Power System Analysis

Chapter 2 Transmission line models

Steven Low Caltech (Oct 5, 2025)



Outline

1. Line characteristics
2. Line models



Outline

1. Line characteristics

* Resistance r and conductance g
» Series inductance /

e Shunt capacitance ¢
 Balanced three-phase lines

2. Line models



Three-phase line

Alternating currents in conductors line interact electromagnetically
Interactions couple voltages & currents across phases
In balanced operation, phases behave as if they are decoupled
In each phase, line is characterized by
« series impedance / meter 7 = r+iwl Q/m r>0,1>0

g+ lwc Q~1/m g>0,c>0

* shunt admittance / meter to neutral y :

Assumptions

() + - +i() = 0 forallt
q, &)+ - +q,(t) = 0 forallt



Line characteristics

Series resistance r and shunt conductance ¢

Series resistance r depends on
* Temperature and cross-sectional area of the conductor (this is called the dc resistance)

» AC frequency (this is called the ac resistance and defined to be Pjoss/ | [ \2)

Shunt conductance g accounts for real power loss between conductors or conductors and ground

 Due to leakage currents at insulators, depending on environment such as moisture level

* Due to corona when a strong electric field at conductor surface ionizes the air, causing it to conduct,
depending on meteorological conditions such as rain

. . 2 .
» Power loss due to shunt conductance g is typically much smaller than 7| I|”; hence g is often assumed zero
in transmission line models



Line characteristics
Series inductance L

Total flux linkages 4, of conductor k depends on currents i, in all conductors k'’

A= | —In— | + —In— )i,
: or r )" o dy | "
k =k kk
—_———— N——— —
self inductance L, mutual inductances L,
henrys/m henrys/m

conductor 1
radius 71
current 1;




Line characteristics

Series inductance /

Total flux linkages 4, of conductor k depends on currents i, in all conductors k'’

In vector form: A = Li

d d
Faraday’s law: v(f) = E/l(t) = LEi(t)

voltage drop along conductor

conductor 1
radius 71
current 1;




Line characteristics

Shunt capacitance c

\oltage on surface of conductor k relative to reference:

1 | 1 N 1 | 1
Vi = n— 4 n—- 1 qy
271'6 Iy, k£ 271'6 dkk'

conductor 1
radius 71
current 1;




Line characteristics

Shunt capacitance c

\oltage on surface of conductor k relative to reference:

1 | 1 N 1 | 1
Vie = n— |4 n—- |4y
271'6 l/'k k£ 271'6 dkk'

In vector form: v = Fq

Let C:= F~!. C,, : self capacitance/m, Cy,. : mutual capacitance/m

radius 71
current 1;

d ,
Therefore: i(f) = sz(t) conductor 1
t




Line characteristics
Balanced three-phase line

Assumptions:

1. Conductors equally spaced at D with equal radii r
2. 1O+ --+i(r) = 0 forall?
3. q(®)+--+q,(t) = O forallt




Line characteristics
Balanced three-phase line

Assumptions:

1. Conductors equally spaced at D with equal radii r
2. 1O+ --+i(r) = 0 forall?
3. q(®)+--+q,(t) = O forallt

Phases are decoupled (vars of conductor k independent of vars of k' # k)

/lk — — ln — lk Vk — ln — qk
27 r’ 27€ r
h,_/ hf—/
inductance [ (H/m) (-)~!: capacitance ¢ (F/m)

Per-phase line characteristics (balanced)
z=r+iwl, r>0,[>0
y=g+iwc, g2>0,c>0
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» ]I circuit model
 Real and reactive line losses
 Special cases: lossless line, short lossless line



Balanced three-phase line

Assumptions:

1. Conductors equally spaced at D with equal radii r

2. i)+ --+i(t) = 0 forallt Y, O
3. q(®)+--+q,(t) = O forallt

D
Per-phase line characteristics
» series impedance / meter 7 = r+iwl C2/m r>0,1>0
 shunt admittance / meter to neutral y = g+ iwc Q!/m g>20,¢c>0

Next: use line parameter (z, y) to model end-to-end behavior of per-phase line (transmission matrix)



Transmission matrix

Distributed element model

I, I(x) 15
+O—P— sse —» 2dx ——>— eee ——0+
+ . YAl +
Vi V(ix)+dV ydx V(x) V,

................. A b X e
........................................................... e

dV = zI(x) dx
dl = (V(x)+dV)ydx ~ yV(x) dx

ODE:
=1=1 ol
dx L1l |y O] L1
boundary cond:



Transmission matrix

Distributed element model

I, I(x) 15
+O—P— sse —» zdXx F——»— eee —>—0+
+ Vd[ +
Vi V(ix)+dV ydx V(x) V,

................. A b X e
........................................................... e

characteristic impedance Z. = /= Q/m

Z -7 1 [ 12
U= [ ", U=
1 1 27, |—1 Z,



Transmission matrix

Distributed element model

Transmission matrix maps receiving-end (V,, I,) to sending-end (V, I)

V, B cosh(yZ) Z.sinh(y2)| [V,
[11] |z 'sinh(y£)  cosh(y?) [12]

characteristic impedance Z. = \/? Q/m
-1
<y m

propagation constant y =



IT circuit model

Lumped element model

I A I Transmission matrix
g ddim g Vil | 1+2Y)/2 A V)
_ Ll |(YAQ+2zY/4) 1+Z2Y72] |1,

Admittance matrix

L{ |1z7'+yrn -z
_12

A A &)
Long line (£ > 150 miles) : use Z' and Y’
Medium line (50 < £ < 150 miles) : use Z =7z and Y = iwC
Short line (£ < 50 miles) : use Z=2z¢£ and Y =0

Q |
O

v



Line current loss

Sending-end current

ly= —(V,~ V) + —V
12_Z,1 2 21

Y’ (112 =1}, Iy =—1,
Ly = =V,=-V) + =V, )



Line current loss

Sending-end current

ly= —(V,~ V) + —V
12_Z,1 2 21

/

ILyy==V,=V) + =V,

Line current loss
Y/

(112 = 1y, Iy

If YY=0 then [, = — I,; sending current = receiving current

_ ]2)



Line power loss

Sending-end power

S, = W, = 1(\V\2 VV)+Y,\V\2

12-= Vil = & 1 1 V2 5 1V
_ 1 , _ Y’ ,

51 = WVoly = §(\Vz\ —V2V1)+?\V2\

Real and reactive power losses

/

I rs 12 Y 2 2
S12+S21: Z‘IIZ‘ +?(‘Vl‘ +‘V2‘ )
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Special cases

Per-phase transmission line

general per-phase line
z=r+iwl, r>0,[>0
yvi=g+iwc, g>0,c>0

e E—

lossless line
|

r=g:=0




Lossless line:r=¢ :=0

Characteristic impedance is real

Z il [
Zc — \/: — \/ : — \/: Q)
y Ll C C

Propagation constant is imaginary
Y = \/2y = \/(ia)l)(ia)c) = io\Ilc m™! B = an/lc

I1 circuit model: both series impedance and shunt admittance are reactive:

;o . . L’ . ,a)cf tan(ﬁf/Z) —1
/' = 1Z.sim(pr) L, T = I T @) ,




Lossless line:r=¢ :=0

Voltage along the line
V(x) = V, cos(px) + (Z. 1, sin(px)

V()

< SIL Z)5ad = 4c
Full load

Short circuit V, = 0
>

No load I, = 0

x =7 x =10

Generally voltage drops along
the line towards load

o/Ic



Short lossless line: r:=0,y :=0

Sending-end power from 1 to J:

_ V-V, 1
Slj = ViIlj = Vz : = 1=
1X X

(1viI2=v7)

Explore 3 implications
 How does load voltage magnitude | V, | depend on active load power Pj55q ?

 Decoupling: P mainly dependson @, | V| on O
* Linear model: DC power flow



Short lossless line: r:=0,y :=0

Sending-end power from 1 to J:

_ V-V 1,
S; = Vil = Vi—2 = i~ (1V,/P-V¥)
1X X /

Recelving-end load power at bus 2:

_ 1 _
=5 = = Volyy = — lg ( | Vz\z— VZVI)

Suppose: —3,; supplies a load with load power P|55q + [Q|0ad ;s I-€-»
=51 = Pload(l +itan @)

¢ =0, —06_, :load power factor angle



Short lossless line: r:=0,y :=0

Load voltage solution and collapse

How does load voltage | V,| depend on active load power P55q ?

. ) - .
—iz (1V2lP = VaV1) = Pioa(l +itan )
Assume: Vl = 1£0° = 921 .= 92 — 61 — 62
Then
« 2 real equationsin (| V5|, 6,) with P|g5g as parameter
» Solve for load voltage |V, | given any P|gag

» As load power P|554 increases, solutions |V, | trace out a nose curve

» If P|o5g increases further, no real solutions for | V, | exists - voltage collapse



Short lossless line: r :=0, y :

Sending-end power from 1 to J:

] V-V,
S; = Vily = V,— = i (V' - V7))
1 X X
Hence
[VillVa| .
1
Qip = }<\Vl\2—\Vll\V2\c086’12)
1
Oh = }(\Vz\z—\VlHVz\cosé’lz)



Short lossless line: r:=0,y :=0

Decoupling

1. P, and | V;| are roughly decoupled, Q;; and 6),, are roughly decoupled

oP | Vi 0Q;; VillV.
R sinf;, ~ 0 — = Vi1V, | sinf,, ~ 0
| V| X 00, X

2. P, mainly depends on ¢,, with rate

oP,  IVilIW] Vil Vs
= cosl,, =~
00, X X

3. Voltage regulation

0 V 0 |
On |V cosf), < 0 Oy _

oV, X 0|V, x

2|1V, | — \Vl\coselz) > 0

To maintain high load voltage |V, |:

decrease sending-end (J,,, increase load injection (),



Short lossless line: r:=0,y :=0

Linear model

DC power flow model: R = 0, fixed | V;|, sin0,, = 60,,, ignore sz

[ Vi V; ] |
sz = % 0, = b0, —0,)

* Widely used for electricity market and long-time planning applications

 Reasonable model for transmission system apps, not for distribution system apps where r is high



