacity constraints such as (1.34) and other
constraints. Such an algorithm can be applied periodically, e.g., every minute, to update
the charging rates (this is called model predictive control). Note that in this kind of
applications, the system is unbalanced since the loads |79k | are generally not identical
across phases.

Complex power

Single-phase power

Instantaneous power. When a voltage v(7) is applied across two ports and a current
i(#) flows between them, as shown in Figure 1.21(a), energy is delivered to the network
that connects the ports. We define the instantaneous power supplied as:
Vinax Ima
p(t) == v()i(t) = % (cos(By —6;) +cos(2wt +6y +6;)) (1.35)

Since the last term inside the bracket of (1.35) is sinusoidal with twice the nominal
frequency w the average power delivered is

1 /T Vinax ],
. / p(dr = I ooy, —6y)
0

where T := 27/ w, i.e., the average power depends only on the magnitudes of the voltage
and current and their relative phase angle.

i(t) 1

+o—— +o——]
v(e)  p()— v s —
PN PN
(a) Instantaneous power (b) Complex power ) S=VI

Figure 1.21 Definition of power.
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Complex power. Define the complex power in terms of the voltage and current
phasors as:

—Vma"z[m“ V=00 = |y||1|et¢ (1.36)
where I denotes the complex conjugate of I; see Figures 1.21(b) and (c). Here ¢ :=
Oy — 0y is called the power factor angle and cos ¢ is called the power factor. Power
engineers often says a leading or lagging power factor: lagging means current I lags
voltage V so that ¢ > 0. A leading power factor has ¢ < 0. A unity power factor means
¢ = 0. Figure 1.22 shows four complex powers with P,Q > 0 and 6 € [0,7/2]:

S =Vl =

Figure 1.22 Power factor angles ¢ and power factor cos ¢.

S; == P+iQ, S == P—iQ,  S3 := —P+iQ,  S4 = —P-iQ

with power factor angles ¢ := 6, ¢, := —6, ¢3 ;=1 —0, and @4 := —7 + 6 respectively.
Their power factors are related according to:

P —
cos¢; = \/ﬁ = cos @y, Ccos¢3 = \/ﬁ = COS¢4
Therefore the power factors cos ¢; do not differentiate between S; and S, or between S3
and S4. Power engineers specify S| as power factor cos 6 lagging (¢; > 0 and therefore
01 :=0 > 0)and S, as power factor cos § leading (¢> < 0 and Q5 := —Q < 0). Similarly
S3 has a power factor —cos 6 lagging (¢3 > 0 and Q3 := Q > 0) and S4 has a power
factor —cos @ leading (¢4 < 0 and Q4 := —Q < 0). For example “a load draws 100kW
at a power factor of 0.707 leading” means that the real power Re(S) = 100 kW and
cos¢ = 1/V2. Since the power factor is leading, ¢ = —45° and S = 100— 7100 kVA .

Note that S is not a phasor because V2|S| cos(w? +¢) is not the instantaneous power
in the time domain. This complex quantity is important in power flow analysis in the
phasor domain, as we will see. The real part of S

P = |V||I|cos¢
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is called the active or real power and its unit is W (watt). The imaginary part of S
Q = |V|l{|sing

is called the reactive power and its unit is var (volt-ampere reactive). We write both
S=P+jQ and S = |V||I|e!?. The magnitude |S| = [V||]] is called the apparent power
and its unit is VA (volt-ampere). Given an active power P and a power factor cos ¢, the
complex power S is given by (since P = |S| cos ¢)
S = P &'
cos ¢

i.e. the complex power is completely determined by the active power P and the power
factor angle ¢. Power is balanced at every node in a network. If I and S jx are sending-
end current and power respectively from node j to node &, then power balance at node
J means X, S;x = 0. This is a consequence of KCL }; Ix = 0 and the definition of
branch power S := V1.

Relation between instantaneous and complex power. The complex power S in
the phasor domain is related to the instantaneous power in the time domain as follows.
We can use (1.35) to express the instantaneous power p(f) in terms of active power P
and reactive power Q as (Problem 1.14):

p(t) = P+Pcos2(wt+0;)—Qsin2(wt+06;) (1.37)

It is then clear that the active power P is equal to the average power delivered (in the
time domain):

1 T
P=-
2 [ et

as the last two terms in (1.37) average to zero over a cycle 7. The reactive power Q
determines the magnitude of the instantaneous power p(t).

Power delivered to an impedance. The current and voltage across an impedance z
is related by Ohm’s law, V = zI and hence

lz| = Lz =0y—0f = ¢
Therefore from (1.36)
S = zZ|I]* = |z]|I|*e'?
and
P = [2|lIPcosg, Q@ = [z]|I]*sing
The active and reactive power for the three passive elements are given in Table 1.2.

In particular the complex power delivered to a resistor is active (Q = 0) with
instantaneous power p(z) := v(t)i(t)

p(t) = ri*(t) = rl3, cos® (wt+6;) = P(1+cos2(wt+6;))
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1.3.2

|zl ¢=1z P o

Resistor z=r r 0 |12 0

Inductor z =iwl wl /2 0 wl|I?

Capacitor z = (iwc) ™! (we)™! —x/)2 0 —(we)~ 12

Table 1.2 Power delivered to RLC elements.

which is (1.37). The complex power delivered to an inductor or a capacitor is reactive
(P =0). Substituting into (1.37), the instantaneous power p(t) to a purely reactive load
depends only on the reactive power Q:

—Qsin2(wt+6y) for inductor z = jwl
Osin2(wt+0y) for capacitor z = (jwc) ™!

p(t) = {

i.e., the instantaneous power is sinusoidal with twice the frequency and has an amplitude
0, and hence the average power delivered to a reactive load is zero.

Example 1.8. Suppose z = jwl (inductance) or z = (jwe)™! (capacitance). Prove
directly in the time domain that the average delivered power is O and the amplitude of
the instantaneous power is Q.

Solution. Suppose power is delivered to an inductor z = jwl. Let the current be i(¢) =
I'max cos(wt +6y). Then the voltage v(¢) across the inductor is given by

p
v(t) = ld—;(t) = Iy sin(wt +6;)

and therefore

v(1)i(f) = —wlI2,, sin(wt+0;) cos(wt +6;)
12
—wz%sinz(wﬁe,) = —wl|I|*sin2(wt+6;)

p(1)

= —Qsin2(wt +0yp)

where the last equality follows from Q = |z||1|? sin £z = wl|I|* since £z = /2. Moreover
the average power delivered is

1 T
P=— dt = 0
T/Op(t)t

The case of capacitor load z = (jwc) ™! is similar and omitted (see Exercise 1.16). O

Three-phase power

Under balanced three-phase operation, the total instantaneous power delivered is con-
stant and the total complex power is 3 times the per-phase complex power.
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1.3.3

Specifically for a balanced three-phase system let S := V@ [an = ybn jbn — yenfen
denote the per-phase complex power and Sz := V1[4 + VP [an L yenjan denote the
three-phase power. For a balanced positive-sequence device we have

VY= vire,, 1Y = 1"ay, VL I"eC
where a; := (1,a, az). Hence we have (using properties of a in Exercise 1.8)

Sip = VY = verjen(olla,) = 3§

For instantaneous power, we have from (1.35), for a balanced three-phase positive-
sequence device,

P3g(0) = vA(@)i® () +vP (1)i® (1) +vE ()i (1)

[V (cos ¢ +cos(Rwt + 0y +67))

+ [VI?] (cos ¢ +cosQuwt + (Oy —2m/3) + (0; —271/3)))

+ [V (cos ¢ +cosRwt + (Oy +2r/3) + (07 +27/3)))

3|V T4 cos g+ |V [T (cosO(t) +cos(O(t) —4r/3) +cos(0(r) +4r/3))
= 3P

where 6(¢) := 2wt + 0y +0; and P is the per-phase active power. Here the last equality
follows from

cosx+cos(x —4n/3)+cos(x+4m/3) = Re (eix +el (473 4 ei(x+4”/3))
and

(eix+ei(x—47r/3) +€i(x+471/3)) _ (eix+ei(x+27r/3) +ei(x—27r/3)) -0

where the last equality follows from Theorem 1.2.

Advantages of three-phase power

There are two main advantages of balanced three-phase systems over a system with a
single phase or that with other polyphases.

First it offers several benefits to motor operation. The total instantaneous power
D3¢ (t) =3P delivered is constant over time in a balanced three-phase system. On a
generator or motor this produces a constant mechanical torque, reducing vibrations,
noise, wear and tear, and other mechanical issues. A three-phase system can also
self-start an induction motor.

In contrast, the instantaneous power
P1g(t) = P+|V||I|cosRQut+0y +6;) = P+|V||I|cosH(t)

in a single-phase system, where 6(¢) := 2wt + 6y + 60y, is a sinusoidal signal with
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twice the system frequency. This is the case also with a two-phase system where the
instantaneous power is

Pag(t) = VI (cos ¢ +cos(Qwt + 6y +65)) +
[VIT4 (cos ¢ +cosRuwt + (Oy +x) + (0 +7))) = P+2|V|| I cosO(t)

It can be shown that for K > 3, a balanced K-phase system has px () = KP in-
dependent of ¢ (Exercise 1.15). Even though a balanced four-phase system also has
time-invariant instantaneous power, its design is more complex than a three-phase
system.

Second a three-phase system saves materials and thermal loss (r|I?|) compared
with a single-phase system that serves the same load. For example, it is clear that
the single-phase system that consists of three identical subsystems shown in Figure
1.7(a) needs twice as much transmission line and incurs twice as much thermal loss in
transmission as the balanced three-phase system in Figure 1.7(b), since the balanced
three-phase system has zero return current and hence does not need a neutral line.

The following example compares a balanced three-phase system with a single one-
phase circuit with a higher ampacity, as opposed to three identical subcircuits in Figure
1.7(a), to supply the same load. The same conclusion holds that the three-phase system
needs half as much conductor and incurs half as much transmission loss.

Example 1.9 (Single-phase vs three-phase systems). Consider two systems that deliver
a specified apparent power |S| at a specified voltage magnitude |V| to a constant power
load, as shown in Figure 1.23. The distance between the generation and the load is
d. The first system is single-phased and the second system is balanced three-phased.
Compare the required amount of wire and thermal loss in the line in these systems.

The line has an impedance z :=r + jx per unit length where the resistance » per unit
length is inversely proportional to the area of the line with proportionality constant p.
The current density limit of the line is ¢ in ampere per unit area.

I

® il

zo=2zor0

Figure 1.23 A system that delivers power |S| to a load at voltage |V|.

Solution. A single-phase system requires two cables, one for return current, each
carrying a current of magnitude |/14| = [S|/|V|. This is illustrated in Figure 1.23 with
zo = z. A balanced three-phase system requires three cables, each carrying a per-phase
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apparent power of |S|/3 and a per-phase current of magnitude |I34| = |S|/(3|V]). The
per-phase equivalent circuit is illustrated in Figure 1.23 with zo = 0.

For the single-phase system the required cross-sectional area of the cable is A4 :=
[I141/6 = |S|/6|V|]. Hence the amount of material (volume of the cable) required is
d|S|

= 2A14d = 2——
mige 1¢ 6|V|

Moreover the resistance per-unit length of the cable is r14 := p/A14 = pd|V|/|S| and
hence the active power loss in the cable is
2p6|V| d|SI*> _ _ pod|S|

._ 25 _
o 1= 2ol = =g Jyir = 27y

For the balanced three-phase system the required cross-sectional area of the cable
in each phase is Az4 :=|134|/0 =|S|/36|V|. Hence the amount of material required is

dis| 1
= 3A39d = — = =
m3e 3¢ s\ - 2™e

Moreover the resistance 734 per unit length of the cable is r34 := p/A3z4 =3p6|V|/|S]
and hence the active power loss in the cable is

9ps|V| d|S]* _ pédlS| _ 1

Ly = 3r3pllel’d = = !

3¢ 3911301 NI Vi 5l
Therefore the balanced three-phase system uses half as much material and incurs half
as much loss as the single-phase system. m}

Remark 1.6. 1. Example 1.9 also shows that thermal loss r||? is inversely propor-
tional to |V|. Intuitively a higher load voltage |V| requires a smaller load current
|1]| to deliver the same amount of power |S|, resulting in a smaller thermal loss in
the grid.

2. It is shown in Exercise 2.7 that, given a desired load power, the active line loss is
inversely proportional to the square |V|? of the load voltage magnitude, rather than
|V| derived here. This is because, in Exercise 2.7, the line resistance is given and
independent of load power and voltage |V|, whereas, here, the line resistance r34
is chosen to be proportional to |V| (reducing the dependence of line loss 734 |/34 2
from |V|? to |V]).

3. Note that V is the voltage drop across the load, not the voltage drop across trans-
mission line z which is zdI = zdS/V. In the case of balanced three-phase system
(where zo = 0 in Figure 1.23), if the load power S and voltage V are specified then
the required squared voltage magnitude at the source is

’ 2 e lSP -

= |V|*+|z|°d VI +2dRe(ZS)

4. In practice most three-phase systems do include a grounded neutral line to carry

the unbalanced current during asymmetrical conditions (e.g., due to line faults)
and reduce voltage transients during line switching or lightning events. Since the

S
lzdl+V|* = zdE +V
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1.4

1.5

1.6

unbalanced current is much smaller than the phase currents, the neutral line is
typically much smaller in size and ampacity and therefore much cheaper. O

Chapter summary

1. The steady-state behavior of a power system can be described by voltage and

current phasors (V, ) and represented by one-line diagrams. A one-line diagram is
a shorthand for an underlying equivalent circuit. These phasors satisfy Kirchhoff’s
laws (1.4) and Ohm’s law (1.5). Circuit analysis can be conducted in the phasor
domain and the results translated back to the time domain in terms of sinusoidal
voltage and current functions (v(z),i(¢)) and instantaneous power p(t) := v(t)i(t).

. A three-phase device such as a voltage or current source or an impedance can be

in Y or A configuration. In a balanced system, A-configured voltage and current
sources can be transformed into their Y-equivalents through the transformation
(1.31a) and A-configured impedances can be transformed through (1.31b). This
yields a per-phase circuit that is equivalent to the balanced three-phase system.
Analysis can be conducted on the per-phase circuit and the results translated back
to the three-phase system. Per-phase analysis is a consequence of the spectral
properties of conversion matrices (I,T'T) in Theorem 1.2 and Corollary 1.3.

. Complex power S := VI can be defined in terms of voltage phasor and current

phasors (V,I) whose real part Re(S) is the average instantaneous power p(t) :=
v(t)i(t), averaged over a cycle. A three-phase system requires a smaller amount
of conductor material and incurs a smaller power loss than a single-phase system
that provides the same amount of load power.

Bibliographical notes

There are many excellent textbooks on basic power system concepts, e.g., [1, 2, 3,4, 5, 6, 7]. Many materials
in this chapter follow [1]. The example comparing the savings of single-phase and three-phase systems is
from [4]. Circuit theory is a well established field. For general circuit analysis using KCL and KVL, see,

e.g., [8, Chapter 12]. The connection with algebraic graph theory is recently surveyed in [9].

Problems

Chapter 1.1.

Exercise 1.1 (ZIP load model). A common load model, called ZIP, assumes that the
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real and reactive power (p,q) consumed by a load depends on the voltage magnitude
|V| across the load:

p = |V +a1|V|+ao, q = aé|V|2+a{|V|+a6

for some real numbers (ag,a;,as) and (a(’), a’l s aé). This can be equivalently described
in terms of the complex power s := p +ig consumed by the load, as *

s = by|VI2+b1|V]+bo (1.38a)

where b; = a; +ia]. Instead of the complex power s, a ZIP model may describe how
the apparent power |s| consumed by the load depends on |V|:

Is| == c2[VI>+c¢1|V]+co (1.38b)

for some real numbers (cg,cy,c2). Given a ZIP load, specified either by (1.38a) or
(1.38b), show that its power consumption is equivalent to the sum of power consumed
by a constant impedance z, a constant current device (source) J, and a constant power
device (source) o, and express the parameters (z,J, o) of these devices in terms of the
parameters of the ZIP load.

Exercise 1.2 (KVL). Prove that Kirchhoff’s voltage law (1.3b) is equivalent to (1.4b).
(Hint: See Appendix A.11 and use Theorem A.35.)

Exercise 1.3 (Circuit analysis). Consider a 3-node 3-link circuit specified by its

1 0 1
incidence matrix € := [-1 1 0] = [C1 G
0 -1 -1

a voltage source vi3 and two impedances zj2 = z23 = 1. Determine the line currents
J := (J12,J23,J13), line voltages U := (Ujp,U,3) and nodal voltages V := (V},V,),
assuming that node 3 is the reference node with V3 :=0.

Exercise 1.4 (Theorem 1.1 and KCL). 1. For any circuit G, the cut-based KCL is:
the line currents on every cut of G sum to zero. Show that it is equivalent to the

node-based KCL (1.4a), in two steps.
(a) If (1.4a) holds, show that cut-based KCL holds. (Hint: Use the property (A.37)

of the indicator function z(«) of a cut x defined in Appendix A.11.)
(b) If cut-based KCL holds, show that (1.4a) holds. (Hint: Use z(«) and induction.)
2. With regard to Remark 1.2, show that the invertibility of ¥} := C;Z~'C IT implies
that the current sources j cannot violate KCL in the original graph G. (Hint: Use
part 1 and the fact that the incidence matrix C of G has zero column sums.)

4 The power consumption may depend also on the frequency. During transient, this dependence can be
made explicit by the time-domain model

s(1) = (a2l P +arlv(0)]+ao) (1+asdw(0)

where s(¢) := v (¢)i(r) is the instantaneous power in the time-domain and Aw (?) is the deviation from
the nominal frequency during transient.
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Exercise 1.5 (Theorem 1.1 and KVL). With regard to Remark 1.2, suppose both Y;
and CZT Yy 1, are nonsingular.

1. Show that C; is of full column rank. (The converse does not necessarily hold when
Y1 is complex symmetric but not Hermitian.)

2. Show that C, having full column rank is equivalent to the condition that no voltage
sources in E, form a cycle in the original graph G. This implies that no u can
violate KVL on G.

(Hint: Use (A.36) in Appendix A.11.)

Exercise 1.6 (Circuit analysis). For the three-bus network in Figure 1.5, derive the
current balance equation (1.10) by analyzing the equivalent circuit using KCL, KVL,
and Ohm’s law, as explained in Chapter 1.1.4. Draw the equivalent circuit.

Exercise 1.7 (One-line diagram and IT circuit). Derive (1.10) I =YV from the one-line
diagram of a general network by analyzing its equivalent circuit.

Chapter 1.2.

Exercise 1.8 (« := ¢727/3 and o, @_). Prove the following properties of @ := e 14120°

;= (l,a,az) and a_ := (1,02,01)1

1. a®>=a, a® =1, a* =, a* = aF ™93 where a denotes the complex conjugate of
a.

2. l+a+a?=0.

3. 1—a=V3230°1-a2=V3/-30°, (1 —a)(1-a?) =3.

4. l+a=-a*=1,-60° 1+a*=—a=1,60°.

5. ay=a_,a_=a,.

6. ata, =3, diag(ayat!) =1 where 1:= (1,1,1) is the column vector of all 1s.

Exercise 1.9. Prove Theorem 1.2.

Exercise 1.10. Show that the voltage magnitude |V<¢| = 208V in the split-phase Delta
transformer in Figure 1.19(b), assuming the system is a balanced three-phase positive
sequence.

Exercise 1.11 (Line limit). This problem derives bounds on the magnitudes of the
load currents I := (19Px [Prek Jekak) 1o enforce the limit (1.34). Let the total load
current in each leg of the A configuration be denoted by

K K K

10 = Z[“k”k, 17 = Zl”ka, 169 = Zlck“k (1.39)

k=1 k=1 k=1

1. Show that the limit (1.34) is equivalent to: |[[¢? — [¢?| < [™ax |[bc _ jab| < max
and |74 — 1¢| < I™_ (Hint: Show that Jo =TT 35 I2)
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2. Suppose the current phasors /<’ have the same, and known, phase angle 6., for

all k; similarly for I°%“* and I°*“*. Show that the limit (1.34) is equivalent to the
following convex quadratic bound on the magnitudes of the load currents:

|Iab|2 + |Ica|2 _2|1ab||lcalcos ¢a0a1 < (ImaX)2

where cos ¢ya, = 0cq — Oap 1s known, and similarly for phases b and c.
. Show that a sufficient condition for the limit (1.34) is the following linear bound
on the magnitudes of the load currents:

K
D (et eren) < e (1.40)
k=1

and similarly for phases b and c.

. Suppose the load currents are balanced, i.e., for all k =1,...,K, [Pk = [olfab
1Pxck = [¢l%e | [ekak = [el%a where I > 0 is the common magnitude of the load
currents, and 6,5 — 0pc = 120°, 8p — 0.4 = 120° and 6., — 0, = 120°. Show that
the linear bound (1.40) is conservative by ~ 13% compared with the exact limit.

Exercise 1.12. Consider the balanced three-phase system in Y configuration shown in
Figure 1.24. Show that V"™ =0 provided z # —(z; +11)/3.>

One-line diagram:

> h

Figure 1.24 Balanced three-phase system in Y configuration where the impedances z,z;,/; are
given.

Exercise 1.13 (Balanced system in Y configuration). Consider the balanced three-
phase system in Y configuration shown in Figure 1.25 where a three-phase voltage

5

Suppose the impedances z,z1,/; all have positive resistance, which is the case in practice. Then this

condition is automatically satisfied. If 3z = —(z; +1;) holds, however, then V "%0"1 can take any value
and Kirchhoff’s laws will be satisfied because 10" + I, + I, + I = 0 will always be satisfied for any
value of V071,
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source in positive sequence supplies m three-phase loads in parallel. All transmission

ay E a E_ . ap

n

OIRO

Ea0m0

Econo —

One-line diagram:

Q ) | |
~ cee
I
1l "l
Figure 1.25 A balanced voltage source supplies m balanced loads in parallel.

lines have a common admittance ¢t = 1 and all loads have a common admittance /.
Consider the following 10m variables:

« avoltage and a current for each phase at each stage k = 1,...,m:
Vaknk Iak ni
Vk = | Vhenk s ik = |Ippn |» k=1,....m
\4230% Ick -

for a total of 6m variables.
« a current for each phase from stage k — 1 to stage k:

B loy yar
Je-1k = Ipg_ibi | > k=1,....m
1

Cr-1Ck

for a total of 3m currents.
« avoltage between neutrals from stage k — 1 to stage k: V""" k =1,...,m, for a
total of m voltages.

1. Show that V*-1"« =(Qfork =1,...,m.
2. Show that

Vakn = gL E@no bk = gy phono -y — g Eono k=1, m
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where By is:
r{‘r’z"(rz—l)—ré‘r’ln(rl -1
3 (ra—= 1) =ri"(ri—1)

Br =
and rq,r, are given by:

g = %((l+2)i\/l(l+4)) (141)

(Hint: Derive a recursion on V. across stages k and solve the difference equation
for each phase a, b, ¢ separately.)
3. Show that Vi, I, Ji_1 x are balanced positive-sequence sets for k = 1,...,m.

Chapter 1.3.

Exercise 1.14. Show that the instantaneous power in the time domain can be expressed
in terms of real and reactive powers in the phasor domain:

[VII| (cos ¢ +cos(Rwt +0y +67))
P(1+cos2(wt+67))—Qsin2(wt+06y)

p(1)

where ¢ := 6y — 6 is the power factor angle, P := |V||I|cos¢ is the real power and
Q :=|V||I|sin¢ is the reactive power.

Exercise 1.15 (Instantaneous power). Consider a balanced K-phase system with K > 3
and for k=0,--- ,K—1,

ve(t) = \/§|V|cos(wt+(9‘/+k2?ﬂ)), i (t) = \/§|I|cos(wt+(0,+k2?ﬂ))

Show that pgg(t) := Zf:_ol vi(1)ir(t) = KP where P := (1/T) fOT vo(t)ip(2)dt =
[V||I]|cos(8y —0;) and T :=27/w.

Exercise 1.16. Suppose z = 1/iwc (capacitance).

1. Prove directly in time domain that the average delivered power is 0.
2. Derive the instantaneous power p(v) in terms of Q.

Exercise 1.17 (Power meter). A power meter measures voltage and current magnitudes
(rms values) (|V|,|I|) and instantaneous power p(t) over 1 or more period 7. In addition
to reporting (|V|,|1]), it also reports real and reactive power (P,Q), apparent power
|S], and power factor cos¢. Explain how to calculate these quantities from (|V|,|I])
and p(1).

Exercise 1.18. Consider Figure 1.26.
1. Shunt capacitor is Var source: Show that in Figure 1.26(a), S, = S| +iwC|V/|*.

2. Short transmission line is inductive: Show that in Figure 1.26(b), if |V, | = |V} | then
S>=5,.
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o O
+
)
S, — C=—/—=V S, —
o — O

(a) Shunt capacitor is VAR source

Figure 1.26 Conservation of power.

[ :
PV VN
* PL +
Si— W Vv, §—

(b) Short transmission line is inductive



Transmission line models

2.1

An electric network consists of transmission and distribution lines that transfer power
from generators to loads. In this chapter we develop models for the end-to-end behavior
of a three-phase transmission or distribution line that map the voltage and current at one
end of the line to those at the other end, in two steps. In Chapter 2.1 we derive inductance
and capacitance parameters of a transmission line as functions of line geometry. In
Chapter 2.2 we use these parameters to develop circuit models for single-phase short,
medium, and long-distance transmission lines. These line models are building blocks
for single-phase network models developed in later chapters.

Line characteristics

The alternating currents in the conductors of a three-phase transmission line create
electromagnetic interactions among them that couple the voltages on, and currents and
charges in these conductors. In a balanced operation however the interactions are as if
the phases are decoupled. This allows per-phase analysis where, in each phase, the line
can be characterized as a combination of a series impedance and a shunt admittance
parameterized by:

series impedance per meter z = r+iwl Q/m

shunt admittance per meter to neutral y := g+iwc Q'/m

In this section we present models for these per-meter line parameters (r,[) and (g, ¢).
In the next section we will use these parameters to derive a lumped-circuit model
of the line. This will justify modeling a transmission line by the II circuit model of
Example 1.3 in Chapter 1.1.4.

A three-phase line consists of multiple wires and therefore we need to derive the
series inductance / and shunt capacitance ¢ due to currents and charges in multiple
wires. The key property that will be important in our derivation is that the set of wires
carry currents in both directions so that the currents and charges in all the wires sum
to zero at all times, as expressed in (2.2) and (2.5) below.
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2.1.1

21.2

Series resistance r and shunt conductance g

The direct current (dc) resistance of a conductor is
1%

Tde = o Q/m

where pr is called the conductor resistivity at temperature 7 and A is the cross-sectional
area of the conductor. Hence the per-meter resistance is inversely proportional to the
size of the line. The alternating current (ac) resistance (or effective resistance) of a
conductor is defined to be

P Pioss
ac =
117

/m

where Pj; is the real power loss in W and |/| is the root-mean-square of the current in
A in the conductor. The current distributes uniformly throughout the conductor’s cross-
sectional area for dc. For ac, the current density is lower at the conductor center and
higher near the conductor surface. This is called the skin effect and is more pronounced
at higher ac frequencies. As frequency increases, the real power loss, and hence the
ac resistance, also increase. At 60 Hz the ac resistance is at most a few percent higher
than dc resistance. These effects are modeled by the series resistance r in Q/m in
transmission line models.

Shunt conductance g in Q' /m accounts for real power loss between conductors
or between conductors and the ground, typically due to either leakage currents at
insulators or to corona. Insulator loss depends on the environment such as moisture
level. Corona occurs when a strong electric field at a conductor surface ionizes the air,
causing it to conduct. It depends on meteorological conditions such as rain. Losses due
to insulator leakage and corona are typically negligible compared to resistance loss
r|I|%. 1t is therefore common to assume zero shunt conductance g in transmission line
models.

Series inductance [

Roughly, the per-meter series inductance [ in henrys/m of a wire is the proportionality
constant between the current i in a meter of the wire and the total magnetic flux linkages
A, i.e., A(t) = 1i(t), where i(¢) is in ampere and A is in webers. We now study how the
per-meter series inductance [ of a wire depends on the geometry of the transmission
lines.

Single conductor. Consider a straight infinitely long wire of radius r with uniform
current density in the wire with a total current i (dropping ¢ from the notation for
simplicity). The total flux linkages Ag per meter of the wire within a radius R of the
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wire is related to the current i and the geometry by:

Ho [ Hr R\ .
/l = — | — 1—
R 27r(4+nr)l

where 1 := 47 x 1077 weber/ampere-meter is the permeability of free space, and u,
is the relative permeability of the wire. If the conductor is nonmagnetic (e.g. copper
or aluminum), then y, =~ 1. The first term is due to flux linkages inside the wire and
the second term is due to flux linkages outside the wire up to radius R. The details are
explained in [, pp.54-59].

Multiple conductors. We will calculate approximately the per-meter total flux linkages
A1 of conductor 1 that carries a current /. The total flux linkages 1; is determined not
only by current i, but also by currents iy from other conductors k =2,...,n, that carry
currents i and are at distances dx from the center of conductor 1. See Figure 2.1.

dy R,

conductor 1 R,
radius r,
current 7,

Figure 2.1 Per-meter total flux linkages in a volume within a radius R from the center of
conductor 1 due to all conductors. Conductors k carry currents iy and their centers are
distances dy; from the center of conductor 1 and R from point a.

Denote by R, the distance of point a from the origin (center of conductor 1) and by
Ry, the distance of the center of conductor k from point a. Then the total flux linkages
of conductor 1 is

n
. Mo . (mr Ry .. Ry
A1 = lim — —+In— |+ In— 2.1
! RIILnooer (ll(4 nrl) kzzzlk ndlk) @)
where In denotes the natural log. We make the key assumption
n
Zik(t) =0 at all times ¢ (2.2)
k=1
This is a reasonable assumption as in practice the lines carrying power from generation
to load and the lines carrying the return currents follow the same physical path by
design. The implication is that the magnetic inductances due to all the lines cancel
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each other at infinity. Formally, we add —In R >} _, ix into the bracket on the right-hand
side of (2.1) to get

. Mo (. [Hr 1 P 1 Ho xo . . Rk
A =1 — —+In— |+ In—|+— In—
! Rllgloo 2ﬂ(l1(4 nrl) kZ_;lkndlk) Zﬂ';lkan
As Ry — oo, In(R;/R;) — 0. Hence

n
Mo |. 1 . 1
Ay = 2 i =+ > i In—
1 o (11 nr;+k:21k ndlk)

where | := rie #r/* is the radius of an equivalent hollow conductor with the same
flux linkages as the solid conductor of radius r. For a nonmagnetic wire, y, ~ 1 and
r{ ~0.78r.

In general the total flux linkages A; of conductor k depends not only on current iy
but currents iy in other conductors as well, and is given by

1 1
A= (Bom— i+ Y By~ Vi, k=1,....n (2.3a)
2 e bt

where r,’( = rke‘“r/4. In vector form this is
A=1Li (2.3b)

where A := (A, k=1,...,n),i:=(ix,i =1,...,n), and the (k,k’)th entry of the nxn
matrix L is

27

—é‘—;’rlndkk» if k+k’

—20ny if k=k'
Liw = { et (2.3¢)
The voltage drop v (f) between two points on conductor k that are separated by an
infinitesimal distance is related to the rate of change of the total flux linkages A (7)
(Faraday’s law), i.e., v(¢) = A. Hence from (2.3b)

d
v(t) = %/l(t) = Lai(t)

This relation, in the phasor domain, is used in Chapter 2.2.1 to derive a circuit model

of a transmission line. In a circuit model, the term
Ho ’

—Inr henrys/m
2 k y

is called the self-inductance per meter of conductor k£ and the term

Lir = —

Ly = _Ko Indyy henrys/m
2n

is called the mutual inductances per meter between conductors k and k’. The larger
the conductor ry the smaller the self-inductance Lyy.
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2.1.3

Shunt capacitance ¢

Roughly, the per-meter shunt capacitance c, in farads/m, of a wire is the proportionality
constant between the charge g, in coulombs/m, in a meter of the wire and the voltage
v on the surface of the wire, i.e., g(t) = cv(¢). We now study how the per-meter shunt
capacitance ¢ of a wire depends on the geometry of the transmission lines.

Consider the situation in Figure 2.1 with multiple conductors. A similar analysis to
that in Chapter 2.1.2 shows that the voltage, with respect to a reference at infinity, at a
point on the surface of conductor & is (cf. (2.3))

Ve = (ﬁln—)qk+2(ﬁ na)qk,, k=1,....n (2.42)
k'#k

where € is the permittivity of the medium (e = 8.854 x 10~!? farads/meter in free space

and € = 1 farad/meter in dry air). The details are explained in [, pp.75-79]. As before,

'k is the radius of conductor k and dy - is the distance between the centers of conductors

k and k’. Here g is the total charge per unit length of wire k in coulombs/m. In vector

form this is

v = Fq (2.4b)

where v = (vi,k=1,...,n),q:=(qx,.k=1,...,n), and the (k,k’)th entry of the n X n
matrix F' is

Foo = { 3 Inrg if k=k

: 24
o ndge i k£ K (240)

Taking time derivatives relates the currents in the conductors to the rate of change in
a voltage on the surface of the conductor relative to the reference, v = Fi(t), or

i(t) = C%v(t)

where C := F~!. The diagonal entries ¢ of C are called self-capacitances per meter
of conductor k and the off-diagonal entries cgy of C are called mutual capacitances
per meter between conductors k and k’, in farads/m. The larger the conductor r; the
larger the self-capacitance cgg.

The key assumption (among others) in deriving (2.4) is (cf. assumption (2.2))

n
qu(z) =0  atalltimes¢t 2.5)

Example 2.1. The voltage v in (2.4) is the potential, or voltage with respect to the
reference at infinity, at a point on the surface of conductor k. The voltage difference
v jx between two points on the surfaces of two parallel conductors j and k that are on
a plane perpendicular to conductor j is:

Vik = Vi—Vi = e q;l qkln—+ Z qk/ln—
e k'#j.k
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Balanced three-phase line

Consider the simplest model of a symmetric three-phase transmission line in balanced
operation, as shown in Figure 2.2, with the assumptions:

1. the conductors are equally spaced at D and have equal radii r;'
2. ig(t)+ip(t)+i.(¢) =0 at all times ¢;
3. qa(t)+qp(t)+q.(t) =0 at all times 7.

D

Figure 2.2 Per-meter inductance and capacitance of a symmetric three-phase transmission line
in balanced operation.

It can be shown (see Exercise 2.1) that in this symmetric arrangement the effect
of mutual inductances and capacitances among the transmission lines is particularly
simple, resulting in the following equal per-phase inductance for each line:

D

[=HnZ  Hm (2.6a)

2n 1’

where 1’ := re */*, and equal per-phase capacitance for each line:
2re

c= ——

In(D/r)

Note that / and ¢ include not only the self-inductance and self-capacitance of the line,
but also mutual inductances and capacitances. Two implications are as follows:

F/m (2.6b)

1. Although there is magnetic coupling between phases, the conditions i, (¢) +ip (f) +
ic(t)=0,qq(t)+qp(t)+q-(t) =0 and the symmetry (equal radii  and distances
D) reduce the effect of the magnetic coupling to the term InD. This allows us
to model the magnetic effect as if it consists of only self-inductance and electric
effect as if it consists of only self-capacitance. Moreover, the inductances and
capacitances are equal for each phase, permitting per-phase analysis.

2. To reduce the impedance due to inductance or capacitance, we can reduce the
spacing D or increase the wire radius r. Both have limitations. Other techniques
are used in practice to approximate condition 1 above on the symmetry of line
geometry, e.g., conductor bundling and transposition of the transmission lines.

' We use r to denote both the per-meter series resistance and the radius of the conductor; the meaning
should be clear from the context.
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2.2

Consider any point p that is equidistant from the centers of the conductors a,b,c,
e.g., the point at the center of the triangle in Figure 2.2. The potential, or the voltage
relative to the reference point at infinity, at this point p can be shown to be

Vp = L qalnL+qblnL+qclnL 2.7
2me dpa dpp dpe

where dp,, = dpp, = dp are the distances between p and the centers of the conductors.
Since g4 +qp +4q. =0 we have v, =0, and hence p has the same potential as the
reference point at infinity and can therefore be taken as the reference point. We will
construct an imaginary geometric line parallel to the conductors pass through the
equidistance point from these conductors. Every point on this line is the reference
potential. By default we will pick this as the neutral potential that defines the phase-to-
neutral voltages. The current supplied to the transmission line capacitance is called the
charging current and the corresponding capacitance is also called the line charging.
Figure 2.3 shows the corresponding circuit model of a transmission line. When the

a

1

¢ F/mto neutral

Figure 2.3 Circuit model of the cross section of a balanced three-phase transmission line.

phase a line-to-neutral voltage is V4", the phase a charging current is
Ia,charging = iwcVan A/m

from phase a conductor to neutral. This is the origin of the shunt admittances of
transmission line models studied in the next section.

Line models

Consider a three-phase transmission line in balanced operation in sinusoidal steady
state, modeled as in Figure 2.3. A key conclusion of Chapter 2.1.4 is that for balanced
three-phase lines, we can analyze each phase separately. Consider now a transmission
line on one of the phases. Let

series impedance per meter z := r+iw! Q/m

shunt admittance per meter to neutral y := g+iwc Q'/m
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2.21

where the per-meter resistance r > 0 and conductance g > 0 depend on the material
and size of the line, and the per-meter inductance [ > 0 and parameter ¢ > O of the
line can be calculated as in Chapters 2.1.2-2.1.4. In this section we use the per-phase
line parameter (z,y) to model the end-to-end behavior of a balanced three-phase
transmission line, and derive two equivalent models. The first model represents the
terminal behavior, i.e., the mapping of the voltage and current between one end of
the line and those at the other end, by a transmission matrix in (2.10) below. The
second model represents the terminal behavior of the line by a linear circuit with series
impedance and shunt admittances given in (2.15) below.

Transmission matrix

Distributed-element model. We start by deriving the V-I relations between two ends
of a transmission line. Figure 2.4 shows a per-phase model of a balanced three-phase
line of length ¢. The voltages are phase (line-to-neutral) voltages as illustrated in Figure
2.3. We will call the left end the sending end and the right end the receiving end. When
we apply a voltage Vi, with respect to neutral, at the sending end driving a current /;
towards the receiving end, the voltage drops and the current leaks from the sending
end to the receiving end so that the voltage V(x) and current /(x) at each point x of the
line vary. We will derive a relation between the sending end (Vy, ;) and the receiving
end (V, ;) by solving for (V(x),(x)) in terms of (V;,1) forall 0 < x < ¢.

Figure 2.4 Per-phase model of a balanced three-phase line of length ¢ with impedance
parameters z, y.

To this end consider the infinitesimal segment of length dx at a distance x from the
receiving end. This segment is modeled by the circuit with series impedance zdx and
shunt admittance ydx to neutral as shown in Figure 2.4. Let the voltage and current
at point x be V :=V(x) and I := I (x) respectively. Let the corresponding quantities at
point x +dx be V(x) +dV and I(x) +dI. Applying Kirchhoff’s laws to the segment, we
have

dv
di

zI(x)dx
(V(x)+dV)ydx ~ yV(x)dx



2.2 Line models 73

where the approximation results from ignoring the second-order term dVdx. Hence

we have
dv
ax 0 z||V
[—Z’l ) [y 0] H 29
dx

Transmission matrix. The ordinary differential equation (2.8) can be easily solved
using standard method (see below for details), and the general solution is:

V(x) e¥™ 0 ||k
= 2.
[I(x) U[ 0 e"’x] [kz] (2.92)
for some constants ki, k,, where
_|Ze -Z. a1 1 Z.
vl e L[] em
Here
Ze 1= § Q and y =+ m 2.9¢)

are called the characteristic impedance and propagation constant of the line respec-
tively. Atx =0, V(0) =V, and 1(0) = I,. From (2.9) we have

1% kl
=U
[12] [kz}
vl . le™ 0 1|V2
I(x)] = U[ 0 e‘”]U Ll x €[0,]
The sending-end voltage and current are therefore related to the receiving-end

(Va, ) as
\%1 _ evt 0 -1 Va
L=l S

[‘1/11] _ | cosh(y)  Z sinh(yf)] [Vg} (2.10)

Z-'sinh(y)  cosh(yt) || L
where coshx := (e* +e7*)/2 and sinhx := (e* —e™) /2. This defines a linear mapping
that maps the voltage and current (V», I5) at the receiving end to the voltage and current
(V1, 1) at the sending end. The matrix in (2.10) is called a transmission matrix.

and hence

Expanding, we have

The ratio V; /I at the sending end is called the driving-point impedance. 1t is the
equivalent impedance across the two sending-end terminals.
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Example 2.2 (Driving-point impedance). Consider the terminal model (2.10) of a
transmission line. Suppose the receiving end is connected to an impedance load Z;.
Show that the driving-point impedance V) /1 is equal to the characteristic impedance
Z. of the line under one of the following conditions:

« if the load is matched to the line, i.e., Z; = Z.; or
« if the line length £ grows to infinity, since the line parameters satisfy r,x, g,c > 0.

The second condition implies that as the line grows in length its impedance comes to
dominate the load impedance Z;.

Solution. Since V, = Z;I», we have from (2.10) that when Z; = Z.
Vi cosh(y{) +sinh(yf)
I “sinh(y€) +cosh(yf) ~ ¢
For the second case, we have from (2.10)

E _ Zycosh(yl) + Z.sinh(yl) Z;+Ztanh(y{)
I, " Zysinh(y€)+Z.cosh(yt) ' Z;tanh(yf) + Z,

Now y = +/zy =: \/5 where § := (rg —w?lc) +iw(rc+gl). Note that Imy > 0 and hence
/9 € (0,7) and y € (0,7/2). If we write y =: @ +i then @ > 0. Hence

cosh(yl) = %(67€+e_7€) = %(e(a+iﬁ)f+g—(a+iﬂ)€)
sinh(yf) = l (eV" _e—yf) _ l (e(a+iﬁ)£’ _ e_(miﬁ)g)
2 2
and
elaHB)l _ o= (a+ip)t | — p-2(a+iB)e
tanh(yf) = (@Bl 4 o—(atiB)l | 4 e-2(a+p)l — 1 a {—>o
Hence Vi /11 — Z as £ — oo. -

Example 2.3 (Matched load). Suppose the line is terminated in its characteristic
impedance Z., i.e., Vo = Z.1I,. Then (2.10) yields

Vi = (cosh(y€) +sinh(y0))Vs = Voe¥*

I, = (cosh(y€)+sinh(y0)) I, = Le”*
Therefore the driving-point impedance V| /I, is also the characteristic impedance Z,

of the line, as shown above. Moreover the ratio of the receiving to sending end voltages
and currents are
Voo D
i L

The ratio of the receiving power to the sending power is

et

oo
S12 Vil
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Using y = vZy = ¥ (rg — w?lc) +iw(rc +gl) =: a+iB, we have

=521 _
— e 2af

S12

Since e~2?¢ is real, the powers have the same phase angle Z(—S3;) = £S5 =: 6. This

implies that the ratio of the complex powers is the same as the ratio of the real power
—P»; received and real power P, sent, or the transmission efficiency n:

-Py  =Sycos 5,

= Py - Si2cos6 - ¢

Hence for an impedance load that is matched to the line impedance Z,., the transmission
efficiency n decreases exponentially in the line length £. For high-voltage transmission
lines, @ = 0 so the loss is small and =~ 1.

Indeed, for a lossless line, r = g = 0. Then z = iw! and y = iwc. Hence
A Ry L
y cl C

is real, where L and C are the total inductance and capacitance of the line respectively,
and

Y = Vzy = iwVic
is purely imaginary (@ = 0). The transmission efficiency is n = —P»1 /P12 = 1. We will
study lossless lines in more detail in Chapter 2.2.4. O

Solution of (2.8). First we note that even though (V, ) and the parameters (y,z) are
complex variables, the variable x (distance from terminal 2) is a real variable. Hence
the ordinary differential equation (ode) (2.8) can be solved in the same way as an ode
in the real domain. To see this consider a general ode:

dz
2= — =M 2.11
¢ dt ¢ @10
where z :=x+jy € C" withx,y in R” and M := A+ jB € C"™" with A, B in R™",
with the interpretation x + jy = (A+ jB)(x+jy). Rewrite this in the real domain:

X A -B||x
= 2.12
[y‘ [B A y] @12
N—
M
The two matrices
- A -B
M = A+jB d M =
+J an [B A

are equivalent, written M < M, in the sense that for any z =x+1iy with x,y e R",

Re(Mz)| - |x
[Im(MzJ } M[y
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222

Since

- A>-B?> —(AB+BA)
M? = (A2—32) '(AB+BA) and M? =

+J(AB+BA) an AB+BA  A’-B?
we have M2 « M2, and by induction M* < M* for all k. Hence e™ < eM . This
implies that a trajectory z(¢) € C" is a solution of (2.11) if and only if (x(¢), (7)) € R**
with z(¢) =: x(7) +iy(¢) is a solution of (2.12). Hence solving (2.12) using M in the

real domain is equivalent to solving (2.11) using M directly in the complex domain.

T

Then the eigenvalues of A are +y where y := /yz is the propagation constant defined

We now solve the ode (2.8). Let

in (2.9¢). Recall the characteristic impedance of the line Z. := \/é also defined in
(2.9¢). The corresponding eigenvectors are (any vectors proportional to) the columns
of the matrix U defined in (2.9b). Let U~! be its inverse. Since AU = Udiag(y,—y), if
we define

V(x) =yl

i | = (2.13)

V(x)
I(x)
then

d
dx

V(x)
1(x)

V(x)
1(x)

‘7 _ -1 V()C) _ -1 -
i] =U A[I(x) =U AU(U1

) = diag(y,-y)

i.e., V and I are decoupled. Hence
V(x) = kie?™ and I(x) = ke

for some constants kj,k;. Then (2.13) implies that the general solution of (2.8) is
(2.9). O

I1-circuit model

If we are only interested in the terminal voltages and currents of a line, then we can
represent the line by a lumped-circuit model as shown in Figure 2.5 that consists of a
series impedance Z’ and a shunt admittance Y’ /2 at each end of the line. This is called
the IT model or I1-circuit model of a transmission line. We now derive the parameters
(Z’,Y’) in the IT model in terms of line characteristics (Z.,7y).

Applying Kirchhoff’s laws we have

I = Y/V +Y/V +1
1 = ) 1 ) 2T 12
(Y
Vi-Vh, =272 (?V2+12)
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Figure 2.5 Lumped-circuit I model of a transmission line.

Hence, in terms of the transmission matrix,

il [ 1+z'7')2 z'
nl-

Y'(1+Z'Y'/4) 1+Z'Y']2
Comparing (2.14) and (2.10) we find that the IT model in Figure 2.5 is given by:

%)
12} (2.14)

inh(y¢
7' = Z.sinh(yl) = \/z sinh(yf) = zw (2.152)
y y
Y Lcosh(yf)—l B Lsinh(yf/Z) B Ztanh(yf/Z) (2.15b)

2~ Z. sinh(yf)  Ze.cosh(y€/2) 2 yt]2
where Z := z{ is the total series impedance of the line and Y := y¢ is the total shunt

admittance to neutral of the line. An equivalent representation of (2.14) is in terms of
an admittance matrix that we will use extensively in later chapters that maps (Vi,V2)

L] [z7'+Y')2 A Vi
-L| A ARLES S LA RN

When |y¢| < 1 then sinh(y£)/(y€) ~ 1 and tanh(y£/2)/(y£/2) ~ 1, in which case
the IT model in Figure 2.5 can be approximated by the total series impedance Z and
total shunt admittance Y to neutral of the line.

In summary each phase of a balanced three-phase transmission line can be modeled
as follows:

o Long line (¢ > 150 miles approximately): Use either (2.10) or the I1-circuit model
with Z’ and Y’ given by (2.15).

o Medium line (50 < € < 150 miles approximately): Use the Il-circuit model with
Z :=z{ and Y := y{ instead of Z’ and Y’. Here Z = R +iwL is the total series
impedance of the line and Y =iwC is the total shunt admittance to neutral of the
line. In particular, for medium lines, the shunt resistance is negligible.

o short line (€ < 50 miles approximately): Use the Il-circuit model with Z only and
neglect Y.
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2.2.3

Real and reactive line losses

The power injected at terminal 1 towards terminal 2 and that at terminals 2 towards 1
are (from Kirchhoff’s laws):

512 .

_ Y’
Vily = (|V1|2—V1‘721F‘1)+7|Vl|2

1
Z!
S21 :

_ 1 Y’
Va(=D) = E(lelz—Vszq)Jf?Wﬂz

They are not negatives of each other because of power loss along the line. Indeed the
total complex power loss is their sum:

1 Y’ , Y’
SitSn = 2 Vi-VaP+ = (VP +1VaP) = Z1, P+ 5 (VP + 1vaP?)

where I}, denotes the current through the series impedance Z’. The first term on the
right-hand side is loss due to series impedance and the last term are losses due to shunt
admittances of the line. Suppose Z’ = R® +iX*® with R® > 0, X* > 0 (inductive) and
the shunt admittance is purely capacitive, i.e., Y’ =iB™ with B™ > 0. Then, over the
transmission line,

real power loss Re (S12+821) = R°|I},[?
_ B™
reactive power loss Im(S;p+S521) = X5|1f2|2—7(|V1|2+|V2|2)

Remark 2.1 (High voltage reduces line loss). Consider a load supplied by a source
through a transmission line modeled by a series impedance R +iX and zero shunt
admittances. Suppose the load draws an active power Pjo,q With power factor cos ¢ at
a specified voltage magnitude |Vjaq|. It can be shown that, given a desired active load
power Pjy,q, the active line loss Piiye 1S inversely proportional to the square of the load
voltage magnitude |V,| and its power factor cos ¢ (Exercise 2.7):
P2
Pline = R|Iload|2 = R m

Therefore a higher voltage (magnitude) reduces line loss.

Note that the higher voltage refers to the voltage |V,| across the load (and eventually
the source voltage |V|), not the voltage across the transmission line which is |V —V»|;
see Figure 2.5. It is derived in Example 1.9 that, given a desired load power, the active
line loss is inversely proportional to | V5|, rather than |V5|2. This is because, in Exercise
2.7, the line resistance R is given and independent of load power and voltage |V2|,
whereas, in Example 1.9, the line resistance R is chosen to be proportional to |V;|
(reducing the dependence of line loss R|[jpaq|* from |V5|? to |V5)). O
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2.2.4

Special case: lossless line

In this subsection we consider the special case where the series resistance and the shunt
conductance are negligible, i.e., where the line parameters r = g := 0. A lossless line is
an important model because a high-voltage transmission line typically has very small
power loss compared with the power flow on the line, and can be modeled as a lossless
line. As noted above the characteristic impedance and propagation constant of the line

become:
Z. = \/2 L \/Z Q
y iwe c
y = vzy = V(i) (iwc) = iwVic = i m™

with 8 := wVlc. Therefore Z. is purely resistive while y is purely reactive. The
characteristic impedance Z. is called a surge impedance for a lossless line. This
implies

cosh(yx) = cos(Bx), sinh(yx) = isin(Bx) (2.16)

[I-circuit model. Substituting (2.16) into (2.10) the transmission matrix reduces to
V(x) cos(Bx) iZ. sin(Bx)
I(x) iZZ'sin(Bx)  cos(Bx)

The circuit elements Z’ and Y’ in the II-circuit model of a transmission line reduces
to (from (2.15)):

Va
L\’

x € [0,0] (2.17)

Z' = Z.sinh(yf) = iZ.sin(Bf) = iX Q (2.18a)
Y’ Y tanh(y£/2) Y tan(B¢/2) .wC’ _1

—_— = = = — =: Q 21

2 T2 2 27 B2 ' (2.180)

where X :=+/l/csin(B¢), Y :=iwcl and C’ := ¢l (tan(BL/2)/(B€/2)). If € is small
then C’ ~ c¢f. When ¢ < m radian, both X > 0 and wC’ > 0, i.e., the series impedance
is purely inductive and the shunt admittances are purely capacitive. In practice, for
overhead lines, 1/VIc ~ 3% 10® ms™!. At 60 Hz (using B := wVlc)

bis

T
B 2r(60)Vic

Hence a lossless overhead transmission line less than 2,500 km can be modeled by the
simple circuit in Figure 2.6 where X and C’ are given in (2.18). It is a model for either
a single-phase line or the phase-to-neutral of a balanced three-phase line.

~ 2,500 km

Voltage profile. Usually power must be delivered to a load at a specified nominal
voltage magnitude |V;| at the load. To see how the voltage magnitude changes along a
line from the source x = ¢ to the load x = 0, we determine the voltage V (x) for x € [0,]
using (2.17):

V(x) = Vhcos(Bx)+iZ I, sin(Bx) (2.19)
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Figure 2.6 II-circuit model for a lossless line with length £ < /8.

Suppose the line terminates at an impedance load Zjpug := Rjoad +1Xj0ad- Then the
voltage V(x) at each point x depends on the load impedance because V, = Zjpaq/2.
There are four cases of load impedance:

1. No load I = 0: Then V(x) =V, cos(Bx) and hence the voltage magnitude |V (x)| =
|V| cos(Bx) increases from the source at x = £ to the end of the line at x = 0 as
long as B¢ < m/2 radian.

2. Surge impedance load Zyoaq = Z.: The voltage magnitude |V (x)| = |Z.I,| is con-
stant, independent of x. Moreover the power delivered S(x) at every point x € [0, (]
is real and constant |V3|?/Z., so only real power is delivered. See Exercise 2.4.

3. Full load: Since Iy =V, /Zjoaq We have

V(x)

(cos(ﬂx)+iZZC sin(Bx) | V»

load

sin(Bx) | V> (2.20)

Z:X ) ZcR
(cos (Bx) + loas sin(Bx) +i loas
| Zioad I I Zioad |

In Exercise 2.5 we derive sufficient conditions under which the voltage magnitude
|V (x)| decreases from the source at x = £ to the load Zj,q at x = 0.

4. Short circuit V, = 0: V(x) =iZ. I sin(Bx). Hence the voltage magnitude |V (x)|
decreases from the source at x = € to the load at x = 0 as long as 8¢ < x/2 radian.

This is illustrated in Figure 2.7. The general trend of decreasing voltage magnitude

Figure 2.7 Voltage magnitude |V (x)| on a lossless line.

towards the load (case 3 above) can be problematic because loads are generally designed
to work with specific voltages. As mentioned above low load voltage also increases line



2.2 Line models 81

2.2.5

loss in the network. Voltages are regulated tightly around their nominal values through
various voltage compensation devices in generating units and inside the network.

Example 2.4 (Steady-state stability limit). To derive the power delivered to a generic

load we have from (2.18) that
V1 - Vz _ iwC’
iX 2

Hence the complex power delivered is

I, = )%

V2’ -VaVi . wC’

== v 2
Tx iy M

=So1 = Vol = -

and the real power delivered is

_ Wlval .
= ———si

-P; nd

where 6 := £V — £V, is the angle difference between V| and V5. Hence the maximum
power is delivered on a lossless line if ¢ = 7/2 and the maximum power would have
been |V|||V,|/X. This 6 = /2 is called the steady-state stability limit. If the load
exceeds this limit, there is no solution for ¢ for this equation. In practice a transmission
network operates with § < /2 because a line is typically limited by three other factors.
First the voltage drop from the source to the load must be small, e.g., [V5|/|Vi]| = 95%.
Second ¢ is usually limited to 30° or 35° by transient stability. Third 6 can be limited
by the thermal rating of the conductor insulation materials. m

Special case: short line

In this subsection we consider the special case where the shunt susceptance is negli-
gible, i.e., where the line parameter y := g +iwc := 0. This is a good model for a short
transmission line which can be represented by a II circuit with only a series impedance
Z = R+iX and no shunt admittances. We explain some properties of the complex
power transfer over this line.

Let V; and I; be the voltages and currents at buses i = 1,2. Let S;;, i, j = 1,2, be the
sending-end complex power from bus i to bus j, i # j, and I;; be the complex current
from bus i to bus j. Then

_ ‘_/i - Vj 1 2 _
Sij = Vilij =V > = §(|Vi| _Vivj) (2.21)

If the voltage magnitudes |V;|, i = 1,2, are fixed, the branch powers depend only on the
power angle 6;; :=6; —0:

1 9
Siy = 5 (VP =1vallvsle )
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Taking the sum of the branch powers in (2.21), the complex loss over the line is

Vi - Vs

Si2+821 = = Z|In)?

where 115 is the current from buses 1 to 2. In particular the real power loss is P12 + P31 =
R|I12|%

Nose curve and voltage collapse. Suppose bus 1 has a generator with a fixed
V1 :=|V1]£0° supplying a load at bus 2 through a line with impedance Z. Let the power
supplied to the load be =S5 = |S21|(cos @ +ising) =: P(1+itan¢) where P > 0 is the
active load power and ¢ is the power factor angle. The power flow equation (2.21)
hence becomes

1 .
P(1+itang) = —§(|V2|2—|V2||V1|e'92‘) (2.22)

where 6,1 := £V, — £V| = £V;. Voltage support is typically available on the generator
side, so we assume |V;]| is fixed even when the load power varies.? Voltage support
may not be available on the load side and we are interested in the behavior of the load
voltage |V,| as the active load power P increases while keeping the power factor angle
¢ constant.

Fix V| and ¢. For each P, (2.22) defines two real equations in two variables |V;| and
0>1. For this simple system we can analytically solve for |V,| for each P. Depending
on the value of P, there may be zero, one, or two solutions for |V;|. As P varies, the
solutions |V,| trace out a curve called a nose curve. As P increases from zero with
fixed power factor angle ¢, there are exactly two solutions for |V;|, one with a high
voltage and the other with a low voltage. The difference between the high-voltage
solution and the low-voltage solution of |V, | decreases until they coincide. This is the
point where the active load power P = Py« 1S maximum and represents the limit of
power transfer from the voltage source V; through the transmission line Z to the load.
If P increases further, real solutions for |V5| cease to exist. This phenomenon is called
voltage collapse. This is studied in Exercise 2.9.

Short and lossless line r := 0,y := 0. Suppose the series resistance is negligible
(which is a reasonable approximation for high voltage transmission lines), Z = iX.
Then (2.21) reduces to

Sij (|Vi|2—ViVj)

.
= 1—
X

2 An ideal voltage source whose complex bus voltage is fixed regardless of its power generation is called
an infinite bus.
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Hence

ViV
P12 = % Sin912 = —P21 (2.23)

1
On = X (|Vl|2 - |V1||V2|005912)

1
0o = X (|Vz|2 - |V1||V2|003912)

where 61, := £V| — £V,. This has the following implications.

1. Transmission efficiency. The transmission efficiency i := —P» /P1, = 1 since there
is zero real power loss. The maximum power transfer |V|||V5|/X is proportional
to voltage magnitude product. This is another reason why transmission networks
tend to operate at very high voltage levels. Indeed doubling the voltage increases
the maximum power transfer capability by fourfold.

2. DC power flow model. When voltage magnitudes are fixed, the real power depends
only on the power angle 61,. When the power angle is small |65 = 0, sinf1, = 61,
and the real powers P;; are roughly linear in the phase angles (61,6). These
assumptions are called the DC power flow approximation (R = 0, fixed |V;|, small
|6; ], ignore Q;;). This model is studied in Chapter 4.6.2.

3. Decoupling. When |013] =~ 0, there is a decoupling between real and reactive
powers:

0P _ 0Py _ ilVal o VilIVal

961, 961, X 12 X

OP1» oPy _ Vjl . ..

— = —/—— = ——sinfp; = 0, ,j=12

avil ~ v T xR b/
i.e., the real powers P;; depend strongly on 6 but not on the voltage magnitudes
Vil

On the other hand
90i; _ ilIVal
= inf;; =~ 0
6912 % sSimmdoip
i.e., the reactive powers Q;; depend weakly on the power angle 61,. Moreover
0012 Vil 002 1
= —— 01, < 0, — = = (2|W»|-|V 0
FITA % cosbi A ¢ 2IV2l = Vifcosb12)

Typically |V;| = |V»| and hence the second expression above is positive. Hence to
maintain a high load voltage |V;|, we should increase Q> and/or decrease Q17, i.e.,
the load should supply reactive power and the generation should absorb reactive
power. This motivates the use of reactive power to regulate voltage magnitudes.
The decoupling property holds in a network setting as well and leads to a fast
algorithm to solve power flow problems studied in Chapter 4.4.3.

4. Out-of-step generators. When generators are not synchronized, i.e., they operate
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with slightly different frequencies, the long-run average active power transmitted
across a lossless line is zero. To see this, consider voltages at buses 1 and 2:
vi(t) = V2|Vi|cos(w't+61), va(t) = V2|Va|cos(wt +6,)
where the frequency w’ at bus 1 is slightly out of step, with w’ ~ w. Write
vi(r) = V2|Vi|cos(wt+6](t))
with a slowly-varying phase 6/(7) := 6; + (0’ — w)t. If the phase 6{(t) varies
slowly enough, we can still use the steady-state expressions above as reasonable
approximations of powers. Then the short-term active power is given by (from
(2.23)):
Vil|Val .
P = —| 1! 2| sm((w’ —w)t+912)
Hence the long-term average of active power transfer is zero. This is not only
ineffective, but highly undesirable because the line current can be very large. In
practice protective devices would remove the out-of-step generator.
2.3 Chapter summary
1. Electromagnetic interactions couple the voltages and currents in different con-
ductors in a three-phase transmission line. In a balanced operation however these
interactions are as if the phases are decoupled, giving rise to a single-phase model
in which a line is characterized by per-meter impedance z and shunt admittances
y.
2. These line characteristics yield a lumped-element I circuit that relates the voltages
and currents at both ends of the line in terms of a transmission matrix (2.10) or
(2.14), or equivalently, an admittance matrix.
24 Bibliographical notes
There are many excellent textbooks on basic power system concepts and many materials in this chapter
follow [1]; see also [2, Chapter 4]. The line characteristics in Chapter 2.1 depend on basic results in physics
that we do not elaborate on. For example, the derivation of the shunt capacitance ¢ of a transmission line in
Chapter 2.1.3 is explained in [ |, Chapters 3.7-3.8] or [2, Chapters 4.8—4.12]). The expression (2.7) for the
potential v;, at the center of a balanced three-phase transmission line is from [1, Example 3.8, p. 79]. Some
of the materials on lossless lines follow [2].
2.5 Problems

Chapter 2.1.
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Exercise 2.1 (Balanced three-phase line). Derive the per-phase inductance and capac-
itance per meter (2.6) of a symmetric three-phase transmission line.

Chapter 2.2.

Exercise 2.2 (Line characteristics). Consider the per-phase transmission line model
described by (2.10). We are to determine the line characteristic impedance Z, and
propagation constant y¢ from two measurements:

1. Open-circuit test. The load side is open-circuited so that I = 0 and the driving-
point impedance is measured as Z, := V; /1.

2. Short-circuit test. The load side is short-circuited so that V, = 0 and the driving-
point impedance is measured as Z.. :=V, /1.

Derive Z. and y{ in terms of Z,. and Z, (sign ambiguity is fine).

Exercise 2.3 (II circuit representation). Consider a transmission line modeled by a
general transmission matrix 7" that maps the receiving-end voltage and current (V3, 15)
to those (V1,1;) at the sending-end:

-k 0

1. Show that the transmission matrix 7 in (2.10) has the property ad —bc = 1.

2. Suppose b # 0 in T. Show that ad — bc = 1 is a necessary and sufficient condition
for the transmission line to have a IT circuit representation (with possibly different
shunt admittances at the sending and receiving ends).

Exercise 2.4 (Surge impedance load (SIL) on lossless line.). Consider a lossless line
with 7 = g = 0 that terminates in an impedance load that is equal to the characteristic
(surge) impedance Zjpq = Z¢ = \/l/_c Q of the line. The power delivered by a lossless
line to the resistive load Z. is called the surge impedance loading (SIL).

1. Show that the voltage magnitude |V (x)| is constant over x € [0, £].
2. Calculate SIL in terms of the load voltage magnitude |V;| (a load typically has a
known nominal operating voltage magnitude).

Exercise 2.5 (Voltage drop along lossless line). We have derived in Chapter 2.2.4 the
voltage V(x) at each point x € [0,£] along a lossless line terminating at an impedance
load Zjoad = Rioad +1Xi0ad to be (from (2.20)):

V() = [cos(Br) + 2K G ) +i 2R G gy | v

|Zload|2 |Zload|2

Assume B¢ < i /4. Prove the following:



1. If the load is purely resistive Zjoag = Rjoag then [V (x)] is an increasing function for
all x € [0,£] (i.e., the voltage magnitude |V (x)| drops from the source at x = £ to
the load Zjp,q at x = 0) if and only if Rjpaq < Zc.

2. If the load is purely inductive Zjpag = iXjoad With Xjoag > O then |V(x)| is an
increasing function for all x € [0,¢] if and only if

sin(28¢)
1—cos(2B86) ¢

3. If Zjoad = Rioad (1 +1) then |V (x)]| is an increasing function for all x € [0,£] if and

only if
" -1
Rigaa < 1f1+——cot2€ Z
load ( sin2(2ﬁ€) ( ,8 )) c

Exercise 2.6 (Voltage, reactive power compensation). Consider a generator with volt-
age and power injection (V;,s;) supplying a load with voltage and power injection
(Vi,sk) through a transmission line parametrized by series and shunt admittances

Xload <

yj'.k,y;."k,yznj . Power balance at the load bus k is (with yij = yj.k)

sk = T (Ve = ViV ) + 57 Vi (224)

Let y‘,‘(j =: g‘,ij +ib‘,‘<j and y',fj =: gzij +ib;§‘j and suppose g‘,ij >0, b‘;(j. < 0 (inductive)
and gfj >0, b’,fj > 0 (capacitive). Let s; =: px +igx, and V; = |V;|€'%, i = j, k. Use
(2.24) to express the receiving real power —pj and receiving reactive power —gy in

terms of the voltage magnitudes |V;|, |V /|, and the angle difference 6y := 6 —6;.

Suppose yZ‘j = 0 (zero shunt), g;.k =0 (loss line), and 0 < |0 ;| < 7/2 (power flow
solution stability).

1. Show that real power is delivered to the load (i.e., —py > 0) if and only if —7/2 <
O j< 0.
2. The next few questions study the relation between load voltage magnitude |V |

and reactive power injection gx. Show that:
(a) For DC load (i.e., gx =0), we must have |Vi| < |V,|, i.e., the load voltage

magnitude must be smaller than the generator voltage magnitude.
(b) On the other hand, |Vi| = |V;| implies that g > 0, i.e., the load must inject
reactive power to maintain a high load voltage magnitude.
(c) If =g > 0 (i.e., the load withdraws reactive power), then |Vi| < |V;|cosf
(i.e., load voltage magnitude will be further suppressed).
3. The power factor angle is ¢y :=tan~! (gx/px) and the power factor PF is cos ¢x.
Show that
Vil

1+tan¢k tan@kj = |V|CT9k
J J

When |Vi| = |V;|cos 8, what is the PF and is the load withdrawing or injecting
real power?
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4. Suppose further that V; := 1/0° and bj.k = —1. Suppose that the load voltage

magnitude |V | must lie between [1 —¢,1 +€].
(a) At unity power (gx = 0), find the maximum received power —py and the

corresponding load voltage phasor Vy = |V | ei% . Conclude that the maximum
received real power satisfies —py < %

(b) Show that the maximum received real power is —p; = (1+¢€) when the load
must inject the reactive power gy = (1+€)?.

Exercise 2.7 (Voltage, line loss and voltage drop). Consider two buses 1 and 2 con-
nected by a transmission line modeled by a per-phase II circuit model with series
impedance z and shunt admittance (line charging) y/2 at each end of the line, as shown
in Figure 2.8. Let S, be the sending-end complex power from buses 1 to 2 and Sy

One-line diagram:

Vi Vv,
) |
Sl 'I (7 L L) r SZI
72

Figure 2.8 Two buses connected by a transmission line.

be the sending-end complex power from buses 2 to 1 (or, equivalently, —S,; is the
receiving-end complex power at bus 2). Note that the direction of load current I, is
opposite to the convention we used in Chapter 2.2.2.

1. Calculate the complex line loss as a function of voltages (V1,V;). Can you express
the complex line loss in terms of the load voltage and current (V5, I5) instead?

2. Suppose bus 2 is connected to a load that draws a fixed active power Pjoaq With a
fixed power factor cos ¢ at a fixed voltage magnitude |V;|. Suppose z = r+ix and
the shunt admittance y/2 =ib/2 is purely reactive. Calculate the active power loss
Piine over the line in terms of the active load power Pjoqg, the power factor angle
¢, and the load voltage |V;|.

For the following subproblems, assume y = ib = 0 (short transmission line). Suppose
the active load power Pjo,q is fixed and given.

3. Show that the active line loss Py, derived in part 2 of the problem is

P2

load

Pl' =Vr—>5
" [V2|?cos? ¢

i.e., itis inversely proportional to the squared load voltage |V»|? and to the squared
power factor cos? ¢.



88

Transmission line models

4. Suppose now the load at bus 2 is an electric vehicle that draws an active power
of Pjoaqg = 20 kW with unity power factor at a voltage magnitude of |V,| = 200V.
Calculate the ratio of the active power loss to the active load power if » = 0.04Q
(wires with gauge number 6 at 100ft).

5. Show that the relative voltage drop across the transmission line is:

Vi-Va| Pload

= |z
[Val [V2|?cos ¢

Hence the larger the load voltage the smaller the voltage drop across the line.

Exercise 2.8. Consider the short-line model S5 = (2)~" (|V;|> = V1 V») of a transmis-
sion line with z := y‘lei¢ that connects bus 1 and bus 2, where y € R is real. Let V1, V,
be the complex voltages at buses 1 and 2 respectively and assume |V;| = |V,| = 1. Let
01 = LV = LV},

1. For what value of 01, is S, real and nonzero?
2. What is the maximum real power —P5; that can be received at bus 2 and what is
61, that delivers it?

Exercise 2.9 (Nose curve and voltage collapse). Consider a voltage source with a
fixed magnitude |V;| supplying a load through a line modeled by a series impedance
7 :=|z]€l% with |6,] < 7/2. Let the complex power supplied to the load be S, =
|S2|(cos ¢ +ising) =: P(1+itan¢) where P > 0 is the active load power and ¢ is the
power factor angle. The power flow equation is:

1 .
P(1+itng) = — (|V2|2—|V2||V1|e’92‘) (2.25)

where 6, := £V, — £V). Suppose |V)| := 1 and ¢ are fixed and given. As the desired
load power P changes, |V>| and 8 vary.

1. For each P, solve (2.25) for |V,| as nonunique roots of a polynomial equation in P.

2. Show that, as P increases from P = 0, the resulting nonunique roots |V;| trace out
a curve called the nose curve. As P keeps increasing, eventually, the polynomial
equation has no real root, which is the phenomenon of voltage collapse.

3. Find the maximum power transfer P = Py,,x at which solutions for |V, | exist.
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3.1

3.1.1

A large electric network is composed of multiple areas that have different nominal
voltage magnitudes. These areas are connected by transformers that convert between
different voltage levels. The ease of converting between voltage levels is an important
advantage of AC over DC transmission systems. It allows, for example, the transmission
network to operate at 765 kV to reduce power loss and household appliances to operate
at 120 V for safety. In this chapter we develop transformer models and explain how to
analyze a balanced three-phase system that contains transformers.

We start in Chapter 3.1 with models of a single-phase transformer and use them
in Chapter 3.2 to develop models of three-phase transformers in balanced operation.
We describe in Chapter 3.3 how to refer impedances from one side of a transformer
to the other side. We apply this method in Chapter 3.4 to simplify per-phase analysis
of circuits that contain transformers. We explain in Chapter 3.5 per-unit normalization
that further simplifies the analysis of balanced three-phase systems.

Single-phase transformer

We first model an ideal single-phase transformer by a transmission matrix and then
describe circuit models of a nonideal single-phase transformer.

Ideal transformer

An ideal transformer has no loss (zero winding resistance and core losses), no leakage
flux, and the magnetic core has infinite permeability. Let N; be the number of turns in
the primary winding, N, that in the secondary winding, and

N, 1 Ny
ni= —, a:=—-=—
Ny n N>
An ideal transformer is represented schematically in Figure 3.1. We will call n the

voltage gain and its reciprocal a the turns ratio. The voltage gain n relates the voltages



90 Transformer models
i i
+ + B N,
n= Nl
v V2
N
o S A
N, : N,
Figure 3.1 Single-phase ideal transformer.
and currents in the primary and secondary circuits, both at all times in the time domain:
no R0
vi(1) | i1(1)
and in the phasor domain:
Vs I
— =n, — =a
Vi 4l
This relation can also be written as
V a 0|V
M= 2 3.1)
11 0 n 12
The matrix on the right-hand side is called a transmission matrix of an ideal transformer.
It maps (V, I5) to (V1,1;). The dot notation in Figure 3.1 indicates that the currents 7y, I,
are defined to be positive when one flows into and the other out of the dotted terminals.
This notation is convenient when we use single-phase transformers to construct three-
phase transformers.
The ratio of the complex receiving-end to sending-end power is
-Sy _ Vab _
S12 Vil
i.e., an ideal transformer has no power loss.
3.1.2 Nonideal transformer

A real transformer has power losses due to resistance in the windings (r|I|?), eddy
currents and hysteresis losses. It also has nonzero leakage fluxes and finite permeability
of the magnetic core. Figure 3.2(a) shows elements of a (nonideal) transformer. The
primary winding has N turns around the magnetic core and the secondary winding
has N, turns. The mutual flux ®,,, due to the currents /; and ié links all the turns of the
primary and secondary coils. The two dots indicate that the mutual flux components
due to i; and ié add when these currents both enter (or exit) the dotted terminals
according to the right-hand rule. The leakage fluxes ®;; and ®;, links the individual
coils. The flux linkages A;; =: L;1i1 and Aj5 =: ngié due to ®;; and @y, are proportional
to the currents 7 and i} respectively. The proportionality constants L1, L are called
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v V3 SN v,
—o _ _ - -
NN,
(a) Nonideal transformer (b) Circuit model

Figure 3.2 Single-phase nonideal transformer. The dotted box represents an ideal transformer
with a := N|/N.

inductances. Then the total flux linkages 41,1, of the primary and secondary circuits
are the sums of the leakage flux linkages and the mutual flux linkage:

A1 = A+ N1 @y, A2 = 21+ N, @y
The voltages are
. 2 . dll do
v = 7‘111+d—t1 = r111+L11$+N1 dl‘m (32&)
., dly . dl’é dod
vy = r212+E = r212+L125 +N2d_tm (3.2b)

where r17; and r,i, represent power losses due to winding resistances. The model for
an ideal transformer neglects losses (r; = r; = 0) and leakage fluxes (4;; = 4;2 =0) in
(3.2) and hence vi = N, dg)t'" and v, = Nz%, yielding v{ /v, = N /N».

The total magnetomotive force F due to the currents /; and i/, is proportional to the
mutual flux ®,,:

F = Niij +N2ié = R®,, 3.3)

where R is called the reluctance of the core. The model for an ideal transformer assumes
infinite permeability of the magnetic core and hence R =0, yielding i1 /(=i}) = N2/ Nj.
In practice the magnetic core has finite permeability, i.e., R > 0, and the magnetomotive
force F' is nonzero. When the secondary circuit is open, i, = 0. The resulting primary
current, denoted i,,, is called the primary magnetizing current and satisfies Nji,, =
R®,, from (3.3).! Define

d®,, dip N, 4P _ N2

Vi == Nj—— = Ly,,——, V) == Np—— = —
Vi ar " dr 2 2T dr N1v1

1 Instead of iy, := (R/N{)®,,, we can define i/, := (R/N3)®,, as the secondary magnetizing current
when the primary circuit is open i; = 0. In this case the shunt admittance y,;, in Figure 3.4(a) will be in
the secondary circuit.
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where L,, := le /R. Substituting into (3.2) yields, denoting i := —i}, we have
. dip,
Nonideal elements: vi = rii+Lpgp—+7q, vy = m
L dip wh
Vo = —rolp—Lp——+7
2 22~ Lim+ V2
N> N s
Ideal transformer: Py = — Py, ih = — (i1 —1
2 N, 1 2 N, ( 1 m)

where the last equality follows from substituting R®,,, = N\i,, into (3.3). This set of
transformer equations in the phasor domain is

Nonideal elements: Vi = zp1h +V1, fm = ymVl (3.4a)
V) = 2+ Vs (3.4b)
N Ny A N
Ideal transformer: V, = 22V, L = L (I = 1) (3.4¢)
N1 N2

where z, :=r;+wL;; and z; := rp +wLj;; model the winding losses and leakage
fluxes in the primary and secondary circuits respectively, and the imaginary part
1/(wL;)) =R/ (wNIQ) of y,, models the finite permeability of the core. The real part
of y,, models core losses due to hysteresis and eddy currents in the magnetic core,
which is much smaller and often neglected. The model (3.4) can be interpreted as the
circuit in Figure 3.2(b). Variables with hats denote internal variables. With respect to
this circuit model we will call (z,,,z5) the leakage impedances or series impedances
and y,, the shunt admittance of the transformer.

The end-to-end behavior of the nonideal transformer can be described by a trans-
mission matrix that maps (V,, 1) to (Vy,1;). Eliminating the internal variables (with
hats) from (3.4), the transmission matrix is given by (Exercise 3.1)

Vi Va
= 3-5
[11] [12] )
wheren:=N>/Ny,a:=N1/Ny,anda’ :=a(1+z,y,). We will refer to such a model that

describes the end-to-end behavior as an external model. An equivalent external model
to the transmission matrix is an admittance matrix that maps (V{,V;) to (I;,-1):

L 1 n+azsy,,, -1
Sl A a0

where 1 := a’zs +nz,,. We will freely use either the transmission matrix or the admit-
tance matrix for describing the end-to-end behavior of a two-terminal device such as
a transformer or a transmission line.

a  a'zg+nzp

aym n+azsym

In the following we present three circuit models derived from that in Figure 3.2(b).
Their relation is shown in Figure 3.3. The circuit model in Figure 3.2(b) is equivalent
to a T equivalent circuit (Chapter 3.1.3). The T equivalent circuit can be approximated
by a simplified model whose parameters can be determined by short-circuit and open-
circuit tests (Chapter 3.1.4). The circuit model in Figure 3.2(b) is also equivalent to



3.1 Single-phase transformer 93

3.1.3

I transformer equations I

I transformer circuit model I

T equivalent | — | unitary voltage
circuit - network

simplified model

Figure 3.3 Relation between different circuit models of transformers.

a circuit consisting of two ideal transformers connected by a unitary voltage network
(Chapter 3.1.5). The unitary voltage network can be generalized to model nonstandard
transformers with multiple windings, e.g., split-phase transformer. These models re-
duce to the same model when the shunt admittance y,, in Figure 3.2(b) is assumed
zero (i.e., open-circuited). We emphasize that, by equivalence, we only mean that two
circuits have the same end-to-end behavior, i.e., same transmission or admittance ma-
trices, but their internal variables may take different values. This is important, e.g.,
when we try to determine transformer parameter values from measurements using
these circuit models; the derivation should use only terminal variables, not internal
variables, as we discuss in Chapter 3.1.3.

T equivalent circuit

Figure 3.4 T equivalent circuit.

It is shown in Exercise 3.1 that the circuit model in Figure 3.2(b) has the same
transmission matrix (3.5) and hence the same end-to-end behavior as what is called the
T equivalent circuit of the transformer shown in Figure 3.4. The difference between
the models in Figure 3.2(b) and in Figure 3.4 is the position and the scaling of the
leakage impedance z,; this is called referring z, on the secondary side to the primary
side and is discussed in Chapter 3.3.1.

Remark 3.1 (Internal variables). Even though the circuit model in Figure 3.2(b) and
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the T equivalent circuit in Figure 3.4 have the same transmission matrix (external
behavior), their internal variables are generally different because of the reference of z
to the primary side. The internal variables in (3.4) are for the model in Figure 3.2(b),
but not the T equivalent circuit in Figure 3.4. For instance, when the secondary circuit
is shorted, i.e., setting V, = 0, the internal variables V; and V, in Figure 3.2(b) are
determined by (3.4) and generally nonzero. The T equivalent model in Figure 3.4 will
however incorrectly predict that the internal voltages on the ideal transformer will be
zero. This is because the circuit model in Figure 3.4 is equivalent only in the sense that
it has the same external behavior as that of the model in Figure 3.2(b). |

Parameter identification. Two tests are often used to determine the transformer
parameter (2p,Zs,Ym):

1. Short-circuit test (V, = 0). With the secondary circuit short-circuited, the primary
voltage Vs and primary current /. are measured. The primary short-circuit voltage
Vi is called the impedance voltage. Let I » denote the secondary current.

2. Open-circuit test (I = 0). With the secondary circuit open, the primary voltage
Voc and primary current /. are measured. Let Vi, 2 denote the secondary voltage.

These tests measure the external behavior of the transformer whose parameter
(2p»2s,Ym) is the same in the models (3.4), or Figure 3.2(b), or Figure 3.4. We can
therefore use any of these models to determine (z,zs,ym) from the measurements. It
is easy to use the T equivalent circuit in Figure 3.4.

During the short-circuit test, the voltage on the primary side of the ideal transformer
is zero in Figure 3.4. Hence

N

1 -1
Ve = (Zp+(ym+a2Z ) )Isc (3.7a)

During the open-circuit test, the secondary current [, = 0, and hence there is zero
current on the primary side of the ideal transformer. Therefore

1
Voe = (zp + y_) Ioc (3.7b)

If the secondary current /s> during the short-circuit test and the secondary voltage
Voc 2 during the open-circuit test are also measured, then KCL and the voltage divider
rule at the T-junction in Figure 3.4 yield respectively

1/ym
—V 3.7¢c
T Ly (3.7¢)
These equations do not involve any internal variable, and therefore can also be derived
from (3.4) or the circuit model in Figure 3.2(b) (Exercise 3.2). These are four nonlinear
equations in three unknowns (zp,zs,ym). Solving these nonlinear equations can be

alg. = (1+azzsym)lsc,2s avoc,Z =

difficult, especially in the presence of measurement noise.



3.1 Single-phase transformer 95

3.1.4

In general, given a set of noisy measurements of primary voltage and current
(Vi If,k=1,...,K) and secondary voltage and current (Vy,I5,k =1,...,K), their
relation (3.5) provide K nonlinear equations in the unknown parameter (z,,Zs,Ym) in
the transmission matrix. These data can therefore be used to identify (z,zs,ym) by

regression. Specifically write (3.5) as

vk vk
[ l } = T(Zp»Zs’ym) [I%
2

Ik +75, k=1,...,K (3.8)
1

where ¥ are (unknown) measurement errors. Then a popular method to estimate the
transformer parameter is to minimize the measurement error, i.e., choose (zp,zs,Ym)
to be a solution of the optimization problem:

K k g
V. \%
min T(zp,2s, )[2]_[1]
(zps2s:ym) € kZ:; prisYm Iéc I{( 2

subject to constraints such as Re(z,) > 0, Im(zp,) > 0. Here [|al|> is the Euclidean
norm of vector a.

If y,, is assumed to be zero (open-circuited) so that (3.7a) becomes Vi. = (zp, +
a’z,) I, then just the short-circuit test will yield the total leakage impedance z p +a’z,
in the primary circuit where a’z, is secondary-side impedance in reference to the
primary circuit. (This is the same as the model in Figure 3.5(b).)

Simplified model

In practice the shunt admittance y,, is much smaller than the leakage admittances
(see Example 3.1). Specifically when |y,,| < 1/|a’zs| or |e| := |a®zsym| < 1, we
interchange y,, and a’z to obtain the simplified model in Figure 3.5(a) with z; =
Zp +a?z,. An even simpler model assumes y,, =0, as shown in Figure 3.5(b).

;aVl i W ;aVz Vi
N, N. - - i N, N, )
(a) Simplified model (®) ym =

Figure 3.5 (a) Simplified model of nonideal transformer including power losses, leakage flux
and finite permeability of magnetic core with z; := 7, + a?zs. (b) Simplified model assuming
infinite permeabilitiy.
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Transmission matrix. Apply KCL, KVL and Ohm’s law to the model in Figure
3.5(a) to get:

Vi =zl +aVa, Iy = ym(aV2) + nly
Hence the transmission matrix M is given by

Vi a(l+zlym) nzy| (Va
h

aym n 153
We mostly use the simplified model in Figure 3.5, or equivalently, in (3.9a). The
relation (3.9a) can be equivalently expressed in terms of an admittance matrix Y:

11 _ Vl
B 12] = [ ] (3.9b)

Va
where y; :=1/z;. When z; = y,,; = 0 the model (3.9a) reduces to (3.1) for an ideal
transformer.

(3.9a)

M

Yi —ayj
—ay; a*(yi+ym)

Y

Approximation to 7" equivalent circuit. We now justify the model in Figure 3.5(a)
with z; =z, + a’z as a reasonable approximation of the 7" equivalent circuit in Figure
3.4(b) when y,, is small. Let M and M denote that transmission matrices in (3.5) and
(3.9a) respectively. Their difference is

A

M-M =€

a —nzp
0 -n

where € := a®z,y,,. The conductance in the shunt admittance is negligible in practice
and hence the shunt admittance y,, due to the primary magnetizing current takes the
form y,, = (ix,,)~' = —ib,,, with b,, > 0. The leakage impedance Zp takes the form
Zp =rp+ix, withr, > 0 and x, > 0; similarly for z,. Suppose z,, = 1z, for some real
number 1 > 0 and |e€| < 1. Then the relative error can be shown to satisfy (Exercise
3.3)

|7 - M|
1Ml

where the matrix norm [|A|| is the sum norm ||Al| := %; ;|A;;|, or the /; vector norm

< lel <1

when the n X n matrix A is treated as a vector in C"2. Note that for a < 1, the model
parameters (z;,y,,) should be on the high voltage side. When the shunt admittance is
neglected y,, = 0, these two models are the same, i.e., M=M.

Parameter identification. The parameters (z;, y,,) of the simplified model in Figure
3.5(a), or equivalently, in (3.9a), can be uniquely determined from two simple tests:

1. Short-circuit test (V, = 0). With the secondary circuit short-circuited, the primary
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voltage V. and current /. are measured. Then, from Figure 3.5,

Ve

ol
The primary short-circuit voltage Vi is called the impedance voltage.

2. Open-circuit test (I = 0). With the secondary circuit open, the primary voltage
Voc and current I, are measured. Then Vi, = (27 + 1/y,,,) I and hence

1 Ve Ve

ym oo I
Example 3.1 (Parameter identification). Consider a single-phase distribution (step-
down) transformer with the following ratings: 2.9 MVA, 7.2 kV /240 V. Construct the

equivalent circuit model in Figure 3.5 from the following test results:

<l

1. Short-circuit test (V, = 0). With the secondary circuit short-circuited, a voltage
|Vse| =500V is applied to the primary circuit that causes the rated primary current
| 15| to flow.

2. Open-circuit test (I, = 0). With the secondary circuit open, the rated voltage
|Voc| = 7.2KV is applied to the primary circuit. This caused a current of |I,c| = 7A
to flow in the primary circuit.

Assume z; = ix; and y,,, = (ix,,)~!. Determine x; and x,,,.

Solution. In the short-circuit test the secondary voltage V, = 0. Since the rated primary
current is |Iic| = 29MVA /7.2kV = 403A, we have |Vic| = |Isczi| = |Isc| x;. Hence
x1=500V/403A =1.24Q.

In the open-circuit test the secondary current I; = 0 and hence there is zero current
on the primary side of the ideal transformer (see Figure 3.5). Hence |Voc| = |Ioc (27 +
1/ vl = Hoc| (X1 + X)), and xp; = [Voe |/ oc| —x1 = 7.2kV/TA-1.24Q = 1.03kQ.

As expected, |y,| < 1/]z]. o

In transformer ratings, the ratio of secondary open-circuit voltage to the primary
open-circuit voltage is usually taken to be the voltage gain n, even though more precisely
it should be

V2 1 / Ym

12 o g fhm

Vi z2+1/ym
In practice the resistances due to winding losses are much smaller than the reactances
due to leakage fluxes and finite permeability of the core so that z; ~ ix; and y,,, ~ —ib,,.
Moreover b,,, < 1/x;. For Example 3.1

Va Xm 1.03kQ

vi  "Nx, 'T03kQ+124Q "

If y,,, := 0 then the model parameter is just the leakage impedance z; in the primary
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circuit, which can be determined from the short-circuit test, z; = Vi /Is.. Moreover its
magnitude can be determined from typical transformer ratings; see Chapter 3.2.3.
3.1.5 Model with unitary voltage network

As far as the end-to-end behavior is concerned, the transformer model in Figure 3.2(b)
is equivalent to the model in Figure 3.6(a) where the ideal transformer with turns ratio
N1/N; is replaced by two ideal transformers in series with turns ratios Ny and 1/N5.
Referring the leakage impedances (z,,zs) and shunt admittance y,, to the other sides

Ny o1
unitary voltage networl

(a) Equivalent model (b) Unitary voltage network
Figure 3.6 Models of nonideal transformer with unitary voltage network.

of the ideal transformers using (3.16) in Chapter 3.3, this model is equivalent to the
one in Figure 3.6(b) where

2 ip s
Yo = N{Ym, 1= —, 2= = (3.10)
Ny N,

The network between the two ideal transformers is sometimes referred to as a unitary
voltage network because the nominal voltage of the network is 1 pu if the scaled
nominal voltages V™ /Ny = V;°" /N, on both sides of the (nonideal) transformer is
used as the voltage base for per-unit normalization (per-unit normalization is studied
in Appendix 3.5). The transformer model does not assume, and allows, any node to be
grounded. The main advantage of modeling a nonideal transformer this way is that the
unitary voltage network can be generalized from the simple network in Figure 3.6(b)
to a more general network that can be used to model nonstandard transformers with
multiple windings; see below.

We now derive the admittance matrix that maps (V1,V3) to (1, —17). First focus on
the unitary voltage network, shown in Figure 3.7, where y; :=1/z; = N]Zyp, yai=1/zp=
N3y, with yp, :=1/zp, ys := 1/z,. Variables with hats denote internal variables.” The
variables (Vo,V;,V>) are defined as voltage drops as shown in the figure and (Io. 11, 1)
are the current injections at these nodes with /o := 0. Then

I = yl(Vl—V()), L = yz(Vz—V()), lo+11+1, = yoWo (3.11)
2 The explicit separation of internal variables (e.g., V;, I;) and terminal variables (e.g., V;, ;) may not be

significant for single-phase devices but turns out to be crucial in modeling three-phase devices; see
Chapters 14 and 15.
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Figure 3.7 Unitary voltage network of the model in Figure 3.6(b).

or in vector form:

—)1 V1 0 1
-y2 0 »|W

> <>

fo Yotyirtyz —Y1 —y2 ‘70
I =
12

The matrix above is called an admittance matrix, which we will study in Chapter 4.
LetV := (Vi,V5) and I := (1}, 1>). Since Iy = 0 we can eliminate V, and write [ = Yyy,V
where Y,y, is called the Kron-reduced admittance matrix and given by the Schur
complement of yg+y; +y2 (see Appendix A.3.1 for details of Schur complement):

= 3.12
2iYi ( 2

- [yl 0] 1 [yl][yl ] 1 [}’l()’O+)’2) —y1y2

0 yaf Xvily -y1iy2  y2(yo+y1)
Next connect the two ideal transformers to each side of the unitary voltage network;

see Figure 3.6(b). Let I := (I;,—1I) and V := (V},V3). The conversion between internal

variables (V, 1) and terminal variables (V,I)is V = MV and [ = M~'I where

1/Ni 0 ]

0 1/N (3.12b)

|

Substitute into f = YuvnV to get the relation between the terminal variables V to I:
I = (MYyynM)V (3.12¢)

where MYy, M is called the admittance matrix of the transformer. It can be shown that
(3.12) is equivalent to the T equivalent circuit (3.5) (Exercise 3.4). As a consequence the
model parameters (yg,y1,y2) cannot be uniquely determined by just the short-circuit
and open-circuit tests.

We often do not know the numbers N, N, of turns of the primary and secondary
windings respectively, but can determine the turns ratio a := N /N, from the specified
rated voltages. The admittance matrix MY,z M can also be written in terms of the
turns ratio a (Exercise 3.4):

YpYs 1+a2ym/ys —a

Yyy = MYyyusM = ——F—F——
YY uvn Clzym+a2yp+ys —a a2(1+ym/yp)

(3.12d)

If yo = y» =0 then both (3.5) and (3.12) are equivalent to the simplified model in
Figure 3.5(b). In this case the model parameter is just the leakage impedance z; in the
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3.1.6

primary circuit, which can be determined from standard power ratings as described
above. Recall that z; =z, + a’zs and hence the leakage admittance in the simplified
model is

i = 1 _ 1 _ YpYs
;= — = =

a Uyp+a*llys  a*yp+ys
Indeed, when y,, = 0, the admittance matrix Yyy is the same for both the simplified
model and the unitary voltage network model, from (3.12d):

1 -a
Yyy = MYyuuM = y; [_a az}

which is the same as (3.9b).

The single-phase circuit model in Figure 3.6(b) can be generalized in two ways,
or a combination. First, multiple copies of the single-phase model can be connected
in A or Y configuration on each side to create models for three-phase transformers.
This is derived in detail in Chapter 15.3 for unbalanced three-phase systems. Second,
the unitary voltage network can be generalized to model nonstandard transformers
with more than two windings. This is illustrated in Chapter 3.1.6 in the modeling of a
split-phase transformer.

Split-phase transformer

In the US, single-phase or three-phase stepdown transformers are typical in the distri-
bution system. The most common three-phase nominal voltage on the primary side is
12.47 kV, serving more than 50% of loads. This is the line-to-line voltage (magnitude)
and hence the line-to-neutral nominal voltage is [V"| = 12.47/v3 = 7.2kV. A typical
primary side current rating is |/%"| = 400A. Hence the total (three-phase) rated apparent
power is |S34| = 3|V ||[14"] = (3)(7.2)(400) = 8.6 MVA. Other common distribution
system voltages and their total power at 400A are shown in Table 3.1. The advantages

line-to-line voltage (kV)  phase voltage (kV) total power (MVA)

ver| [ver 1534
4.8 2.8 3.3
12.47 7.2 8.6
22.9 132 15.9
345 19.9 239

Table 3.1 Typical distribution system voltages (line-to-line) and their total (three-phase) power
rating at 400A current.

of a higher-voltage system include:
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« It can carry more power for a given ampacity.

« It has a smaller voltage drop for a given level of power flow, requiring fewer voltage
regulators and capacitor banks for voltage support (see Exercise 2.7.5).

« It has a smaller line loss for a given level of power flow (see Exercise 2.7).

« It can cover a larger service area since it has a smaller voltage drop and a smaller
line loss. Roughly, for the same load density, the area covered increases linearly
with voltage.

« It requires fewer substations since it covers a larger service area, which can be a
big cost saving.

The disadvantages of a higher-voltage system include:

« Itmay be less reliable, since a longer circuit can lead to more customer interruptions.

« Crew safety is a bigger concern with a higher voltage.

« Higher voltage equipment costs more, from transformers to cables to voltage reg-
ulators.

The 12.47 kV system on the primary side seems to strike a good balance. One end of
the winding typically connects to one of the primary phases and the other end connects
to the transformer case which is connected to the neutral wire of the three-phase system
and also earth ground. See Figure 3.8.

The secondary side connects to the meters of residential customers and is typically
the split-phase 120/240V systems in the US. The 240V is center-tapped and the center
neutral wire is usually connected to the transformer case which is grounded. This
makes the two ends “hot” with respect to the center tap. These three wires run down
the service drop to the meter and electric panel of a house as shown in Figure 3.8.
Connecting a load between either hot wire and the neutral gives 120V while connecting

ba
n Vi 1

12Lv Voo 1 %
SR L T L

TR
120V
| .

1 . L 2

Figure 3.8 A typical single-phase distribution transformer in Southern California, US,
supplying 8 houses arranged in A configuration. The center tap is grounded (V" :=0) and V;
and V, are defined with respect to the ground.

it between both hot wires gives 240V. Note that the transformer is single-phase.
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Case study: Southern California residential distribution circuit. We now present
voltage and current measurements from a split-phase distribution transformer in a
Southern California municipal utility grid. The transformer supplies 8 houses in a
residential area in a A configuration. It is rated at 75 kVA, with 12 kV grounded-Y on
the high-voltage side and single split-phase 240V/120V with grounded neutral on the
low-voltage side as shown in Figure 3.8.

We measure the voltage and current phasors V := (V|,V,,V,)) and I := (Iy,1,1,)
respectively at the low-voltage terminals of the transformer (the notation is shown in
the figure). The neutral (center tap) is grounded and used as the common reference
point, i.e., V,, := 0. The terminal current is defined here to be into the load which is in
the opposite direction to what we usually use elsewhere in this chapter, corresponding
to the direction in Figure 3.8. We assume that the line loss between the transformer
and the load (8 houses) is negligible, and hence V and I are also the terminal voltage
and terminal current respectively of the load in A configuration.

We illustrate in Figures 3.9 and 3.10 the behavior of the circuit using the noisy time
series of (V,I) measured from the field on March 28 Thur, 2024.

Voltage (V)
Phase (°)
<

(a) [Vi| and [V3| (b) 2V : =0and 2V,

Current (A)
Phase (°)

() |Ii| and || (d) I, and 21,

g ‘
Z 0

12AM 06AM 12PM 06PM 12AM 12AM 06AM 12PM 06PM 12AM
(e) Re(sy) and Re(s,) (f) Im(sy) and Im(sy)

Figure 3.9 Voltage, current and power behavior.

1. Voltage behavior. Figures 3.9(a)(b) show the magnitudes and angles of the terminal
voltages (V1,V;). Their magnitudes are roughly 120V but their phase angles are
approximately 180° apart most of the time due to the split phase. Hence V| —V, =
240V. The voltage measurement v (¢) on line 1 in the time domain is the voltage
drop between terminal 1 and the neutral, which is grounded. This means that, in
the phasor domain, /V] is arbitrary and it is set to 0° in our calculation. Relative
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to the potential on the neutral, v, (¢) is approximately a half cycle off from v, (¢)
(see their waveforms below).

2. Current and power behavior. Figures 3.9(c)(d) show the magnitudes and angles
of the terminal currents (/;,/,). Similar to the voltages, the current magnitudes
are similar but their angles are 180° apart when I,, ~ 0 due to the split phase. The
currents exhibit prominently the effect of solar generation between roughly 8am
to Spm.

This is revealed more clearly in powers s; := V;I; calculated from the measure-
ments of voltage and current phasors, as shown in Figure 3.9(e)(f). For example,
from Figure 3.9(b) during 9am—5pm the power factor angles /V; — £I; = —180°
for both lines 1 and 2, resulting in negative real powers Re(s;), i.e., real powers
flow from the loads towards the transformer on lines 1 and 2 (Figure 3.9(e)). The
reactive powers Im(s;) are small most of the time (Figure3.9(f)).

150 60
100 40
~ 50 20
() <
P pt
g° "
Z 50 207
-100 —40
-150 -60
230 240 250 260 270
Time (us)
(a) Voltage and current waveforms around midnight 12am (in phase)
r7s
150
100 50
~ 50 r2s -
> z
& o o %
5 =
> O
=50 -25
—100 =50
-150
-75
270 280 290 300 310 320

Time (us)

(b) Voltage and current waveforms around noon 12pm (out of phase)

Figure 3.10 Voltage and current waveforms around midnight and around noon.

3. Voltage and current waveforms. Figure 3.10(a) shows the voltage waveforms
v1(2),v2(2) (solid lines) and current waveforms (i (¢),i2(¢)) (dashed lines) around
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midnight where the currents and voltages are roughly in phase, indicating that real
power flows from the transformer to the loads. Figure 3.10(b) shows the voltage and
current waveforms around noon where they are roughly out of phase, indicating
that real power flows from the loads to the transformer.

Admittance matrix. We now derive the external model of a split-phase transformer.
A schematic of such a transformer is shown in Figure 3.11. The derivation of its
external model follows the same procedure as that in Chapter 3.1.5.

v 35

unitary voltage network

Figure 3.11 Single-phase split-phase transformer.

The internal voltages (Vo,V1,V,V3) and currents (fo, f1, >, [3) on the unitary voltage
network are defined in the figure (different notation from that in Figure 3.8 as we do
not assume any line is grounded). The admittance matrix that maps these voltages to
currents is given by:

Io ooy v -yl [
L |- n 0 0 ||W
L " |- 0 2y 0[|W
I8 -y3 0 0 y3llWs

Let V := (V1,V»,V3) and [ := (I}, 1>, 13). Since fy = 0 we can eliminate V; to relate

~

I = YuvnV where Y,yn 18 the Kron-reduced admittance matrix:

yi 0 0 L
Yom = [0 y2 Of———|»|[n » ]
0 0 3 i=0 Y7 | y3
| yi(yo+y2+ys) —-y1y2 -y1)3
=5 —y2)1 y2(Yo+y1+y3) —y2y3 (3.13a)
i —Y3Vi1 —y3y2 y3(Yo+y1+y2)

This extends in a straightforward manner Y, in (3.12) from two to three windings.

Next we connect ideal transformers to the unitary voltage network as shown in
Figure 3.11. The terminal voltages V := (V1,V,V3) and currents [ := (I1,—1,—-13), as
well as the internal current /3 into the third winding, are defined in the figure. Let
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3.2

3.2.1

M :=diag(1/Ny,1/N,,1/N3). Then V = MV and, using KCL,

I
f=MM"'" - | = M'Al
-L-I3
where
1 0 0
A=1(0 1 0 (3.13b)
0 1 1

Substituting into I= YuvnV we obtain a relation between the terminal variables V to I:
I = A7V (MYynM)V (3.13¢c)
where Yy, is defined in (3.13a).

Balanced three-phase transformers

In this section we develop models for balanced three-phase transformers and derive
their per-phase equivalents.

Ideal transformers

The primary and secondary circuits of a three-phase transformer can be arranged in
four different configurations: YY, AA, AY, YA. Figure 3.12(a) shows a primary three-

It I s I
Ve Vio—s — Ve Ve
g D
n q D
11— M
n It n
1 1 2

[oa
")
oed

I 1 %
Vio—— I I v
Vio 1% 3
Vl‘ o—r— < D R o] VZ‘
Iy ._<:t %;L I
(a) Primary winding in Y configuration (b) Secondary winding in A configuration

Figure 3.12 Primary and secondary windings in Y and A configurations respectively. The thick
lines in the schematic diagrams represent transformer windings.

phase winding in Y configuration and its schematic diagram. The winding on the first
magnetic core goes from terminal a to neutral n and then connects with the neutral
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terminals on the second and third magnetic cores. It matches the connectivity in the
schematic diagram where the windings are indicated by the thick lines. Figure 3.12(b)
shows a secondary three-phase winding in A configuration and its schematic diagram.
In both diagrams, the windings go from terminal a on the first magnetic core to terminal
b on the second magnetic core to terminal ¢ on the third magnetic core. The winding
of an ideal three-phase transformer in Y'Y configuration and its schematic digram are
shown in Figure 3.13(a). The parallel lines in the schematic diagram indicate corre-
sponding primary and secondary windings in the single-phase transformers. Similarly
the winding of an ideal three-phase transformer in AA configuration and its schematic
digram are shown in Figure 3.13(b), and those for AY and Y A configurations are shown
in Figure 3.14. The different configurations of three-phase transformer banks can also

I - I
Vio—» = —oyy
q <__>
= | > Iy L
nye— T Vi vi
Vl/, o 1 5 - o Vzh n 1>
:‘ i
g <__>
A vy
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(a) YY configuration
I . I
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<%>
4 14
Vi V.

veo oVs
S B> -
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(b) AA configuration

Figure 3.13 Ideal three-phase transformers in Y'Y and AA configurations. The parallel lines in
the schematic diagram indicate corresponding primary and secondary windings.

be represented compactly as in Figure 3.15 (see its caption for details).

Recall that the internal voltages and currents are denoted by VJ’.’ = (V]‘.”‘, le.’”, V]?”) €
C3, I}/ = (I;.‘",I}.’",IJ?") € C3 for Y configuration and VJ.A = (V;‘b,VJ’?C,VJ?'“) e C3,
1 JA = (I;‘b i f C,Ij‘.'“) € C3 for A configuration. The terminal voltages and currents are
denoted by V; := (V,.“,V;’,Vjc) €eCand [, := (1?,15’,[;) € C3, with the current I;
flowing into the primary side of the transformer and I, flowing out of its secondary
side (see Figure 3.12). The external behavior of an ideal three-phase transformer is
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(b) Y A configuration

Figure 3.14 Ideal three-phase transformers in AY and YA configurations. The parallel lines in
the schematic diagram indicate corresponding primary and secondary windings.

defined by the ratio of the line-to-line voltages on the secondary side to those on the
primary side, and the ratio of the line currents on the secondary and primary sides. We
refer to these ratios as its external model. The phases of a balanced transformer are
decoupled and therefore it can be represented by its phase a model, called its per-phase
equivalent.

The external model of an ideal balanced three-phase transformer and its per-phase
equivalent can be derived using the following procedure:

1. Internal model. Derive the internal voltage and current gains based on the pairing
of primary and secondary windings in different configurations (see Figures 3.13
and 3.14):

YY: vy = v/, -0 = all (3.14a)
AA: Ve = nVh, -15 = alf (3.14b)
AY: vy = nvi, -0 = al} (3.14c)
YA: vy = vy, -15 = alf (3.14d)

2. Conversion rules. Apply the conversion rules (1.13) (1.14) to express line-to-line
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a a
c b ¢ b ;
a a /k
(a) YY and AA configurations (b) AY and YA conﬁguratlons

Figure 3.15 Compact representation of ideal three-phase transformers in (a) Y'Y, AA
configurations and (b) AY, YA configurations. For instance, in the YY configuration, the
vertical arrow represents the vector V4" in the complex plane. The arrow from b to a (not
shown) represents the vector vab The parallel lines in the diagram indicate corresponding
primary and secondary windings.

voltages and line currents on both sides in terms of the internal voltages and

currents respectively:

Y config: V}ine = FV}/ = (1-a) V]Y = \/§ei”/6ij (3.14e)
Y

Ij = +I) (3.14f)

A config: I = T3 =+ (1-0) 1} = £ V377018 (3.14g)

vjee = v (3.14h)

where we have assumed the balanced voltages V}( and currents / JA are in positive

sequence, i.e., in span(a, ), and used Corollary 1.3.

3. External model. Derive the line-to-line voltage gains K(n) € C and line current
gains 1/K(n) € C for the three-phase transformer by eliminating the internal

variables from the internal model in Step 1 and the conversion rule in Step 2:

1

VIIHC K n Vline’ I = _ I
( ) 1 2 K(n) 1

The fact that the voltage gain K (n) is a scalar means that the phases of a balanced
three-phase transformer are decoupled. The results for different configurations are

given in Table 3.2 (see Example 3.2 for derivation).

4. Per-phase equivalent. The YY-equivalent of a balanced three-phase transformer is
a balanced transformer in Y'Y configuration that has the same external model, i.e.,
they have the same voltage gain K (n) and current gain 1/K(n) given in (3.14i).
Since the phases are decoupled, the per-phase equivalent is the phase a model of
the YY-equivalent, i.e., a single-phase transformer with voltage gain K(n). See

Example 3.2.

Example 3.2 (External models and per-phase equivalents). In this example we apply

(3.14i)
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Property Gain Configuration Gain
Voltage gain K(n) YY Kyy(n) :=n
Current gain 1 AA Kap(n) :=n
K (n) in/6
Power gain 1 AY Ky (n) :=V3n e p
: 2 = I LTI
Sec z; referred to pri RO YA Kya(n): v

Table 3.2 Ideal complex transformer properties.

the method outlined above to derive the external models of ideal balanced three-
phase transformers in Y'Y, AA, AY and YA configurations as well as their per-phase
equivalents. The external models are derived by eliminating internal variables (V}', Ij’.’)
and (VJ.A,If) from (3.14a)—(3.14h).

1. YY configuration. The external model is, from (3.14a) and (3.14e)(3.14f):
vire = (1-a)Vy = (1-a)nV! = nvime
L =-0I =all =all

giving the voltage gain Kyy (n) := n and the current gain 1/Kyy (n) := 1/n =: a.
The per-phase equivalent is simply an ideal single-phase transformer with voltage
gain Kyy (n) := n. Since we define the voltage gain n (external model) to be the
ratio of balanced line-to-line voltages (or balanced line-to-neutral voltages), the
external model does not depend on the neutral voltages VJ’.‘ (which can be nonzero).
2. AA configuration. Similarly the external model is, from (3.14b) and (3.14g)(3.14h):

Ve = v = nVP = pvme
L = —(1-a*)I5 = (1-a?al} = al
giving the same gains Kaa (1) :=n and 1/Kaa(n) := a as those for the YY config-
uration. Hence the per-phase equivalent is also an ideal single-phase transformer

with voltage gain Kaa :=n.
3. AY configuration. The external model is, from (3.14¢) and (3.14e)—(3.14h):

V" = (1-a)Vy = (I-a)nV = (1-a)nV}™

a a
L=-I =al} = —1I = I
2 2 =4 1—a2 ! 1-a '
giving the voltage gain Kay (1) := (1 —@)n and current gain 1/Kay (n) :=a(1 -
@)~'. Hence the per-phase equivalent is an ideal single-phase transformer with
voltage gain Ky () := (1 —a)n = V3¢7/n. The AY configuration has several
advantages (e.g., a gain of V3 in addition to the gain n due to turns ratio) and is
the most commonly adopted transformer in practice.
4. YA configuration. The external model is, from (3.14d) and (3.14e)—(3.14h):
li A Y noli
Vzme — V2 — nvl — l_a Vlme
~(1-a)I} = (1-a®all = (1-adal; = (1-@)al

L



110

Transformer models

3.2.2

giving the voltage gain Ky (n) := n/(1—«) and current gain 1 /Ky (n) := (1-@)a.
Hence the per-phase equivalent is an ideal single-phase transformer with voltage
gain Kya(n) :=n/(1-a) =n/(V3e7/9). |

Therefore the voltage gain K (n) and the current gain 1/K(n) given in Table 3.2
apply to line voltages/currents in both the original transformer and its Y'Y equivalent.
For A configuration on the primary or secondary side, its Y-equivalent in terms of
the line voltage V}i“e and line current /; can be derived from (3.14e)—(3.14h) (also
explained in (1.312)). Specifically the Y-equivalent of (V}*,17) is

1 1

Yeq _ A _ A Yeq _ _a2) 78 =
R e e AR s(1-a?) 12 =+
Using the per-phase equivalent of an ideal balanced transformer (i.e., phase a model
of an equivalent transformer in Y'Y configuration), we conclude that its complex power
gain is 1:

—_52 = —V2 (__12 ) = K(n); =1
St v K(n)
It often simplifies per-phase analysis of a balanced system to refer series impedances
and shunt admittances on one side to the other side of a transformer. This is explained
in Chapter 3.3. In particular, a secondary series impedance z; is referred to the primary
as z;/|K(n)|?> according to (3.16) below. When terminated in a symmetric three-
phase impedance load zj0.a On the secondary side so that V3" = zj6,a/5" (using YY-
equivalent), the per-phase driving-point impedance on the primary side is:

Vit VEK®M) i
19"~ 19K (n) K (n)?

These relations are also summarized in Table 3.2.

Nonideal transformers

In this section we first present circuit models of nonideal three-phase transformers and
then their per-phase equivalent circuits after all A-configured transformers have been
converted into their Y-equivalents. Each nonideal single-phase transformer is modeled
using the simplified model studied in Chapter 3.1.4.

Per-phase equivalent circuits. Figure 3.16(a) shows a model of balanced three-phase
nonideal transformers in YY configuration and Figure 3.16(b) shows its per-phase
equivalent circuit. The per-phase circuit is identical to that in Figure 3.5(a). Figure
3.17(a) shows a model of balanced three-phase transformers in AA configuration.
Its YY equivalent and per-phase circuit are identical to those in Figure 3.16 except
that the equivalent leakage impedance z;/3 is one-third of the value in the original
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(a) YY configuration (b) Per-phase circuit

Figure 3.16 Three-phase transformers in Y'Y configuration and its per-phase equivalent circuit.

a
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m

(a) AA configuration (b) Per-phase circuit

Figure 3.17 Three-phase transformers in AA configuration and its per-phase equivalent circuit.

AA circuit and the shunt admittance 3y, is three times the value in the original AA
circuit. This can be verified by checking the secondary open-circuit equivalent and
the secondary short-circuit equivalent of the original AA circuit. Figure 3.18 shows
a model of balanced three-phase transformers in AY configuration and its per-phase
equivalent circuit. Finally Figure 3.19 shows the model for YA configuration and its

(a) AY configuration (b) Per-phase circuit

Figure 3.18 Three-phase transformers in AY configuration and its per-phase equivalent circuit.

per-phase circuit.
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A

(a) Y A configuration (b) Per-phase circuit

Figure 3.19 Three-phase transformers in YA configuration and its per-phase equivalent circuit.

Hence balanced three-phase transformers in YY, AA, AY and YA configurations all
have the same per-phase equivalent circuit, with their respective leakage impedances
and shunt admittances as well as (complex) transformer gains K (n).

Parameter identification from transformer ratings

In this subsection we explain how to determine the leakage impedance z; in the primary
circuit from typical transformer ratings, assuming its shunt admittance y,, is zero.

A typical specification of a three-phase transformer includes:

o Three-phase power rating |S34].

« Rated primary line-to-line voltage |V,,i| and rated primary line current |I].

» Rated secondary line-to-line voltage |Vie.| and rated secondary line current |s|.

« Impedance voltage 8 on the primary side, per phase, as a percentage of the rated
primary voltage. The shunt admittance is assumed zero.

The impedance voltage is the voltage drop across the leakage impedance z; on the
primary side of each single-phase transformer in a short-circuit test. The 8 specification
means that the voltage needed on the primary side to produce the rated primary current
across each single-phase transformer is (3, as a percentage of the rated primary voltage.
We emphasize that the short-circuit voltage and current needed to derive z; should
be those across each single-phase transformer, which depends on the configuration of
the primary circuit. If the primary circuit is in A configuration then the short-circuit
voltage and current on the primary side of the single-phase transformer are (assuming
balanced positive sequence):

@ £7/6
V3

If the primary circuit is in Y configuration then the short-circuit voltage and current on

A configuration:  |Vie| = V4| = B|Vyil, | = [19°] =
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the primary side of the single-phase transformer are:

Vpri

V3ein/6

Y configuration:  |[Vi| = |[V¥"| = B , [Ie| = 1] = |l

Since z; = Vi /I we therefore have,

V38| Viyi Vii
M; Y configuration: |z;| = M
|Ipri| ‘/§|Ipri|

We reiterate that V), denotes the line-to-line voltage even for ¥ configuration; otherwise
|zt = BIVpril /I pri| for Y configuration if the rated voltage Vjy; is line-to-neutral.

A configuration: |z;| = (3.152)

Sometimes the primary line current |/,;| is not specified directly. In that case z;
can be determined from the power and voltage ratings (|S34/,|Vpril), as follows. If
the primary circuit is in A configuration then the short-circuit voltage and current
on the primary side of the single-phase transformer are (assuming balanced positive
sequence):

A configuration: [S36] = 3|Sgl = 3|vab |19
1S36]
Vel = V| = B|Vpil, Ie| = |I9°] =
Vsel = V"] = BIVpil sl = [197] 3Vl
Note that -2¢! is the rated primary current produced in the short-circuit test. If the

3 Vil
primary circuit is in Y configuration then the short-circuit voltage and current on the

primary side of the single-phase transformer are:

Y configuration: [S34] = 3|S4| = 3|V ||[1"]

Vipri 1S3 1S3
Vel = V"] =/3'L., sl = 1197] = =
: V3ein/6 ) 3| | V3V
e
Since z; = Vi /I we therefore have,
38|V, .12 V. 2
A configuration: |z;| = %; Y configuration: |z;| = 'B||S:n|| (3.15b)
[ ¢

As mentioned above, Vi denotes the line-to-line voltage even for Y configuration;
otherwise |z;| =38 |Vpri|2/ |S34| for Y configuration if the rated voltage Vjy; is line-to-
neutral.

Example 3.3 (Transformer ratings). The Adaptive Charging Network (ACN) for elec-
tric vehicles (EVs) in a Caltech garage consists of two three-phase stepdown trans-
formers in AY configuration with A on the primary side. Each of these transformers
is connected to an electric panel, to which charging stations and subpanels are con-
nected. Figure 3.20(a) shows the two three-phase transformers and the two electric
panels. Figure 3.20(b) shows a typical specification of a three-phase transformer in AY
configuration:

o Three-phase power rating |S34| = 150kVA.
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Figure 3.20 (a) The two 150 kVA transformers and two electric panels in Caltech ACN to
which charging stations and electric subpanels are connected. (b) The transformer ratings.

« Rated primary line-to-line (high) voltage |V,:i| =480V in A configuration with
rated primary line current |I,;| = 180 A.

« Rated secondary line-to-line (low) voltage |Vec| = 208Y /120V in Y configuration
with rated secondary line current |Ig.| = 416A. This notation means that the
secondary side is Y-configured with a line-to-line voltage of 208 V and line-to-
neutral voltage of 120 V.

« Impedance voltage 8 = 5.45% on the primary side (the shunt admittance is assumed
Zero).

Verify that the rated line currents on the primary and secondary sides are consistent

with the power rating and voltage ratings. Determine the magnitude |z;| of the leakage
impedance of the transformer.

Solution. The primary side is in A configuration and hence we have
1S391= 31Sap| = 3V I®| = 3|Vl 1]
Since (assuming balanced positive sequence)
J4 = jab _jca _ jab (1 _ei27r/3) _ Jab .\[3o-in/6
we have |l = V3|14?|. Hence
1S361 = V3| Viril Fpil

The rated line-to-line voltage |V,i| = |V | = 480V. The rated line current [Ioiil = 14| =
180A. Hence

V3 Vi | Ipi| = V3-480-180 = 149.65 kVA
which is approximately the power rating |S34| = 150 kVA.

The secondary side is in Y configuration and hence we have

(S0l = 31Sanl = 3V 1] = 3| Yo

|Isec| = \/§|Vsec|llsec|
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3.3

where the third equality follows since Vi, = V42 = Ve (\/gei”/ 6) is the line-to-end

voltage. The rated secondary line-to-line voltage is |Vsec| = 208 V and the line current
|Isec| =416 A, and hence

V3 |Vieel | sec| = V3-208-416 = 149.87KVA
which is approximately the power rating 150 kVA.

From (3.15a) the magnitude |z;| of the leakage impedance of each single-phase
transformer is (8 is the impedance voltage on the primary side)

ol = V3BIVpril  V3-5.45%-480V
o= |1pri| B 180A

= 0.2517Q

Equivalent impedance in transformer circuit

In this section we explain how to derive an “equivalent” impedance when looking into
the terminal of a transformer, either on the primary side or on the secondary side.
Consider the singe-phase equivalent circuit of a balanced three-phase transformer. A
series impedance zg in the secondary circuit of the transformer can be equivalently
replaced by a series impedance z,, in the primary circuit, and vice versa, provided they
are related by:

p = u{?ﬁ or equivalently Zs = |K(n)|2zp (3.16a)
The first operation in (3.16a) is called referring zs in the secondary to the primary.
The second operation is called referring z,, in the primary to the secondary. A shunt
admittance y; in the secondary circuit of the transformer can be equivalently replaced
by a shunt admittance y, in the primary circuit, and vice versa, provided they are
related by:

2 . Yp
yp = |K(n)|"ys or equivalently Vs TOE
These operations will be used as a shortcut in the analysis of circuits that contain
transformers the same way we use the Thévenin equivalent of impedances in series or
in parallel, as we will illustrate in Chapter 3.4.

(3.16b)

Here “equivalence” means that the external behavior remains unchanged when a
series impedance or a shunt admittance on one side is referred to the other. We consider
two kinds of external behavior. In the first case (Chapter 3.3.1), the external behavior
refers to the transmission matrix that maps (V,,15) to (Vi,11). In the second case
(Chapter 3.3.2), the external behavior refers to the driving-point impedance on one
side of the transformer when the other side is connected to an impedance. We next
show that (3.16) is a simple consequence of Kirchhoff’s and Ohm’s laws.
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3.3.1

Transmission matrix

Consider the per-phase transformer circuits in Figure 3.21 of a balanced three-phase
system, one with a series impedance in the secondary circuit and the other in the
primary circuit. Let T and T}, denote the transmission matrices that maps (V»,/>) to

1 L I L
bo— o+ Fo—» I
Vi K(n) Vi Vi K(n) Vi
o o- _ _

ideal ideal
transformer transformer
(a) Series impedance z in the secondary cir- (b) Series impedance zj, in the primary cir-
cuit. cuit.

Figure 3.21 Referring series impedance in the secondary to the primary.

(V1,11) in Figure 3.21(a) and Figure 3.21(b) respectively. We claim that the relation
(3.16a) between series impedances z,, and zs ensures that Ty = T),. It is in this sense
that we say these two circuits are equivalent.

To show that Ty =T, let (V,I) denote the voltage and current at the secondary
terminal of the ideal transformer in Figure 3.21(a). Then V =V, + 2zl and I = I, or

%4 _ 1 s V2
I1710 1|k

Vil Kty 0 |1 z|[Va] _ [K'(n) K'(m)z| [Va

11 B 0 IZ(H) 0 1 12 - 0 K(n) 12
Similarly, for the circuit in Figure 3.21(b), we have

Vil 1 z|[K' () 0 |[Va] _ [K7'(n) K(n)zp
| R [ Y R A

Tp

Hence

%)
I

Hence Ty =T, if and only if (3.16a) holds.

The relation (3.16b) between shunt admittances y,, and y, ensures that the transmis-
sion matrix for the circuit in Figure 3.22(a) is the same as that in Figure 3.22(b). This
is left as Exercise 3.7. The operations in (3.16) can be repeatedly applied to a circuit
involving multiple impedances and admittances, as illustrated in the next example.

Example 3.4. A combination of a series impedance z; and a shunt admittance y; in
the secondary circuit, as shown in Figure 3.23(a), can be referred to the primary one



3.3 Equivalent impedance in transformer circuit 117

3.3.2

I, L I, L

+0o > > O + +0 > > O+

v Ky | ] 2 v 0] | & 2

-0 0 — -0 0 —

ideal ideal
transformer transformer

(a) Shunt admittance ys in the secondary cir- (b) Shunt admittance y,, in the primary cir-
cuit. cuit.

Figure 3.22 Referring shunt admittance in the secondary to the primary.

element at a time, starting from the element that is closest fo the ideal transformer. The

transformer transformer transformer

(a) (zs,ys) in secondary circuit. (b) Refer z to the primary. (c) Refer yg to the primary.
Figure 3.23 Referring (zg,yy) in the secondary to the primary.

transformer gain is K(n) =n = 1/a := N, /N;. Referring the series impedance z5 to
the primary yields the equivalent circuit in Figure 3.23(b) with an equivalent primary
impedance a’z,. Referring then the shunt admittance y, to the primary yields the
equivalent circuit in Figure 3.23(c) with an equivalent shunt admittance ny;. )

Driving-point impedance

In the second case the external behavior refers to the driving point impedances on
one side of the transformer when the other side is connected to an impedance. In
general suppose we apply a voltage V across two terminals that are connected to a
network of impedances and transformers. Suppose a current / flows between these two
terminals through the network. The ratio V/I is called the driving-point impedance at
these terminals. For networks consisting of a cascade of impedances in series and in
parallel, the driving-point impedance is also called the Thévenin equivalent impedance.
The Thévenin equivalent impedance of such a network can be derived by repeatedly
applying simple reduction rules for the two basic configurations shown in Figure 3.24.
For two impedances z, 7 in series depicted in Figure 3.24(a), the Thévenin equivalent
impedance zeq is defined such that the two networks in Figure 3.24(a) have the same
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(a) Impedances in series (b) Impedances in parallel

Figure 3.24 (a) Thévenin equivalent zeq of two impedances z1, 2 in series. (b) Thévenin
equivalent zeq of two impedances z1,z; in parallel.

driving-point impedance:

%
7=Zl+12 =! Zeq (3.17a)

Similarly the Thévenin equivalent impedance of two impedances in parallel depicted
in Figure 3.24(b) is defined to be:

-1
% 1 1
—==+= = z 3.17b
1 (Zl zz) “ ( )
These are simple consequences of Kirchhoft’s and Ohm’s laws. Repeated application
of (3.17) reduces a cascade of impedances in parallel and series into a single equivalent
impedance that preserves the driving-point impedance.

When such a network contains not just impedances, but also transformers, the
relation (3.16) allows us to reduce it to a single Thévenin equivalent impedance with
the same driving-point impedance. As we explain below, the key element of this
procedure is the driving-point impedance seen from two terminals of one side of a
single-phase transformer when the other side is connected to an impedance z¢q that
may be the Thévenin equivalent of a network of impedances. This yields an equivalent
network where the transformer and zeq is replaced by a scaled impedance and the
number of transformer is reduced by 1. Repeated application of (3.16) and (3.17)
can then be used to remove all transformers from the equivalent network, allowing
the derivation of the Thévenin equivalent impedance of the original network. When
applicable, this technique greatly simplifies per-phase analysis of a balanced system as
we will see in Chapter 3.4.

We now explain the key building block of this procedure. When the secondary side
of an ideal transformer is connected to an impedance 22 ¢q as shown in Figure 3.25(a),
the transformer and the impedance z>q can be replaced by the Thévenin equivalent
impedance 2 ¢q/|K (n)|? in the sense that the driving-point impedance V;/I; on the
primary side is the same in both circuits in Figure 3.25(a). This is the same operation
that refers z5 ¢4 in the secondary to the primary expressed in (3.16a). Itis a consequence
of the Kirchhoff’s and Ohm’s laws and is derived in Exercise 3.9. Similarly when
the primary side is connected to an impedance zieq as shown in Figure 3.25(b),
the transformer and the impedance z¢q can be replaced by the Thévenin equivalent
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I, 1, L
+o——] + F—>——o+
]
Vi K(n) Vi Ko 22 K(n) V,
-0 - o-
ideal ideal
transformer transformer
(a) V1/I) on the primary side (b) V1/I, on the secondary side

Figure 3.25 Driving-point impedances.

impedance |K (n)|? Z1,eq in the sense that the driving-point impedance V/I> on the
secondary side is the same in both circuits in Figure 3.25(b). This is the same operation
that refers z; ¢q in the primary to the secondary expressed in (3.16a) (Exercise 3.9).

We caution that the shortcut (3.16) and (3.17) are not always applicable. For example
they may not be applied to a circuit that contains parallel paths; see Example 3.8 in
Chapter 3.4.2. In that case we analyze the circuit using Kirchhoff’s and Ohm’s laws.
The shortcut is usually applicable to a radial system that does not contain parallel paths.
We now illustrate its application in the derivation of the driving-point impedances on
the primary and the secondary side.

Example 3.5 (V| /I, on the primary side.). Consider the network in Figure 3.26(a)
where the secondary side is connected to a network whose Thévenin equivalent is 27 eq.
What is the driving-point impedance V;/1,?

+o—> Tleq > * +o—— 1
- 1
4 [Yiw]| W K| W [22a] % B. Ko 2
-0 - - -0
ideal
transformer
(a) Transformer circuit (b) Equivalent circuit seen on the

primary side

Figure 3.26 Driving-point impedance V| /I on the primary side.

Solution. We first derive the driving-point impedance directly using Kirchhoff’s and
Ohm’s laws. We then use the result to verify the shortcut expressed in (3.16) and (3.17).

Circuit analysis: We have for the primary circuit

[Vl] _ 1+Zl,eqy1,eq Zl,eq] [Vl’:|
I Yleq 1 I{
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Hence
V]
|11 |

1+Z1,eqy1,eq Zl,eq] [K_l(n) _0 ][Vé]
Yleq 1 0 K(}’l) Ié

Substituting V; = 73 ¢q I; we have

Vl— >1+Zl,eqy1,eq Zl,eq |K(n)|_2 0 22.eq
]1_ | Yleq 1 0 1 1

] K(n)1;

B [1 +Z1eqYleq Zl,eq] [ZZ,eq/lK(n)P] K'(n) I
— 2

yl,eq 1 1
Hence the driving-point impedance is
Vi (1+Z],eqy1,eq) (Z2,eq/|K(n)|2)+Zl,eq + (y + 1 )_1
—_— = = 1’ 1’ B ——
I Yleq (Zz,eq/|K(n)|2)+1 “ “ Z2,eq/|K(n)|2

(3.18)

Itis the Thévenin equivalent on the primary side of a network consisting of impedances,
admittances, as well as an ideal transformer. The Thévenin equivalent (3.18) has a
simple interpretation, as we now explain.

Shortcut: Use (3.16a) to refer z5¢q in the secondary to the primary, we can replace
the ideal transformer and z; ¢q by the equivalent impedance z; ¢q/|K (1) |2 and arrive at
the equivalent circuit in Figure 3.26(b) seen from the primary side. The application of
(3.17) then yields the driving-point impedance (3.18). O

Example 3.6 (V,/I, on the secondary side.). Consider the circuit in Figure 3.27(a)
where the primary side is connected to the impedance zj¢q. Use (3.16a) to refer zj ¢q

Gal ||  [a] v

ideal
transformer
(a) Transformer circuit (b) Equivalent circuit seen on the
secondary side

Figure 3.27 Driving-point impedance V, /I, on the secondary side.

in the primary to the secondary, we can replace the ideal transformer and z ¢q by the
equivalent impedance |K (n)|? z 1,eq and arrive at the equivalent circuit in Figure 3.27(b)
seen from the secondary side. The application of (3.17) then yields the driving-point
impedance:

Vs 1

— = | Y2eqt
L Z2,eq+|K(n)|2‘Z1,eq
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3.4

3.4.1

Per-phase analysis

In this section we apply the techniques developed in the previous sections in the
analysis of a balanced three-phase power system consisting of generators, transformers,
transmission lines, and loads, in a mix of ¥ and A configurations. We first explain how
to obtain a per-phase equivalent circuit of the system and then illustrate, through an
example, the per-phase analysis using the shortcut (3.16) and (3.17). Finally we discuss
a circuit that contains parallel paths to which the shortcut is not applicable. We explain
why the end-to-end complex transformer gains on these paths should be equal.

Analysis procedure

We have explained in Chapter 1.2.5 how to convert all sources, series impedances,
shunt admittances in A configurations into their equivalent Y configurations and obtain
a per-phase equivalent circuit. Chapter 3.2.1 shows that an ideal balanced three-phase
transformer has a per-phase equivalent model specified by a complex voltage gain K (n)
that relates the voltages and currents on two sides of the transformer. Chapter 3.2.2
shows how to incorporate the transformer series impedance and shunt admittance into
the per-phase model for both Y and A configurations. Chapter 3.3.1 explains how to
refer series impedances and shunt admittances on one side to the other and Chapter
3.3.2 explains how to use this shortcut to simplify circuit analysis the same way we use
Thévenin equivalent of impedances in series or in parallel. Putting everything together
the procedure for per-phase analysis of a balanced three-phase system is as follows:

1. Convert all sources and loads in A configuration into their ¥ equivalents using
(1.31a) for sources and (1.31b) for loads.

2. Convert all ideal transformers in A configuration into their Y equivalents with
voltage gains K (n) given in Table 3.2.

3. Obtain the phase a equivalent circuit by connecting all neutrals.

4. Solve for the desired phase a variables. Use Thévenin equivalent of series
impedances and shunt admittances in a network containing transformers to sim-
plify the analysis when applicable, e.g., for a radial system.

5. Obtain variables for phases b and ¢ by subtracting (or adding) 120° and 240°
from the phase a variables for positive-sequence (negative-sequence) sources. If
variables in the internal of the A configurations are desired, derive them from the
original circuits.

We illustrate this procedure in the next example.

Example 3.7 (Per-phase analysis). Consider the balanced system described by the
one-line diagram in Figure 3.28(a) where a three-phase generator is connected to a
stepup three-phase transformer bank (primary on the left) in AY configuration, which
is connected through a three-phase transmission line to a stepdown transformer bank
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(primary on the right) in AY configuration, and then to a load. The terminal line voltage

(a) One-line diagram

(b) Per-phase circuit

Figure 3.28 Example 3.7: per-phase analysis.

of the generator is Vjjpe. The transmission line is modeled by a series impedance Zzjine
and the load by an impedance zjy,9. The transformer banks are made up of identical
single-phase transformers each specified by a series impedance of 3z; and a turns ratio
of a := 1/n. Find the generator current, the transmission line current, the load current,
the load voltage, and the complex power delivered to the load.

Solution. The per-phase equivalent circuit is shown in Figure 3.28(b). Note that the
stepdown AY transformer near the load has its primary side on the right and secondary
side on the left so that, going from left to right, the voltage (current) angle is shifted
down (down) by 30° and their magnitudes scaled down (up) by V3n; see Exercise 3.5.
The primary sides of both the stepup and stepdown transformers have been converted
from A to its Y equivalent, with an equivalent series impedance z; that is 1/3 of the
original impedance 3z;. The phase (line-to-neutral) voltage of the generator in the
per-phase equivalent circuit is

Vline
\/geiﬂ'/G

Our solution strategy is as follows. We will use (3.16) and (3.17) to refer all the
(load, transformer, and transmission line) impedances to the primary side of the stepup
transformer. This calculates the driving-point impedance seen at the generator. Given
generator phase voltage Vi, we can derive the generator current /;. We then propagate
this towards the load to calculate the other quantities.

V] =

Let K (n) := V3ne'™/°. Going from right to left, we cross the stepdown transformer
T from the primary to the secondary. Referring the impedance zjeq := Zioag +2; ON
the primary to the secondary (see Figure 3.25(b)), the equivalent impedance at the
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right-end of the transmission line is

|K(n)|2 (Zload+Zl)

Hence the equivalent impedance at the secondary side of the stepup transformer 77 is
2
22,eq = Zline t |K(}’l)| (Zload + Zl)

Referring this impedance to the primary side of 7} (see Figure 3.25(a)), the driving
point impedance at the generator is:
Vi . 1
Lo ——
I K (n)|?

(Zline + IK(H) |2 (Zload + Zl))

Zline
K (n)]?
Hence the primary side of 77 sees the series impedance z; of the two transformers, a
scaled down version of the line impedance zjine, and the load zjea4, all in series. Note
that, seen from the generator, the load zjoad goes through a stepdown transformer and
a stepup transformer and therefore the scaling effects of these two transformers cancel
each other out.

=2z + + Zioad

Given the bus voltage V| of the generator, the generator current is then
271 + mzzlﬁ + Zload

I

The transmission line current is
I Vi

K(n) K(n) (22[ + |Kzé';'l°)|2 + Zload)

I5)

The load current is
13 ZK(I’I)IZ = 11

i.e., the effects of stepup and stepdown transformers cancel each other out and the load
current is equal to the generator current. The load voltage is

Zload

V3=2Zioadl3 = Zioadlt = Vi~ Zline
2z + K + Zload

Hence V3 is related to V; according to the voltage-divider rule where V] is the voltage
drop across the series of impedances 2z; + IKZEI—;T)I + Zloag @and V3 is the voltage drop

across Zjoad- The complex power delivered to the load is

2 2
= V1 _ |Vline|
Vils = Zioad PR T = Zload " 5
I Joad i
IK (n)]? oa 312z + ll{zz‘# + Zload
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Simplified per-phase diagram for external behavior. In Example 3.7, only the
transmission line current /, that is in between the pair of transformers depends on the
connection-induced phase shift ¢”/% in the complex transformer gain K (n). Outside
the pair of transformers, the driving point impedance V| /I, the generator current [y,
the load current /3, the load voltage V3, and the power delivered to the load do not.
They depend only on |K (n)|?. This is the case even if we use the more detailed IT model
of the transmission line instead of the short-line model used here. Indeed, suppose the
series impedance zjine in Figure 3.28(b) is replaced by the transmission matrix in (2.10)
or (2.14)(2.15) as in Figure 3.29(a). Then the voltage and current (Vy, ;) on the left is

(a) Transformers with complex gains

(b) Equivalent circuit without connection-induced phase shift

Figure 3.29 General transmission line model between stepup and stepdown transformers.

related to the voltage and current (V», ;) by
[ Vi|K (n)] /0 ] [A B] . [ Va K (n)|ei™/0 }

LK (n)|el™/6 C D| |LIK(n)['el™/®

[vl |K<n)|] _ [A B]_[V2|K(”)|]
nkm| = e p| k@)

Therefore the external behavior is as if the connection-induced phase shift ¢i7/° is
absent, as shown in Figure 3.29(b). This motivates a simplified per-phase diagram
for external behavior that ignores all connection-induced phase shifts of transformers
as long as every path contains stepup and stepdown transforms in pairs and wired in
opposite directions. This is generally true for radial networks in practice where no
transmission lines nor transformers are in parallel. Radial networks are a special case
of a normal system that we discuss next.
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3.4.2

Normal system

A system is called normal if, in the per-phase equivalent circuit, the product of the
complex ideal transformer gains around every loop is 1. Equivalently, on each parallel
path,

1. the product of ideal transformer gain magnitudes is the same, and
2. the sum of ideal transformer phase shifts is the same.

Normal systems have a normalization that greatly simplifies analysis which we will
discuss in Chapter 3.5. The following example motivates such a system.

Example 3.8 (Loop flows). Consider a generator and a load connected by two three-
phase transformer banks in parallel forming a loop as shown in Figure 3.30(a). The

g_ E_%g | Tolad

1:K,

Viow

7

(a) Transmission line IT-model (b) Equivalent circuit

Figure 3.30 Two buses connected in a loop with two parallel transformers.

transformer in the upper path is characterized by a series impedance and a complex gain
K. The transformer in the lower path is characterized by the same series impedance and
a possibly different complex gain K>. Suppose line-to-neutral voltage of the generator
bus is Vgen, the series impedance z; of the transformer and the load impedance zioad
in the per-phase equivalent circuit are given, as shown in Figure 3.30(b). Derive the
currents joad, I f ,Ié in terms of Vien, 2/, Zload- Discuss the implications when

1. K> =K. This is the case if both transformer banks are YY-configured.

2. K> =K e'?. This is the case if the upper transformer bank is YY-configured with
a voltage gain of n but the lower transformer bank is AY-configured with a voltage
gain of n/V3 and 6 = 7 /6.

3. K» =k-Ki, k> 0. This is the case if both transformer banks are YY-configured
but with different turns ratios.

Solution. We cannot directly apply the shortcut (3.16) and (3.17) to refer the impedances
Zload and z; to the primary side because of the parallel paths, and must analyze the
per-phase circuit using Kirchhoff’s and Ohm’s laws.
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We have five unknowns currents lioad, /|, 15,11, 1>. The five equations that relate
them are

’ ’ 7 Ij .
Load = I1+15, Ij = K—j, j=12
Zioadlload = K - (Vgen_zlll)s Zloadlload = K2 (Vgen_ZlIZ)

where the first equations expresses KCL and current gains of the transformers, and the
second equations express the load voltage seen on the upper and lower paths, respec-
tively, and follow from the transformer equation and KVL. Eliminating /jo,q,/ f]é we
have
L b L b
Z —+—=—| = K;-(V, —ZI, Z —+—=—| = K> (V, -zl
load (Kl Kz) 1 ( gen 1 1) load (Kl Kz) 2 ( gen 1 2)
or
21l +Zloz_1d|K1 |_2 Zload(Kl K2)_1:| . [Il] — [Vgen]
Zload(K1K2)_1 ) +Zload|1<1 |_2 I Vgen

Inverting the matrix, we obtain

Vgen Vgen
L = - - a, D= > v @2
21+ Zioad (|1K1172 + K2 2) 21+ Zioad (1K1 |72+ K2 2)
where
. Zod Ki—Kp . Zod Ko—Ki
a; = 1+ . 7 a = 1+ . 5
2 Ki|Ks| 2 |Ki Pk
Hence
’ I Vgen a1
Il = = = ) ) _—
K\ zi+Zioad (IKi 172 +1K2|72) K
by b Vasn @
27 5T -2 -2\ R
Ky 7+ ziod (K172 + K2 2) K>
and
Vgen ( 1 1 )
lioad = I'+1I; = =+ =
o Y gtzea (K2 HIK2) K Ko

where we have used
ar a1 7 K1—-Ko 1 Zi,sd Ko—K; |\ 1 1
—_—+t—=— = |=+ TR T —+ T el T — +
K, K Ki  z  |Ki?|K2| Ky z  |Ki?|Ka| K K

1. When K; =Ky, then a1 = a3 =1 and

I =1 = Vgen ﬂ _ Klvgen
L gtneaa 21K K 1K P2+ 22i0u
and
\%
load = & 2K, = Iy-2K, (3.19)

2
|K1 1721 +2Z10ad
—_—
Iy
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2. When K, = K¢, then, fori = 1,2,

\% a; \%
I = gen - .;:ZL.(%.KI.)
2+ Zoad (2IK1172) Ki  IK1221+ 22100

Since a1K| +a2K> = K1 + K> = K1 (1 +¢€1?) and |K|| = |K>|, we have
Veen

hod = 55—
|K1 |2Zl +2Z10ad

-(1+ei")1<1 = I (1+e“’)1<1

Hence Ijp,q reduces to the load current in (3.19) when the transformer gains are
equal with @ = 0. When the transformer gains K; and K3 are not in phase, (1 + eig)
can be much smaller than 2 and the current |[}y,q| that enters the load can be much
smaller than the currents |I]|, i = 1,2. In particular

10ad| |1+¢'] 10ad| |1+¢i

e el L e

To appreciate the issue, take K| = 10, K» = 10€17/5, Ve = 8kV, z; = j0.05Q,
Zload = 8002£0°Q. Then

Ij = 3,754.99 /—164.85 A, I, = 4,527.24 /14.88 A
I I
Lowa = I[+1I, = 77250 £13.57 A, % = 20.57%, % = 17.06%
1 2

Hence || and |1]| are much larger than |/,0,a|. The interpretation is that most of
the current loops between the two transformer banks without entering the load.
This is undesirable because the circulating current serves no purpose and heats up
the transformers. The problem arises because the connection-induced phase shifts
in the two parallel paths are different. In practice we will not parallelize these
transformers.

The complex generation power and load power are respectively

Seen = Vget(l_1+1_2) = 182.98 £70.97°MVA
Stoad = Zloadllload|2 = 59.68 Z0°MVA

Again the apparent load power is a small fraction of the apparent generation
power. However, since the transformers have zero resistance, their real powers are
the same:

Poen = Ploaa = 59.68MW
3. When K, = k- Ky, we have

s K Vgen . 1= K, Vgcn ) %
K P+ (14 K72) Zioad : IKi P2+ (1+k72) 210 K
Veen 1
]1 ad = g . (1 + —) K1
. |K1|2Zl+ (1+k_2) Zload k
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Hence
|Iload| - 1+k_1 |Iload| - I+k
1771 ] 73] |z
If we take K| = 10, K3 = 20, Vgen = 8KV, 77 = j0.05L, z10ag = 800£0°Q. Then
I] = 3,260.76 £76.40 A, I = 3,213.39 /-86.58 A
I I
hoaa = I +1} = 959.23 /=229 A, | IIIO?T| = 29.42%, % = 29.85%
1 2
Again |I{| and [I]| are much larger than |lj0,| and there is a large loop flow
between the transformer banks. This time the problem arises because the voltage
gains in the two parallel paths are different. In practice we will not parallelize these
transformers. O
3.5 Appendix: Per-unit normalization

In this appendix we describe a normalization method that will simplify the analysis
of balanced three-phase systems. For a normal system where all connection-induced
phase shifts of transformers can be ignored in the per-phase equivalent circuit, the
system after normalization will contain no transformers if there is no off-nominal
transformer in the original system. For general systems, normalization may simplify
the equivalent circuit and per-phase analysis, but the system after normalization may
contain ideal transformers with real or complex voltage gains. Normalization was
important before the widespread use of powerful computers because it simplifies
computation significantly. It is less important today, and some people argue, sometimes
more error-prone than worth the effort.

We are usually interested in four types of generally complex quantities: power S,
voltage V, current /, and impedance z and functions of these quantities. We will choose
base values for these quantities and define the quantities in per unit as:

actual quantity

uantity in p.u. :=
d yimp base value of quantity

The base values are chosen to be real positive values and have the same units as the
corresponding actual quantities. For example a power base Sp will be in unit VA
when it serves as the base value for complex power, W for real power, var for reactive
power. Hence the per-unit quantities generally have different magnitudes from, but
always the same phase as, the corresponding actual quantities. Furthermore they are
dimensionless. The base values are chosen so that the per-unit quantities behave exactly
as the actual quantities do, as we now explain.

Consider a power network that consists of multiple areas connected by transformers.
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3.5.1

It represents either a single-phase system or the per-phase equivalent circuit of a
balanced three-phase system. The nominal voltage magnitudes are the same within
each area and those in neighboring areas are related by transformer turns ratios. It is
common to choose the power base value Sp for the entire network and the voltage
base value V| g for one of the areas, say, area 1. For example the base value Vg can be
chosen to be the nominal voltage magnitude for area 1 and the base value Sp can be
the rated apparent power of one of the transformers in area 1, so that its rated voltage
is 1 pu and the rated power is 1 pu. The base values for all other quantities in the entire
network are then calculated from these two values (Sg,Vip) so that these base values
satisfy:

« Kirchhoff’s laws within each area;
« ideal transformer gains across areas;
« three-phase relations.

We derive in Appendix 3.5.1 the base values within area 1 and in Appendix 3.5.2 the
base values of other areas connected by transformers to area 1. In Appendix 3.5.3 we
describe the normalization of off-nominal transformers. In Appendix 3.5.4 we describe
how to calculate base values of three-phase quantities in a balanced three-phase system.
In Appendix 3.5.5 we summarize the procedure for per-unit per-phase analysis.

Kirchhoff's and Ohm’s laws

Consider a single-phase system or the per-phase equivalent circuit of a three-phase
system. Start with area 1 for which we have the power base Sp in VA (or W or var for
real and reactive powers respectively) for the entire network, and the voltage base V;p
in V. The base values /,p,z)p of currents and impedances respectively are calculated
as:

Sg V123
Lipg = — A, = —=Q 3.20
1B Vis Z1B S (3.20)

so that the base values satisfy the Kirchhoff’s laws:
Vie = ziphi V, Sg = Viglip VA
Since
Vil S W I,
Vie  zislis’ Sg Vighs
the per-unit quantities satisfy Kirchhoff’s laws as the actual quantities do:
Vipu = Zipulipus Slpu = leul_lpu

We can therefore perform circuit analysis using the per-unit quantities instead of the
actual quantities. We can convert the result of the analysis back to the original quantities
by multiplying the per-unit quantities by their base values.
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Extensions to other related quantities are straightforward. For example Sp is also
the base value for real power in W and reactive power in var so that
P 0
P = —, = =
1pu SB leu SB
and S1py = P1pu+1iQ1pu. The base value for resistances and reactances is zp so that
ri X1
Plpu ‘= —, Xlpu = —
P 21B P 1B
and zipy = ripu +ix1py. Similarly yip :=1/z1p in Q! is the base value for admittances
y1:=1/z1 = g—ib in Q! as well as conductances g and susceptances b also in Q!
3.5.2 Across ideal transformer

Consider now a neighboring area, say, area 2 that is connected to area 1 through a
transformer. We choose the bases for different sides of the transformer in a way that
respects the transformer gains. Consider the circuit in Figure 3.31(a) where areas 1 and
2 are connected through a transformer with a voltage gain K (n). If it is a single-phase
system then K (n) = n, the reciprocal of the turns ratio. If it is the per-phase equivalent
of a balanced three-phase system then K (n) may be complex if the transformer is not
in YY or AA configuration. Given the bases (Sp,Vip,115,z15) for area 1 calculated in

I I L, L — Fpu= Dy,
+ 71 @ :] > + + lp Zipu Ip > ?
4 (0] Vi | KO Vi Vi Yo Vipu = Vape
- - o— - —
(a) In standard unit (b) In per unit

Figure 3.31 Per-phase equivalent circuit of balanced three-phase transformers with gain K (n).

Chapter 3.5.1, the bases for the other side of the transformer are calculated according
to:
Vig = KWVig Vs hp = =B A 2y = K)P2s @ (32D)
K (n)]
The base power value remains S = V111 g = Vop g for all areas since the power gain
across an ideal transformer is 1. Even though K(n) may be complex all base values
remain real positive numbers.

Referring to Figure 3.31(a), the per-unit quantities (‘71 pus I pu) at the input and the
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per-unit quantities (Vapu, I2pu) at the output of the ideal transformer satisty (a :=1/n)

. 1% Vo |K .
Vi = L _ Y K| _ Vapae 1K)
Vip  K(n) Vap
. I K(n)I Si/K (n)
1 = — = —— = 12 e
M he  IK(n)lhp b

This also implies that the per-unit power S1py := Vipu (F1pu)" = Vapu (lpu)™ = Sapu. If
2K (n) can be taken as zero then on the input side of the transformer, (‘71 pus I pu> S Ipu)
can be replaced by (Vzpu,lzpu,Szpu), i.e., the voltages, currents, and power remain the
same, in per unit, when crossing an ideal transformer. Within each side of the ideal
transformer the per-unit quantities (S ipus Vipus Tipus Zipu) satisfy the Kirchhoff’s laws as
explained in Chapter 3.5.1. Hence the per-phase equivalent circuit can be simplified
into that in Figure 3.31(b) where the ideal transformer has disappeared. The voltage
gain angle /K (n) = 0if (i) the system is single phased, or (ii) it is balanced three phased
with transformers in Y'Y or AA configuration, or (iii) it is a normal system where the
connection induced phase shift /K(n) can be ignored as far as external behavior
is concerned. Hence ideal transformers and connection-induced phase shifts can be
omitted in a normal per-phase system if we use simplified per-phase diagram and per-
unit normalization. This simplified per-phase per-unit diagram is called an impedance
diagram. Otherwise the per-unit circuit will contain a phase-shifting transformer with
voltage gain e/“K (" see Example 3.10.

We proceed in a similar manner to calculate the base values (Sp,Vip,liB,2iB)
in each neighboring area 7, until all connected areas are covered. It can be easily
checked that the per-unit quantities in each area satisfy the Kirchhoft’s laws, as long
as the per-unit quantities in area 1 satisfy the Kirchhoff’s laws and those in other
areas respect transformer gains. This is where system normality is important: on each
parallel path in its per-phase equivalent circuit, (i) the product of ideal transformer
gain magnitudes is the same, and (ii) the sum of ideal transformer phase shifts is the
same. As discussed above these properties prevent loop flows between transformers, as
illustrated in Example 3.8. Note that in Figure 3.30(b) of that example, the secondary-
side voltages of the two ideal transformers are the same but their primary-side voltages
are different when K, = Kje/? with 6 # 0. The first property also ensures that the
calculation (3.21) of base values across areas is consistent, i.e., does not depend on the
order in which the areas are chosen for calculation; see Exercise 3.13.

Example 3.9 (Single-phase system). Consider the single-phase system in Figure 3.32
where the voltage source has a nameplate rated voltage magnitude of vV and a name-
plate rated power of s VA. Calculate the base values for the system.

Solution. Let the base value for power be Sp := s in VA for the entire system and the
base value for voltage in area 1 (where the voltage source is) be Vip :=v in V. Then
the base values for currents and impedances in area 1 are respectively:

2
s v

Lip = — A, 21ip = — Q
v s
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Figure 3.32 Example 3.9 with rated voltage magnitude of v and rated apparent power of s.
The base values in area 2 connected by the first transformer with a voltage gain n; are:
1 s
Vop i= mVip = nivV, 6, ::ﬁ = — A
ni nyv
2
2 (viv) 1 s .
B = MZB = Q, Yop = — = ——=
2 (vv)
The base values in area 3 connected by the second transformer are:
V. n ny s
Vap = 28 - —lVV, Iig == nyhg = —2—A
ny ny nyv
2 2 2
1 nl 1% 1 }’l2 S —1
3B = S0 = 5L, y3p = —— = 55 Q
ny ny S 3B nyv
O
3.5.3 Off-nominal transformer

Power systems employ two types of regulating transformers. The first type regulates
voltage magnitudes, e.g., through variable taps on some of its windings that control the
number of turns and hence the voltage gain. Such a transformer is usually connected
at the end of a line to regulate the voltage magnitude at a node. Its turns ratio may be
variable and different from the ratio of the voltage bases in its primary and secondary
areas. The second type regulates phase angle displacement between two nodes. Their
voltage gains may be complex K(n) = p/¢ where ¢ may be variable and cannot be
omitted in normalization. These transformers are said to be off-nominal. They will not
disappear under per-unit normalization but will appear as a transformer with a different
(normalized) voltage gain, as we now explain.

Consider an ideal transformer with a possibly complex voltage gain % =: K(n) as
shown in Figure 3.33(a). Suppose the ratio of the voltage base in area 2 to that in area
Vip _.

lis Vig = P- Since

K(n
Vo = KV = %'PVI

the transformer is equivalent to two ideal transformers in series with voltage gains
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3.5.4

1y 8

+o ] " +

1 : K(n)

(a) Off-nominal transformer (b) Equivalent transformer in se- (c) Per-unit equivalent circuit
(standard unit) ries (standard unit)

Figure 3.33 Normalization of an off-nominal transformer.

p and K(n)/p respectively as shown in Figure 3.33(b). Since the first transformer
has an voltage gain of p, it disappears in per-unit normalization and hence the per-unit
equivalent circuit of the original transformer has a gain reduced by p as shown in Figure
3.33(c). For instance for a phase shifting transformer with voltage gain K (n) = pZ¢ its
voltage gain in the per-unit circuit will be 12¢.

Example 3.10 (Normalization with connection-induced phase shifts). Consider a bal-
anced three-phase ideal transformer in AY or YA configuration with a complex volt-
age gain K(n). Let the bases for one side of the transformer be (Sg,Vip,115,21B).
Choose the bases for the other side according to (3.21). Suppose we cannot ignore the
connection-induced phase shift. Then the per-unit equivalent circuit of the ideal trans-
former will be an off-nominal phase shifting transformer with a gain I;E") = /K(n)
as shown in Figure 3.34. O

Figure 3.34 Normalization when connection-induced phase shifts cannot be ignored.

Three-phase quantities

In Chapters 3.5.1-3.5.3 we explain how to choose bases for a single-phase system.
They are also applicable to the per-phase equivalent of a three-phase system where the
voltages and currents are line to- neutral voltages and line-to-neutral currents. Suppose
the base values (S, g Vl¢ I ,z B ) for a single-phase system are given. When single-
phase devices (sources, loads, impedances, transformers) are connected to form a
balanced three-phase system, three-phase quantities are created for which base values
need to be defined. For instance the ratings of a three-phase transformer are always
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specified in terms of three-phase power and line-to-line voltages. In this subsection we
will derive these base values, in terms of (S?,Vy,l ;f,zif), in a way that respects
three-phase relations. The main issue is to define the meaning of these base values and
the relation they intend to capture in Y and in A configurations.

Let (S'%,V!¢,1'¢ 719) denote respectively the power generated or consumed by
a single-phase device, the voltage across and current through the device, and the
impedance of the device. We are interested in the following three-phase quantities. The
three-phase power S>¢ is defined to be the sum of power generated or consumed by
each device in either Y or A configuration. The line-to-line voltages V'"® and terminal
(line) currents I°? are external quantities. In an ¥ configured three-phase device, a
line-to-neutral voltage V'>" and a three-phase impedance z>? are equal to the voltage
V1% and impedance z'? respectively associated with each single-phase device. For a A
configured three-phase device, V2" and z3? are defined to be the line-to-neutral voltage
and the impedance respectively in its Y equivalent circuit. As explained in Chapter 1
these quantities are related to the corresponding single-phase quantities according to:>

§3 =381, vine = \3eH/Oyen (3.22a)
e = ¢ for Y configuration
P’ = ; 3.22b
{ [9b —Jea = \[3e7in/6f1¢ for A configuration ( )
b vié for Y configuration
Vi = . -1 3.22¢
(\/ge‘”/ﬁ) yie for A configuration ( )
1¢ forY fi tion
3 _ | 2 or Y configuratio 254
{ z'?/3 for A configuration (3.22d)

Motivated by the three-phase relations (3.22) we define the base values

(S?,Vg“e,lgqj,Vg“ z;f) for the three-phase quantities (S3¢,V'ine, 3¢ yi2n 3¢y in

terms of the single-phase base values (S?,Vllf, 1 11;1’ z)l_f) as follows:

sy =380 Vi = \BYR (3.23a)
L. I}f for Y configuration (3.23b)
5 \@I}f for A configuration
vy for Y configuration
yizn =L P (3.23¢)
B (\/§) Vllf for A configuration
LT Z}; for Y configuration (3.23d)
B z}g‘ﬁ /3 for A configuration

In light of (3.20) we could also have defined the base values Iff and zif in terms of
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S?f and V)" as (see Exercise 3.14):
3¢ line) 2
S (Vline)
3¢ . B 3¢ . B
Pt = 2B 36 (3.23¢)
B 1 B 3¢
V3Vjine Ss

These definitions replace (3.23b) and (3.23d) and are applicable for both ¥ and A
configurations (note that Vg“e are different functions of Vllf for Y and A configurations).

With these base values the per-unit quantities satisfy the following relations (see
Exercise 3.15):

Spi = Spi» Vame = v, 2l = ¢ (3.240)
| = || Vi) = |vpd (3.24b)

Therefore in per unit, the three-phase power, voltage, current and impedance equal
their per-phase quantities (at least in magnitude). In particular when one says that the
voltage magnitude is 1 pu, it means that the line-to-line voltage magnitude is 1 pu
(i.e., equal to its base value Vg“e which is \/§V}5¢ for Y configuration and Vllf for A
configuration), and the phase voltage magnitude is 1 pu (i.e., equal to its base value

-1
Vg“ which is V}gd’ for Y configuration and (\/3) V},"’ for A configuration). We hence
need not specify whether a per-unit voltage is line-to-line or line-to-neutral, or whether

a per-unit power is single-phase or three-phase. In A configuration the line-to-neutral
voltage VI')%“ is related to single-phase voltage Vplu‘p according to

S|
yi2n (\/ge‘”/ﬁ) yle
12n ._ _

= — — e—iﬂ'/6 V1¢
pu 12n -1
VE (\/§) vy’

= pu

Similarly for line currents ISG’j and I;l? .

The next example illustrates the calculation of three-phase bases from single-phase
bases. It shows in particular that impedances, including transformer parameters, will
have the same per-unit values in single-phase or three-phase circuits and regardless of
Y or A configuration.

Example 3.11 (Three-phase system). Consider a single-phase distribution transformer
with nameplate ratings of

« Power rating (1¢): 50 kVA;
« Voltage ratio: 408 V- 120 V;
« Transformer parameter: x; = 0.1 pu, x,,, = 100 pu (referred to the primary).

They are used to build three-phase transformer banks in Y'Y, AA, AY or YA config-
urations. Find the per-unit normalization “induced” by the nameplate ratings and the
impedance diagram of the per-phase circuit in per unit.
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Solution. The nameplate-induced base for the single-phase transformer is such that the
power rating is 1pu and voltage rating is 1pu. Hence

o ._ 16 ._ 10 ._
Sy} = 50kVA, V)P =408V, V)0 = 120V

Therefore the current bases are

1o _ S5 SOKVA

1
jo . S5 _ SOKVA

— 20V - 416.67A

= = = 122.55A =
1B 1¢ ’ 2B 1¢

v 408V V5
Since S = |V|?/z, the impedance base for the single-phase transformer induced by the
nameplate ratings is:

o (Vfg)z ~ (408V)2m 330 2 - (Vzlg)z (120V)?

- = - - = 0290
Y T T lo SO0KVA “B T Tl SOKVA
B B

Hence the actual transformer reactances x; and x,,, in Q in the single-phase system are:

x o= (0.)z)% = 0333Q,  x, = (100)7)% = 333Q

Consider now a three-phase transformer bank obtained from connecting three of
these single-phase transformers. We consider first the base values for the primary side;
the base values for the secondary side can be similarly chosen. What we will find is that
if we choose our bases (S?,Vg“e,lgfp,z;f) according to (3.23), then the impedance
diagram of the per-phase equivalent circuit is independent of Y or A configuration.

Case 1: primary side inY configuration. From (3.23), the base values of the three-phase
power and line-to-line voltage induced by the nameplate ratings are

8§30 = 38, = 3(50) = 150kVA, Vime .= V3v.? = V3(408) = 706.68V

These three-phase quantities are used as the power and voltage ratings on the three-
phase transformer nameplate. Hence a line voltage of 1 pu corresponds to the rated
primary voltage (706.68 V) on the nameplate. The base values for the terminal currents
and impedances are:

B = 10 = 12255 A, gl = gyh = 3330

It can be checked that (S ?,Vg“e,l Zd’,zif) as defined indeed satisfy three-phase rela-

tions:

3¢ line\ 2
30y _  Sp S (V™)
1B~ line ’ 1B~ 3¢
Vavly 5
Since z?gY = ziz, x; =0.1pu and x,, = 100pu as before for the three-phase transformer.

Case 2: primary side in A configuration. From (3.23), the base values of the three-phase
power and line-to-line voltage induced by the nameplate ratings are

$3¥ = 35} = 3(50) = 150kVA, Vine .— vl — 408V
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3.5.5

The terminal current and the impedance bases are:

1o
368 _ Rl _ _ 39 _ % _ 333
9% = V310 = V3(122.55) = 21226A, 2,5 = - =3 = Lue

To convert the transformer circuit model in A configuration to its equivalent Y con-
figuration, the transformer reactances are reduced by a factor of 3, i.e., x{ =x;/3 and
x¥ =x,,/3. Hence the transformer reactances in pu are:

Y=
Y
X x1/3 X
y . Y1 _ X X
Xipu = g = 1¢/3 = 5 = 0.1pu
B B B
Y
Y . Xm_ Xm/3 Xm
xmpu = 3—¢ = T/S = 1—¢ = 100pu
B 4B 1B

as expected.

In summary, with the three-phase base values defined in (3.23), the transformer
reactances x; and x,,, remain the same in pu regardless of how the single-phase trans-
formers are connected into a three-phase transformer bank. The impedance diagram
of its per-phase circuit is shown in Figure 3.35. O

I Ly,

Ipu .

Vipu

+

Vapu

Figure 3.35 Impedance diagram of a three-phase transformer bank.

Per-unit per-phase analysis

Consider a balanced three-phase normal system. Recall that the nameplate ratings of
three-phase transformers are specified in terms of their three-phase power and line-to-
line voltages. The procedure for per-unit per-phase analysis is summarized as follows:

1. For a single-phase system, pick a power base S;;/’ for the entire system and a
voltage base Vg;‘ in one of the areas, say, area 1, induced by the nameplate ratings
of one of the single-phase transformers (either the primary or secondary circuit).

2. For a balanced three-phase system, pick a three-phase power base SZ‘/’ and line-to-
line voltage base Vlli]_{;e induced by the nameplate ratings of one of the three-phase
transformers in area 1 (choose either the primary or secondary circuit as area 1).
Then choose the power and voltage bases for the per-phase equivalent circuit of
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the balanced three-phase system according to (3.23a):

3¢ line
S Vv
gl¢ ._ °B vie .- B

B - 3’ lB'_\/§

S}f will be the power base for the entire per-phase circuit.
3. Calculate the current and impedance bases in that area by:

2
1¢

53¢ (vi5)

hp = =5, 2B = 70
1B B

4. Calculate the base values for voltages, currents, and impedances in areas i con-
nected to area 1 by the magnitudes n; of the transformer gains (assuming area 1 is
the primary side of the transformers):

v)$ = nv)]

line ._ line - — 2
iB 1B? ‘/iB L niVIB s Ii - __IlBy ZiB ‘= N;Z1B

1
Continue this process to calculate the voltage, current, and impedance base values
for all areas.

5. For real, reactive, apparent power in the entire system, use S}f as the base value.
For resistances and reactances, use z; g as the base value in area i. For admittances,
conductances, and susceptances, use y;p := 1/z;5 as the base value in area i.

6. Draw the impedance diagram of the entire system, and solve for the desired per
unit quantities.

7. Convert back to actual quantities if desired.

3.6 Chapter summary

1. A nonideal single-phase transformer can be modeled as a circuit with the admit-
tance matrix 3.6. It is equivalent to the T equivalent circuit (3.4) or the model with
unitary voltage network described by the admittance matrix (3.12). A widely used
simpler but approximate model is the admittance matrix (3.9b).

2. The voltage gain K (n) of the per-phase equivalent of a balanced three-phase trans-
former can be real (Y'Y or AA configuration) or complex (AY or YA configuration).
They can be derived using Corollary 1.3.

3. The analysis of a single-phase circuit containing transformers can be simplified by
referring impedances or admittances from one side of a transformer to the other
using (3.16).

4. The per-phase circuit of a balanced three-phase system containing transformers
can be derived using Corollary 1.3. Analysis can be conducted on the per-phase
circuit and the results translated back to the three-phase system.



3.7 Bibliographical notes 139

5. The variables such as power S, voltage V, current /, impedance z and admittance
v, as well as functions of these quantities, can be normalized by base values.
These base values are carefully chosen so that the per-unit quantities also satisfy
Kirchhoff’s and Ohm’s laws, transformer gains, and three-phase properties. Per-
phase analysis can be conducted using per-unit quantities. The result in terms of
actual quantities can then be obtained by scaling the per-unit quantities by their
base values.

3.7 Bibliographical notes

There are many excellent textbooks on basic power system concepts and many materials in this chapter
follow [1]. A model for single-phase split-phase transformer is introduced in [10] (see also [11] which also
verifies single-phase models using AMI data and quantifies modeling errors). Some of the materials on
per-unit normalization, e.g., off-nominal regulating transformer in Chapter 3.5.3, follow [2].

3.8 Problems

Chapter 3.1.

Exercise 3.1 (T model of transformer). 1. Derive the transmission matrix given in
(3.5) by eliminating the internal variables (with hats) from (3.4).
2. Show that the transmission matrix for the T equivalent circuit of transformer in
Figure 3.36 is also given by (3.5).

I, nl, L
Vi 0, [Vm aVz V,
-0 _ _ —
N, : N,

Figure 3.36 Exercise 3.1: T equivalent circuit of transformer with n := N, /N; and a := N;/N;.

-

which is the same as the transmission matrix in (3.9a).

3. If y,;, =0 then

Exercise 3.2 (T model of transformer). Given the primary voltages and primary
currents (Vse, Isc) and (Vy, I, ) of a short-circuit and open-circuit tests respectively,
derive (3.7) from (3.4).
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Exercise 3.3 (Simplified model). Consider the transformer model in Figure 3.5 and
its transmission matrix M in (3.9a). This question shows that when the shunt admit-
tance matrix y,, is small compared with the leakage admittances z;, M is a good
approximation of the transmission matrix M in (3.5). Let € := a’zy,n.

1. Show that their difference is M — M =€ [g ~ep ]
—n

2. Suppose z, =nzs = n(rs +ix,) for some real number n > 0 with ry > 0 and x > 0,

(14

III;IAI/IIH < |e| < 1, where ||A]|

Ym = —ib,, with b,, > 0, and |e| < 1. Show that
denotes the sum norm |[Al| := ¥, ; [A;;].

Exercise 3.4 (Unitary voltage network). 1. Show that the T equivalent circuit de-
scribed by (3.5) is equivalent to the transformer model I = (MY,,, M)V given by
(3.12a)—(3.12c¢).

2. Derive MYy ynM in (3.12d) in terms of a instead of N, N,.

Chapter 3.2.

Exercise 3.5 (AY and YA configurations). Consider ideal balanced three-phase trans-
formers in AY and YA configurations shown in Figure 3.15(b).

1. Show that their voltage gains satisfy Kya(1/n) = 1/Kay (n).
2. What is the implication on a path that contains a AY transformer followed by the
same AY transformer connected in the reverse direction?

Exercise 3.6 (Nonideal AY transformer). Consider abalanced three-phase transformers
in AY configuration and its per-phase equivalent circuit shown in Figure 3.18. Show
that the transmission matrix of the per-phase equivalent circuit is given by:

[Vl""] _ [K;;(n) (1+2ym)  Rar () (z /3)] [V;"]
Iy K;} (n) Bym) Kay (n) I

where Ky () := V3n €7/

Chapter 3.3.

Exercise 3.7 (Referring shunt admittance in one side to the other). Show that the
transmission matrix for the circuit in Figure 3.22(a) is the same as that in Figure
3.22(b) provided that the relation (3.16) between shunt admittances y, and y, holds.

Exercise 3.8 (Transmission matrix). Consider a balanced three-phase ideal transformer
with a complex gain K(n) connected to a balanced three-phase series impedance z
and a balanced three-phase shunt admittance y; on the secondary side. The per-phase
equivalent circuit is shown in Figure 3.37(a). Show directly that the circuit in Figure
3.37(a) and that in Figure 3.37(b) have the same transmission matrix, provided that
(3.16) holds for the impedances/admittances (zp,y,) and (zs,ys).

Exercise 3.9 (Driving-point impedance). Refer to Figure 3.25.
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I 1 I L
+ o—»l— > ——>—O+ HZ—O +
v K| v o] w K v
-0 — O - . o
ideal ideal
transformer transformer
(a) (zg,Yys) in the secondary (b) (zp,yp) in the primary

Figure 3.37 Referring (zs,ys) on the secondary to the primary of a transformer.

1. Show that the driving-point impedance V;/I; on the primary side is the same in
both circuits in Figure 3.25(a).

2. Show that the driving-point impedance V, /I, on the secondary side is the same in
both circuits in Figure 3.25(b).

Exercise 3.10 (Driving-point impedance on primary side). Suppose the secondary
sides of the (equivalent) circuits in Figure 3.37 are connected to an identical load zjpaq
so that V; = zjpaq/> in both circuits.

1. Show that the driving-point impedances on the primary side of the circuit in Figure
3.37(a) is:

i1
L |Km)]?

1
s+ = (3.25a)
Vst Zoad

without using (3.16). The term in the bracket is the Thévain equivalent impedance
in the secondary circuit, seen from the output of the ideal transformer.

2. Show that the driving-point impedances on the primary side of the circuit in Figure
3.37(b) is:

Vi 1

b (3.25b)
Iy g Yo +IKM)P z

without using (3.16).
3. Show that (3.25a) and (3.25b) are equivalent provided that (z,,,y,,) and (z,ys)
satisfy (3.16).

Chapter 3.4.

Exercise 3.11 (Per-phase analysis). Consider the balanced three phase system in Figure
3.38 where the line-to-line voltage of the three-phase generator in A configuration is
Veen. The 3¢ transformer consists of single-phase transformers in AY configuration.
Each single-phase transformer is modeled by a leakage impedance z; (and negligible
shunt admittance) on the primary side followed by an ideal transformer with voltage
gain n. The transmission line is modeled by a I[I-model with a series impedance zjine
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and a shunt admittance y,, /2 at each end of the line. The transmission line is connected
to a balanced 3¢ impedance load in Y configuration with an impedance zjp,q in each
phase.

Figure 3.38 Example 3.11: one-line diagram.

1. Draw the equivalent per-phase circuit.
2. Derive the complex power delivered to the load Zjy,q in each phase.

Exercise 3.12 (Caltech ACN: estimating distribution line impedances). Suppose the
AY transformer in the Caltech ACN in Example 3.3 is balanced. Suppose its primary
side is connected to a balanced three-phase voltage source in A configuration with a
line voltage of | V.| = 480V through a three-phase distribution line, as shown in Figure
3.39. Its secondary side is connected to a balanced three-phase load through another
three-phase distribution line. Suppose the system is balanced so that the distribution
lines are modeled by (diagonal) series impedances Zjne 1l and zjine 2l respectively
(Figure 3.39), where I is the identity matrix of size 3. The secondary side of the AY

Figure 3.39 The three-phase transformer is connected to a three-phase voltage source and a
three-phase load through two three-phase lines.

transformer is directly grounded so that its neutral voltage is zero. Its phase a line-
to-neutral voltage is measured to be V. The load is a balanced three-phase current
source in A configuration with a known (EV charging) current /jp,q from phase a to
phase b. The voltage is measured to be Vjo,q across the load between phases a and b.

Assume without loss of generality that the voltage source has £V, = 0° and is
balanced in a positive sequence set.

1. Derive the single-phase equivalent circuit.

2. Determine the distribution line impedances Zzjipe,1 and Zjipe2 in terms of the line
voltage |Vy.|, the leakage impedance z; of the transformer, and the complex gain
K (n) of the ideal AY transformer, as well as the measured transformer voltage V"
and load voltage and current (Vipad, lioad)-
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Appendix 3.5.

Exercise 3.13 (Base values across transformers). For a normal system, on each parallel
pathin its per-phase equivalent circuit, the product of ideal transformer gain magnitudes
is the same. Show that this property allows us to consistently define base values between
two neighboring areas using (3.21). (Hint: Show that around any loop, (3.21) holds
only if the product of voltage gain magnitudes around the loop is 1.)

Exercise 3.14 (Terminal current and three-phase impedance bases). Show the defini-
tion (3.23b) (3.23d) for base values I;f and z;;ﬁ respectively are equivalent to definition
(3.23e).

Exercise 3.15 (Per-unit properties). Prove the per-unit properties (3.24).

Exercise 3.16 (Per-unit normalization for dynamical systems [ 12]). Consider the linear
time-invariant system

X = Ax(t)+Bu(t), y(t) = Cx(t)+Du(t) (3.26)

where A € R™" B e R"™k C e RP*" and D € RP*k_ Let the base values for
(x(1),u(1),y(t)) be the n x n diagonal matrix Xp, the k X k diagonal matrix Upg and the
p X p diagonal matrix Yp respectively. Per-unit normalization for (3.26) is the similarity
transformation with per-unit variables

Xpu(t) = X3'x(2), upu (1) = Ug'u(t), ypu(t) = Y5'y(1) (3.27)

Show that:

1. The per-unit variables (xpu(#),upu(?)) satisfy a linear time-invariant model

Xpu = ApuXxpu(t) + Bputpu (1), Ypul(t) = Couxpu(t) + Dputtpu(t) (3.28)

Derive the system model (Apy, Bpu, Cpu, Dpu)-

2. Show that the per-unit system (3.28) and (3.26) have the same system eigenvalues,
i.e., Apy and A have the same eigenvalues.

3. Show that the per-unit system (3.28) is structure-preserving in the sense that the
entries of (Apy, Bpu, Cpu, Dpu) are zero if and only if the corresponding entries of
(A,B,C,D) are zero.
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A power system has two types of components: (i) generation resources and loads which
we will call devices, and (ii) a network of transmission lines, distribution lines and
transformers, called branches, that connect these devices. In Chapter 4.1 we summarize
these component models that we have studied in detail in the previ========ous
chapters. In Chapter 4.2 we illustrate through examples the use of these components
to build a power system model, consisting of a device model and a network model.
A network model is a relation between nodal voltages, currents and powers of a
power network. In Chapter 4.3 we derive the network admittance matrix that linearly
relates nodal currents to nodal voltages and power flow equations that nonlinearly
relate nodal power injections and nodal voltages. In Chapter 4.4 we discuss classical
solution methods for solving power flow equations. In Chapter 4.5 we study analytical
properties of an admittance matrix. In Chapter 4.6 we study a linearized model, called
the DC power flow model, that is widely used in electricity markets and power system
planning applications.

Component models

In this section we summarize models of devices, transmission lines and transformers.
They will be used to construct system models in Chapters 4.2 and 4.3.

Devices: sources and impedance

In Chapters 1.1.2 and 1.3.1 we describe circuit models of single-phase single-terminal
devices. They are also per-phase models of balanced three-phase devices. Associated
with each device j is its terminal power, current, and voltage (s;,1;,V;) € C3. There
is an arbitrary reference point with respect to which all voltages are defined. If the
common reference point is taken to be the ground then voltage V; is the voltage drop
between terminal j and the ground. The terminal current /; is defined to flow our of
the device from terminal j to the reference point (opposite to the current direction in
Chapter 1.1.2.). Such a single-terminal device is characterized by relations between its
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terminal variables (s;,1;,V;). We will refer to these relations as a device model, which
will be used to construct a system model in Chapter 4.2.

1. Voltage source (E 72 j). This is a device with a constant internal voltage E; in
series with an impedance z; as shown in Figure 1.3(a). Its external model is the
relation V; = E; —z;1; between its terminal voltage and current (V, ;). This yiel