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Outline

1. Single-phase transformer
 |deal transformer

 Nonideal transformer

« Circuit models: T eq circuit, simplified circuit, UVN, split-phase
Balanced three-phase transformers
Equivalent impedance
Per-phase analysis

o &~ WD

Per-unit normalization



ldeal transformer

o> >0 Voltage & current gains
Vz(t) iz(t)
— n : — a
. 2 B . vi(2) iy (1
S o
Nl N2
voltage gain N2
n o= —
ged N,
Nl

turns ratio a :



ldeal transformer

o> >0 Voltage & current gains
Vs I,
7 = N I_ = d
y % é v, ] ]
o N N © Transmission matrix
N.
voltage gain n = —= Il On 12
N,
Nl

turns ratio a :



ldeal transformer

o—p >—O Power transfer

_S21 V2i2

" g B v s, v, ¢

l.e., deal transformer incurs no power

1
ek

O |
O

oSS
N, N,
voltage gain N2
n = —
ge g N,
Nl

turns ratio a :



Nonideal transformer

core D
m [
I 4 N i)
+o—> AN == +—O+
B —
O —
Vi Y A — V5
(Dzz < —
_ —
© \J < O —
- /
primary secondary
winding winding
N1 turns N2 turns

Nonideal behavior

* Power losses (coil resistances, eddy currents,
hysteresis losses)

. Leakage magnetic fluxes <CI>ll, (1312>

* Finite permeability of magnetic cores



Nonideal transformer

o o Voltages
| ® >m ® . . dﬂ,l . dﬂ«z
I e N\ ly Vl — 7‘111+—, V2 — rzlz‘l‘
fo—» AN = «—o+ dt dt
> .
D, = Total flux linkages
Vi Y A — V5
Op| 1 A= ND, + 4y, Ay = Ny, + 4y
— 0 > . .
et = °- An = Ly by, Ap = Lph
N ) /
primary secondary |
winding winding Total magnetomotive force
N1 turns N2 turns

F — Nlll_l_NZlé — R(I)

m

Mutual flux linkages due to mutual flex ®,: (N, ®,,

’ NZCDm)
' Leakage flux linkages due to leakage fluxes <CI>11, CDlz): (/1”, A

]




Nonideal transformer

Voltages

CcOorc
o (I)’m o . . dﬂ«l y dﬂz
I 4 N 15 vV, = Il + —, V) = Il 4+ —=
fo—» /;\ <P <+“—oO+ dt dt
D < Total flux linkages
Vl Y A — V2
Oyl H+ A= NO, + A, b = NO, + 4y
—0 — : y
N = O - An = Ly, Ap = Lpi
N ) y

primary secondary |
winding winding Total magnetomotive force
N1 turns N2 turns

m

F — Nlll_l_NZlé — R(I)

. Zero power losses: 1y = 1, = () .
t « Zero leakage flux linkages: Ly = L, =0 == y; = N,
| « Infinite permeability: R = 0

NI o N N
, V= , = l l~ %
a2t a e



Nonideal transformer

core o Voltages
° )" ° . . di; dd,
I 4 O %) Vi = 'y +L117 + N, y
+o—>» AN = “—o0+ ! !
> — o diy Ao,
(Dll — Vz = 7‘212 + le | N2
(DIZ < —
— 0 > : . 0
N = o — Primary magnetizing current ¢,
- < - e primary current when secondary circuit is open i, := 0
primary secondary c . A
winding winding * Nllm — R(Dm : let Lm ' Nl /R and
N1 turns N2 turns A dd, dfm
l/tl — Nl — Lm_
dt dt
A d¢m N2 A
Uy .= N2 = — Uy ideal transformer

dt N,



Nonideal transformer

core
D :
I 4 N i)
+o—> A7 (<P +—O+
> —
O —
Vi Y A — V5
(DIZ < —
— 0 >
\J < O —
- /
primary secondary
winding winding
N1 turns N2 turns

Nonideal elements

V1

%)

rlll -+ Lll_ + l/ll,

— 7‘212 — le_ -+ l/l2

|deal transformer

di,

dt
di,
dt

iy

= L

Va\

di

™ dt



Nonideal transformer

Circuit model

Nonideal elements (phasor domain)

Vl — Zpll‘l‘l/\]l, [ = mel

lA]z = b, + 'V,

|deal transformer (phasor domain)

A Ny A N, A "
U2 - — Ul’ 12 = — (Il — Im> ]
Nl N2 ]



Circuit models

Nonideal transformer

T equivalent
circuit

)

simplified model

unitary voltage
network




T equivalent circuit

O +

+ O >
Vi
-0
I
+ O >
Vi

Refer series impedance z, to the primary side
— 1’ equivalent circuit

[Vll - a (1 + zpym) az(1 + z,y,) + nz, [
I ay,, n+azy,,

where n := N,/N,, a := 1/n

“Equivalent model” means

 Same end-to-end behavior, e.g., transmission matrix, or
admittance matrix;

* Internal variables may be different

Va
15}

|



T equivalent circuit

I L Refer series impedance z, to the primary side
R Al T — T equivalent circuit
g - v V.
yfz [ 1] _ ¢ (1 + zpym) az(l +z,y,,) + nz, [ 2]
—~0 O — Il aym n <+ aZSym 12
where n := N,/N,, a := 1/n
I, 1
+o—> Zp | a’z O+
Vl ym . . Vz
J Model parameters (z,,, z;, y,,,) cannot be uniquely

. 0= determined from just short-circuit & open-circuit tests
S « Additional tests are needed



Circuit models

Nonideal transformer

T equivalent
circuit

)

simplified model

unitary voltage
network




Simplified circuit

o Z a’z, ...... Y. Interchange azzs and y,. and combine with Zp
[ ; ; Z =2, +a’z

v, Y v,
[ il la(1+2zy,) nz| |V2

—© ]\[1 . ]\/'2 o Il aym n 12

where n := N,/N;, a := 1/n
. PSSR :
+ 0 > <] I > " o> O+
Vl Ym gaVz sz




Simplified circuit

O I R D Interchange azzs and y,, and combine with z,, :
. . . 2
[ L= <y T a7z
4 Y v
| il la(1+2zy,) nz| |V2
_ N, o N, _ Il aym n 12
where n := N,/N,, a := 1/n
I \4 pl, ieeeeeeeeeeeeeess : I,
+0—> 2 > — — > — O+
l ;7 : Good approximation of T equivalent circuit when |y, | < 1/] azzs\
: : M-T
4 Ym 2ab; : Vs | | < le|l < 1
[ al
_5 . : o— M : transmission matrix of simplified model
N, : N,

1" : transmission matrix of simplified model

e = a‘zy,



Simplified circuit

Il ooooooooooooooooo E 12
+o—» Zp [ a’z, - O+
v, Y v,
— 0 [ § O —
N, : N, :
I, 4 pl, ittt I
+o0—> 2 ———— — >—O+
I E + .
v, Vo al 2
—0 [ B O —
N, N,

Interchange a’

g =2t azzs
Vi a (1 + zlym) nz| | V2
I AYm n||h

where n := N,/N,, a := 1/n

Z; and y,, and combine with 2, :

Good approximation when |y, | < 1/|a*z]|
M —T|
[l

If y,, = 0: T equivalent circuit and simplified model are

< le|] < 1

equivalent, M =T



Parameter determination

Short & open-circuit tests

I I cececctcctccrocnns ° I .
o T > Parameters (z;, y,,) can be determined from open
I ;T and short-circuit tests
v Vin : aV, v, » Short-circuit test (V, :=0):
[ = _ Vs
-0 °- 4=
NN, ISC

e Open-circuit test (I, := 0) :
Most popular model i Voc Ve
1

SC

(at least for transmission systems) Y, I,



Parameter determination

Short & open-circuit tests

I I cececctcctccrocnns ° I .
o T > Parameters (z;, y,,) can be determined from open
I ;T and short-circuit tests
v Vin : aV, v, » Short-circuit test (V, :=0):
[ = _ Vs
-0 °- 4=
NN, ISC

e Open-circuit test (I, := 0) :
Most popular model i Voc Ve
1

SC

(at least for transmission systems) Y, I,



Parameter determination

Zero shunt admittance y, = 0

Il n12 E ooooooooooooooooo E 12
+o0—> 2 > f . c : >—O +
l . :
Vi Ym al, Vs
. e )

SQUARE D COMPANY

MB2

. _»:g-':%!—u‘ .' \S PURPOSE TRANSFORME 2 JUMPER CONNECTIONS
R ; TA VoL
1 503
2 491
e - it - 4 469
AMPS: 416 || WT:927 CLASSAA § -
YSTEM, 150 DEGREE C RISE TYPESSO | 7 i

| SERIAL NO:3101415030A
. - c LISTED
, F. 98.3 @ 35%/ 75°C | pouer TransFormer 127 1

24PDG220-1
"Made in Mexico”

024EE0150T480D208Y1A-001

When y = 0, parameter z; can be determined
from standard 3-phase transformer ratings:

. Rated primary line-to-line voltage | Vi

. Rated primary line current

/ pri

 Impedance voltage [/ on the primary side, per
phase, as % of rated primary voltage

p : voltage needed on the primary side to produce rated
primary current across each single-phase transformer is X

rated primary voltage



Circuit models

Nonideal transformer

T equivalent
circuit

)

simplified model

unitary voltage
network




Unitary voltage network
Single-phase 2-winding transformer
UVN-based model

I pL, e ;
+o0—>»—1 > - - > o+ _
‘ ;T * Unitary voltage network (UVN)
v " al, ‘ Vv, connecting 2 ideal transformers
) { - )  Equivalent to T equivalent circuit
N1N2 ‘\’ eCIUivalent t02 |dea| . S|mp||f|ed model is an apprcximation
; ; ¢ transformers in series
+o—>1— <p Z >2 o + L
v, Vi 2 Advantages
6 o  UVN can be generalized to
Nl LN, ref imp & adm across incorporate multiple windings, e.g.,
............................... Ideal transformers split-phase transformers
b L. - |deal transformers on both ends can
be connected in various ways, €.g.,
y . 3-phase transformers in Y/A
1 2 . .
configurations, non-standard

transformers




Single-phase transformer

Unitary voltage network
Admittance matrix

A j()::() A o A
oy kL lo Yotyity =y =y | Vo
A L] = — ) yii 0 V,

Vi Vo | Yo Vs A A
l, — 0 » v,

) o Since I, = 0, can eliminate U, to obtain Kron
fi=nVi=Voh L= »Va=Vo) reduced admittance matrix

YoVo = o+ 1+ 1, A
Lt 1 [M(YO +y) =)
I 2 yi L=y »00+ )

Yuvn

4
V)




Single-phase transformer

External model: admittance matrix

Vi Yo £
Neo 1 i e nemon 10 N

I 1 vty v Vi

1, 2L vy O+l |V,

Yuvn

et

Conversion between internal vars & terminal vars
across ideal transformers

A\ A\

U=MV, J=M

Hence, external model:

I = (MYynM)V



Application of UVN model

Common distribution transformers

line-to-line voltage (kV) || phase voltage (kV) | total power (MVA)
‘Vab‘ |Van‘ |S3¢|
4.8 2.8 3.3
12.47 7.2 3.6
22.9 13.2 15.9
34.5 19.9 23.9




Distribution transformer

Example: split-phase

n € b a
N
g 120V Common deployment in US
o 240V * Single phase
% 120V . Split-phase 120/240 V
/7777 ”

1



Multi-winding transformers

Example: split-phase

A

Vo ——
. +
L[]

Y3 ——<
+
1?3

unitary voltage network

I, I,
+O0—» . - > )71
+ +
_O B B
N, 1
120V

240V

120V

777

UVN: Kron-reduced admittance matrix

yiQo + Y2 +33)

— o)1
—Y3)1

> Vv =¥ ) ‘:/0
=1 N 0 0 Vi
— 0 Y2 0 ‘72
)3 0 0 ¥ | V,
— Y12 — Y13
Y2(Vo +y1 +33) —Y2)3
—Y3)> y3(Vo + Y1 + )

Yuvn



Multi-winding transformers

Example: split-phase transformer

I,
e > —O
+
Vs
N, I, _
[ ] o > O
+ +

£

O

. N;

Let

Iy 4

I = |- V=1V

_13 V3

/N, 0 0
M:=1|0 1/N, 0

0 0 1/N;

Conversion between internal vars & terminal vars across ideal

transformers: V= MV and

Il jl E jz
+O0—» > . }71 )72 < -
+ + : +
NN
Vi § E % Vo | Yo [; L
: V3 ——<
; : v
—_ O _ B —
F\ T PP 1
unitary voltage network
+
120V
% §—~ 240V
120V

I

M—l

Il
_12
_12 _ 13

- M~ YAl where A = [

1
0
0

0
1
1

0
0
1

|



Multi-winding transformers

Example: split-phase transformer

+ O

I

>

unitary voltage network

120V

240V

120V

A I
— s 7 > —O
. +
AN I A &
—_— S »—O
+
173
— o
1 : N

+
£

+

£

Let
I v
I — —12 V — Vz
_13 V3
/N, 0 0
M:=|0 1/N, O
0 0 1/N;

Eliminate internal vars (I, V) from

A\ A\ A\ A\

V=Yunl, V=MV, [=M1Al
External model:

I = A7 (MYyyM)V



Outline

2. Balanced three-phase transformers
* |deal transformers

* Nonideal transformers
3. Equivalent impedance
4. Per-phase analysis
5. Per-unit normalization



ldeal transformers

Connectivity
]1 ]1
yio—>» yio—» 5
<\>
<
nl' P
n, , ]lb
Vl O > P
<\>
L T
o i
Vl O > [1
C Vlcc > P
y,o—» G+
]1 ._<\>

(a) Primary winding in Y configuration



ldeal transformers

N

N

NN

N

Connectivity
I Iy
yio—>» yio—» 5
S
g
n10 P
1, , ]lb
Vl S > P
S
G
o :
Vl O > [1
C Vlcc > P
y,o—» G+
Iy S

NN

N

(a) Primary winding in Y configuration

a
1, )
. > on

>
>

b

I, ,
o > OV2
>
)

C

1, )
* > on
>
>
—0

a
1, )
> on
b
1, ,
D> on
C
> on
]C
2

(b) Secondary winding in A configuration



ldeal transformers

Configurations

a a a a
Iy - - 1, . ) 1, . . 1, )
Vl © > P > © V2 Vl oO—r—o S g —»—O V2
<\> <—__> a a <\> <—__> a a
I I . < > 4 75
nyie— — 1) Vio—» v P S Vio—» Vs
b b n n; b ) b
Vl O P 3 O V2 Vl O ¢ > ] ¢ O V2
< | D <\> <___>
> ]
< | D <\> <___>
— P 9 b b b Vb
V1 O Vz Vl O 2
yio— oy; : Vio v
[ J [ J ;
c c O *— | ® O
Vl O P I O V2 Vl g > s V2
< D > <
> ] < S
= | P I —
— I —0e

YY AA



Configurations

a a
a ]1 ) ) ]2 a
Vl O—>—1¢ P < > O V2
<\> <__>
< | D
> I o n2

b b
o TP 9 o),
< D
> ]
< D
> I M

C C
Vl O T < O V2
< D
> ]
< D
— P I | —

AY

ldeal transformers

V
N

\V
N

Vio—s >0V,

V
N

V
A\

V
N

4 m

V,o—

\V

Vv

V
N

Vv

V
A

YA



ldeal transformers

Summary
Property Gain
Voltage gain K(n)
: 1
Current gain 0
Power gain 1

Sec z; referred to pri

K (n) >

Configuration Gain
YY KYY (n) = n
AA KAA(FL) = n
AY Kay (n) := V3n €'7/0
YA —im/6

KYA(I/I) — % €




Per-phase equivalent

Y'Y-equivalent of a balanced 3-phase transformer: balanced Y'Y transformer with same external
model, i.e., same voltage gain K(n)

* Single-phase equivalent: phase a model of Y'Y-equivalent

YY: Vi — (1-oV) = avif®,  L=all =  Kyn:=n

AY :
Vlzine — (1 — (,Z)VZY — (1 — a)nvlline, ]2 — " ¢ _]1 — KAy(n) = (1 _ OI)I’l
—
AA :
V|2'ne = V2A = Vll'ne, I, =—(1- az)le = (l—-—aal, = Ky,(n):=n/(l—-a)

]l —«a



Nonideal transformers

YY configuration

bO— <] b

(a) Y'Y configuration



Nonideal transformers

YY configuration
ao— [
Ym
Ym Ym
bo— <]

(a) Y'Y configuration

od

Kyy(n) =n
[161 ................. ]261
+ 0 > 3 ° > O+
4% Y| : vy
. n

(b) Per-phase circuit



Nonideal transformers

AA configuration

o G

(a) AA configuration




Nonideal transformers

AA configuration

6 <1 :| +0 : Z;/3 ° > : o+

(a) AA configuration (b) Per-phase circuit




Nonideal transformers

AY configuration

ORI :
|y’” )\

(a) AY configuration



Nonideal transformers

AY configuration

6 2 )n\ +0 : Z;/3 [ - - : O
|ym an i/6

(a) AY configuration (b) Per-phase circuit



Nonideal transformers

YA configuration

bo— <] ob

(a) Y A configuration



Nonideal transformers

YA configuration

ao—— J; oda
[ Kya(n)
ym a - O
]1 oooooooooooooooooooo
n + O P> <]
YV YVm [
V" YV
bO— <] Ob
— O
C o— 7 ocC n/\@

(a) Y A configuration (b) Per-phase circuit



Outline

3. Equivalent impedance
 Transmission matrix
* Driving-point impedance
4. Per-phase analysis
5. Per-unit normalization



Motivation

Short cut in analyzing circuits containing transformers
* Thevenin equivalent of impedances in series and in parallel
 Equivalent impedances in primary or secondary circuits

O |

transformer 1

j/6

line

transmission
line

j/6

Z load

\/gnzl

transformer 1,




Equivalent impedances

» referring Z, in secondary to primary

7 = =
P K|

“It is equivalent to replace Z, in the secondary circuit by Zp In the primary circuit”

e referring Zp in primary to secondary
2
Z, = |K(n)|” Z,

“It is equivalent to replace Zp in the primary circuit by Z; in the secondary circuit”



Equivalent admittances

» referring Y, in secondary to primary
2
Yp = |K(n)|" Y,

“It is equivalent to replace Y in the secondary circuit by Yp in the primary circuit”

o referring Yp in primary to secondary

Y = p
| K(n) |*

“It is equivalent to replace Yp in the primary circuit by Y in the secondary circuit”



Equivalent impedances

What is equivalence ?
 Same transmission matrices
 Same driving-point impedance

This is a simple consequence of Kirchhoff’s and Ohm’s laws



Transmission matrix

I I I
| 2 1
o—>  Z, |——>—3>r i—>—| Z,
V K(n) v, — K(n)
o o o
ideal ideal

transformer transformer

External models (transmission matrices) of 2 circuits are equal
Z

\)

| K(n)|”

if and only if Zp




Transmission matrix

4 1,
o—>» Z, —-—0
+ +
% K(n) v, E
o o

O |

K((n)

Y.~

+ O




Transmission matrix

11
>

O
+

O |

transformer

K((n)

ideal

I

*

O
+

v,

[Vll _ [K‘l(n) Kn)Z,

0 K*(n)

I

Va
15}

|

+ O

O |

|

N

Y.~

K((n)

Vi
4

|

|

ideal
transformer

K~'(n) K*(n)Z,
0 K*(n)

External models (transmission matrices) of 2 circuits are equal

if and only if Zp

\)

| K(n) |

I

Vs
5]

+ O

|



Transmission matrix

Il 12 Il
oO—>— »p—O o—p-
+ + +
v K(n) Y, v, v Y, K(n)
o o o

ideal ideal
transformer transformer

External models (transmission matrices) of 2 circuits are equal
ifandonly if ¥, = | K(n) ° Y.




Transmission matrix

Example
11 Iz 11 Iz 11 12
o—> Z >0 odbp—a’Z >0 o+d»—a’Z »>—O
+ +  + + o+ +
v  BE AR S8 [ v v ol B8 v
o o o o o o
N1 Nz N1 N2 N1 Nz
ideal ideal ideal

transformer transformer

(a) (Zs,Y;) in the secondary circuit. (b) Refer Z; to the primary.

transformer

(c) Refter Y, to the primary.



Driving-point impedance

Thevenin equivalent

o |

O

O |

(a) Impedances in series (b) Impedances 1n parallel

Thevenin equivalent is a short cut in analyzing circuits with impedances only




Driving-point impedance

Thevenin equivalent

Il 12 13
o—— 7 7 P Z, >
+ + +

/6 7T/6
V, % § S ¢ % g Vs
o _ |
1:\/§n \/gnzl
transformer 1 transmission transformer 1,

line

What if circuits contain both impedance and transformers ?




Driving-point impedance

Referring impedance from secondary to primary

ideal
transformer

Both circuits have same driving-point impedance V,/I, on primary side
* (Can verify using Kirchhoff’'s and Ohm’s laws



Driving-point impedance

Referring impedance from primary to secondary

ideal
transformer

Both circuits have same driving-point impedance V,/1, on secondary side
* (Can verify using Kirchhoff’s and Ohm’s laws



Driving-point impedance

Example

ideal
transformer

To find V, /1, can analyze using Kirchhoff’s and Ohm’s laws



Driving-point impedance

Example

Vi

4

ideal
transformer

leq T |Yieq T

O |

1

Z)eq! | K() |

<

‘K(n)




Driving-point impedance

Example
[’ |
1 Z2,eq ’2_0
+ +
‘ Zl,eq ‘ ‘/1' Yz,eq V2

O |

ideal
transformer

To find V,/1,, can analyze using Kirchhoff’s and Ohm’s laws



Driving-point impedance

Example

ideal
transformer

L, 1,
Z2,eq p—O Z2,e p—oO
+ +
Y2,eq V2 ‘K(n) ’ Z1 Y2,e V2
o o
—1
V, 1

zreq T \K(n)\Z-ZLeq



Driving-point impedance

Reference from one circuit to the other is not always applicable
 Example: circuits containing parallel paths (see example later)
 Generally applicable in a radial network without parallel paths
 (Can always analyze original circuit using Kirchhoff’s and Ohm’s laws



Outline

4. Per-phase analysis
« Example
 Normal system

5. Per-unit normalization



Per-phase analysis

Procedure

1. Convert all sources and loads in A configurations into their Y equivalents
Convert all ideal transformers in A configurations into their Y equivalents

Obtain phase a equivalent circuit by connecting all neutrals

.

Solve for desired phase-a variables

 Use Thevenin equivalent of series impedances and shunt admittances in networks containing
transformers whenever applicable, e.g., for a radial network

5. Obtain variables for phases b and ¢ by subtracting 120° and 240° from phase a
variables (positive sequence sources)

 If variables in the internal of A configurations are desired, derive them from original circuits



Per-phase analysis

Example

Vline Zline
A Y Y A 1
Z load

Balanced 3¢ system

Generator with line voltage V)ine

Step-up AY transformer

Transmission line with series
impedance Zjine

Step-down AY transformer
(primary on right)
Load with impedance Z|ga4

Single-phase transformer with
voltage gain n and series

impedance 37, on primary side



Example

Vline Zline
A Y Y A 1
Z load

oI

transformer 7,

j/6

Per-phase analysis

transmission
line

j/6

transformer TZ

Balanced 3¢ system

Generator with line voltage V)ine

Step-up AY transformer

Transmission line with series
impedance Zjine

Step-down AY transformer
(primary on right)
Load with impedance Z|ga4

Single-phase transformer with
turns ratio n and series impedance

37, on primary side

Vi
Vl _ I|n§ 7Y _ Zz




v

oI

Example

line

k;

g;SD Zline %E
Y Y A l
Y4

Per-phase analysis

transformer 7,

j/6

load

V2 ejn/6 % é

\/gnzl

transmission
line

transformer TZ

Calculate

Generator current /,
Transmission line current /,
Load current /5

Load voltage V;

Power delivered to load: V3/5




Example

Vline Zline
A Y Y A 1
Z load

oI

transformer 7,

j/6

Per-phase analysis

transmission
line

j/6

\/gnzl

transformer TZ

Solution strategy

* Refer all impedances to
primary side of step-up
transformer

* Derive driving-point
impedance V, /I,
» Derive generator current /,

* Propagate calculation
towards load

Vi:
V, = I|n§ 7Y _ z




Per-phase analysis

Il : @ @ 12 @ @ 13
o—r— Z _ : > L. > : : Z o
+ | 5 + 5 5 +
V % é o716 v, o716 % g V. [Z..
1:/3n 3n:1

..........

K1) Zioad + 2)

1

2
2 (Zline + | K(n)| (Zload'l'zl))
| K(n) |
“line
= 2/ + + Zjoad transformer gains on Zj55( is canceled

| K(n)|*



Per-phase analysis

Il . @ @ 12 @ @ 13
o—r— Z _ : > L. > : : Z o
+ r 5 + | 5 +
V % é o716 v, o716 % é v. [2.
o f — -
1:/3n: J3n:1

--------------------

—~
=
D
\
—~
P
NN.
U
o)
S~
*n
1

Vi = Zipadlz = Zjoad!]




Per-phase analysis

Example
I 1, I
o—p— Z > Ly P Z -
+ + +
. BEM v 8B &
i ~ : _
1:\/§n \/gnzl
V' < 38172'/6> .
; line / V3 * External behavior does not depend on
I . Zine | S connection-induced phase shift ¢©
LT Tk 2 T “load . -
K]  Only internal variables /| does
Iy =1,

V3 = Zpad !



Simplified model for terminal behavior

+ V¥~
+ Y™~
+ V¥~
+ Y™~

B8l |co| (BEv vBE ] 8B

transmission transmission
line line

Terminal behavior does not depend on ¢#°

* The simplified model has the same transmission matrix



Normal system

A system is normal if, in its per-phase circuit, the product of complex ideal transformer
gains around every loop is 1

Equivalently, on each parallel path,
1. Product of ideal transformer gain magnitudes is the same, and

2. Sum of ideal transformer phase shifts is the same



Normal system

Example

gen 1
load
A-1=

Generator & load connected by two 3¢
transformers in parallel (forming a loop)

Per-phase circuit



Normal system

Example

Calculate
 Load current /|55
* Line currents [}, I,

in terms of Vgena 2, Zioad

Implications when
« K, = K, (normal system)
« K, =k-K,

Per-phase circuit



Normal system

Example

K, = K, (normal system):
e I1 =1,

load fload 2
LB

Per-phase circuit



Normal system

Example
K,=K, e":
- ) # 1,
|Iload| B 1+ |Iload| B 1+
Soon el B e

Example: K, = K; e'™° :
lload lload
. | > | —20.6%. | o | —17.1%
1} |15

Per-phase circuit

Most current loops between transformers
without entering load



Normal system

Example
K,=K, e":
- ) # 1,
|Iload| B 1+ |Iload| B 1+
Soon el B e

Example: K, = K e'™° :

* Sgen = 183 £71°, Sjpaq = 60 20" MVA

Per-phase circuit

Most current loops between transformers
without entering load



Normal system

Example
Kzzk’Kl
- [ #1
lioad| 1141 load| 14y
N ) I 7 R U (Y B P

Example: K, = 2K :

=29.9%

|40ad| |40ad|
224 g

Per-phase circuit

Most current loops between transformers
without entering load



Outline

5. Per-unit normalization
* Kirchhoff’s and Ohm’s laws
 Across ideal transformer
 Three-phase quantities

 Per-unit per-phase analysis



Per-unit normalization

« Quantities of interest: voltages V, currents I, power S, impedances Z

actual quantity

quantity in p.u. = .
base value of quantity

« Base values

* Real positive values

 Same units as actual quantities

 Choose base values to satisfy same physical laws
» Kirchhoff’'s and Ohm’s laws
* Across ideal transformer

 Relationship between 3¢ and 1¢ quantities



Per-unit normalization

General procedure
1. Choose voltage base value V, ; for (say) area 1

2. Choose power base value S5 for entire network

3. Calculate all other base values from physical laws

Example: Choose
1. Vi = nominal voltage magnitude of area 1

2. Sy = rated apparent power of a transformer in area 1

How to calculate the other base values (Vl-B, l:p, Z; )?

 Consider single-phase or per-phase circuit of balanced 3¢ system



Kirchhoff’s and Ohm’s laws

Given base values (VIB, SB), within area 1:

SB VlzB
[, = — A, Llip = —
1B Vin 1B Sy

Then: physical laws are satisfied by both the base values and p.u. quantities
Vie = Z4iplip; leu = leu Ilpu
S5p = Viplips Slpu = leu Ilpu

Can perform circuit analysis using pu quantities instead of actual quantities



Kirchhoff’s and Ohm’s laws

Other quantities

These quantities (Vl B9, 11, 24 B) serve as base values for other quantities within area
1, with appropriate units

. SB IS base value for real power in W, reactive power in var

P 0 .
Pipy = S, leu = 5 Slpu = Pipy+ lleu

« Z,pis base value for resistances & reactances in £2

R X

Rlpu = 7 leu = 7 leu =R1pu+iX1pu

e Yig:i=1/Z4in Q~lis base value for conductances, susceptances, & admittances

B, : 1
Glpu = — Blpu — Y1pu — Glpu T lBlpu leu

’
YIB




Across ideal transformer

I 1 16
* >
+

+ 0 D> <] D> O+

~/

V, Yl Vi | K(n) V,

Choose (VzB» b, ZZB) according to

Vopi= |Kn)|Vig V

/
| K(n)|
Base values remain real positive
Lop = | K(n) ‘2 Zip Q) Sp remains base value for power



Across ideal transformer

I, I L
+ 0 P <] ¢ > >—O +
_|_
4 Yul Vi | K(n) v
Area 1 Area 2
External behavior
Viou = T LGl I Vypy € 7<K® If £K(n) = 0 then
ViB K(n) Vyp ~ ~
; I, K*(n)l, ; K leu = Vzpu» I1pu = Izpu
= — p— p— e
A N O



I, I L,
+ O P <] ¢ > >—O +
_|_
Vi Yu| Vi | K(n) v,
— O S _ O —
Area 1 Area 2

External behavior
. vV V. K(n |
leu _ e _ 2 ‘ ( )l _ Vzpu e—]AK(n)

Vip K(n) Vyp
5 I K*(n)l |
Ilpu — ~—1 — ( ) 2 — Izpu e_JAK(n)

lip | K(n) | Ip

Across ideal transformer

Ilpu ]1pu: I2pu
+ O > leu o > O +
I/lpu Y mpu I/Ipu — I/2pu
— 0 O O —

Per-unit circuit

If £K(n) = 0 then

leu — Vzpu» Ilpu = Izpu

|deal transformer has disappeared !



Across ideal transformer

Il [1 IZ Ilpu
+0—>» <] © > >—O + +o0—» <Ipu O +
_I_
I/I Ym Vl K(n) I/2 I/Ipu — I/2pu
— O ® _ O — — O O —
Area 1 Area 2 Per-unit circuit

External behavior
~ . Vl . Vo |K(n)] - _j/K(n) Otherwise
Yipu= 77— = ¢ v = Vypue o _ _

1B (n)  Vap e pu circuit contains an off-nominal
- I K*(n)l _iZKn) phase-shifting transformer
lipu= 53— = = bpye”’

lip | K(n) | b



Across ideal transformer

Example

Given nameplate rating

of generator vej‘;O % % Y] % %

 \oltage vV -
 Apparent power s VA )
lin, & n,: 1
Calculate base values . Y )\
Y Y Y
area 1 area 2 area 3

Voltage base V5 := v, power base S5 := s
e Area 1: IIB .= S/V, ZlB .= V2/S
e Area2: V,p =0, Ly :=s/(nv), Zp = (nv)*ls, Yop := s/(v;v)

o Area 3: Vip = nwin,, Lp:=n,s/(nw), Z;gz:= (nlv)z/(nzzs), Yip = (lflzzs)/(vlv)2




3¢ quantities

Given 1¢) devices (generators, lines, loads) with
+ with 1¢) quantities (S'7, V19, 1'%, Z'?)

e and their base values

Construct balanced 3¢ devices from these 1¢) devices
« What are 3¢ quantities of interest?

« What are base values so that 3¢ quantities equal to 1¢ quantities in p.u.?

Base values should satisfy the same 3¢ relationships as actual quantities
Values depend on the configuration, Y or A



3¢ quantities
Y configuration

« 3¢ power (total power to/from 3 1¢ devices):
S = 3519,

* Line-to-line voltage
Vil = \/geiﬂ/6 yIn

* Line current

re=1, = 1’

(Slcb, vie 11¢. Zlcb)

and their base values|

* Line-to-neutral voltage
Vln — V1¢

* |mpedance
730 — Zlqb’



3¢ quantities

Y configuration

(Slcb, vie 11¢. Zlcb)

and their base values

3¢ power (total power to/from 3 1¢) devices):

$3¢ = 3519,
Line-to-line voltage

VII _ \/gein/6 Vln
Line current

re=1, = 1’
Line-to-neutral voltage

Vln — V1¢
Impedance

Z3¢ — Zl¢,

3 _ 3510
3¢ = 35|

Ve = V3V

i Calculation |

Base values satisfy




3¢ quantities

A configuration
« 3¢ power (total power to/from 3 1¢ devices):

§°0 = 387,
* Line-to-line voltage

Vi = (/3o yin

e Line current
I3qb _ o I \/_ e—m/6 Ilgb

* Line-to-neutral voltage

—1
Vln _ (\/5 eiﬂ/6) V1¢,

* |mpedance
73 = 719/3,

(Slcb, vie 11¢. Zlcb)

and their base values

| Note:

VN 734 are voltage |
and & impedance in |
|_Yequivalent circuit |



3¢ quantities

A configuration
« 3¢ power (total power to/from 3 1¢ devices):

3¢ _ 1¢ 3¢ _ 1¢p
§3 = 3817, S = 38,
* Line-to-line voltage

V” — \/geiﬂ/6 Vln, V” \/_Vln

* Line current
3 —in/6 7l 39 __ 1
PP=1,-1,=+3e™1% = /37

* Line-to-neutral voltage

Vln _ (\/g eiﬁ'/6)_1 V1¢, Vln (\/_) lvl¢

* |mpedance
VASE VAR A NVAR

(Slcb, vie 11¢. Zlcb)

and their base values|

| Note:

VN 734 are voltage |
and & impedance in |
|_Yequivalent circuit |



Per-unit quantities

Per-unit quantities satisfy

3 _ old I _ /n 3 _ 7l
Spu - Spu’ VPU - VIOU’ Zpu B Zpu
In | _ 1¢ 3¢p | _ 1¢
Vpu = Vpu : Ipu = Ipu
» 3¢ quantities equal 1¢ quantities in p.u.
* modulo phase shifts in A configuration:
a6\ 1)
¥/[)
Vln _— Vln _ (\/ge ) v _ e—iﬂ/6 qub
pu - o —1 — pu

I (vE)



Per-unit per-phase analysis

1. For single-phase system, pick power base Ségb for entire system and voltage base Vllg N
area 1, e.g., induced by nameplate ratings of transformer

2. For balanced 3¢ system, pick 3¢ power base Sg¢ and line-to-line voltage base Vg induced

by nameplate ratings of 3¢ transformer. Then choose power & voltage bases for per-phase
equivalent circuit:

lp . Q3¢ l¢p . vl
0= S0 )3, Vit = W, V3

Slléb will be power base for entire per-phase circuit.

3. Calculate current and impedance bases in that area:

)
1
1t (vi#)

Lip =
¢’ 1B - I
Vi S5”




Per-unit per-phase analysis

4. Calculate base values for voltages, currents, and impedances in areas 1 connected to area 1
using the magnitude n; of transformer gains (assume area 1 is primary):

1
l¢p . _ 1 . _ | . 2
V¢ = n VP V= mVig, L= —lLg  Zi= n

l

Continue this process to calculate the voltage, current, and impedance base values for all
areas



Per-unit per-phase analysis

5. For real, reactive, apparent power in entire system, use Ségb as base value.
For resistances and reactances, use Zl-B as base value in area 1.

For admittances, conductances, and susceptancesq, use Y, := 1/Z.5 as base value in area i
6. Draw impedance diagram of entire system, and solve for desired per-unit quantities

/. Convert back to actual quantities if desired



Summary

1. Single-phase transformer
» |deal transformer gain n, equivalent circuit

2. Three-phase transformer
« YY AA,AY, YA: external behavior, YY equivalent

3. Equivalent impedance
* Short cut for analyzing circuits containing transformers
* Transmission matrix, driving-point impedance

4. Per-phase analysis

5. Per-unit normalization
 Physical laws, across transformer, 3¢ quantities, per-unit per-phase analysis



