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2011 Southwest blackout

(1 min)

◼ All buses synchronized to same nominal frequency 
(US: 60 Hz; Europe/China: 50 Hz)

◼ Supply-demand imbalance ➔ frequency fluctuation

Motivation



Why load-side participation

sec min 5 min 60 min

primary
freq control

secondary 
freq control

economic
dispatch

Ubiquitous continuous load-side control can 
supplement generator-side control

◼ faster (no/low inertia)

◼ no extra waste or emission

◼ more reliable (large #)

◼ better localize disturbances

◼ reducing generator-side control capacity



What is the potential
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Abstract— This paper addresses design considerations for 

frequency responsive Grid FriendlyTM appliances (FR-GFAs), 

which can turn on/off based on frequency signals and make 

selective low-frequency load shedding possible at appliance level.  

FR-GFAs can also be treated as spinning reserve to maintain a 

load-to-generation balance under power system normal operation 

states.  The paper first presents a statistical analysis on the 

frequency data collected in 2003 in Western Electricity 

Coordinating Council (WECC) systems. Using these frequency 

data as an input, the triggering frequency and duration of an FR-

GFA device with different frequency setting schemes are 

simulated.  Design considerations of the FR-GFA are then 

discussed based on simulation results.  

 
Index Terms—Grid FriendlyTM appliances, load frequency 

control, load shedding, frequency regulation, frequency response, 

load control, demand-side management, automated load control. 

I. INTRODUCTION 

RADITIONALLY, services such as frequency regulation, 

load following, and spinning reserves were provided by 

generators.  Under a contingency where the system frequency 

falls below a certain threshold, under-frequency relays are 

triggered to shed load to restore the load-to-generator balance.  

In restructured power systems, the services provided may be 

market based.  Because load control can play a role very 

similar to generator real power control in maintaining the 

power system equilibrium, it can not only participate in under-

frequency load shedding programs as a fast remedial action 

under emergency conditions, but also be curtailed or reduced 

in normal operation states and supply energy-balancing 

services [1][2][3].  

Grid FriendlyTM appliances (GFAs) are appliances that can 

have a sensor and a controller installed to detect frequency 

signals and turn on or off according to certain control logic, 

thereby helping the electrical power grid with its frequency 

control objectives. Refrigerators, air conditioners, space 

heating units, water heaters, freezers, dish washers, clothes 

washers, dryers, and some cooking units are all potential 

GFAs.  Survey [4] shows that nearly one-third of U.S. peak 
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load capacity is residential (Fig. 1a).  The residential load can 

be categorized into GFA and non-GFA loads. Based on a 

residential energy consumption survey (Fig. 1b) conducted in 

1997, 61% of residential loads are GFA compatible. If all 

GFA resources were used, the regulation ability of load would 

exceed the operating reserve (13% of peak load capacity) 

provided by generators.   

 
(a) 

 
(b) 

Fig. 1. (a) Load and reserves on a typical U.S. peak day, (b) Residential load 

components. [4] 

Compared with the spinning reserve provided by 

generators, GFA resources have the advantage of faster 

response time and greater capacity when aggregated at feeder 

level.  However, the GFA resources also have disadvantages, 

such as low individual power load, poor coordination between 

units, and uncertain availabilities caused by consumer comfort 

choices and usages. Another critical issue is the coordination 

between regulation services provided by FR-GFAs and 

generators. Therefore, whether FR-GFAs can achieve similar 

regulation capabilities as generators is a key issue to be 

addressed before one can deploy FR-GFAs widely.   

As a first step to evaluate the FR-GFA performance, a 

research team at Pacific Northwest National Laboratory 

(PNNL) carried out a series of simulations which focused on 

studying the individual FR-GFA performance to obtain basic 

operational statistics under different frequency setting 
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operating reserve:  13% of peak

total GFA capacity: 18%

Lu & Hammerstrom (2006), PNNL

• Residential load accounts

 for ~1/3 of peak demand

• 61% residential appliances

     are Grid Friendly



How 

How to design load-side frequency control ?

How does it interact with generator-side 
control ?



Literature: load-side control
Original idea & early analytical work

◼ Schweppe et al 1980; Bergin, Hill, Qu, Dorsey, Wang, Varaiya …

Small scale trials around the world

◼ D.Hammerstrom et al 2007, UK Market Transform Programme 2008

Early simulation studies 

◼ Trudnowski et al 2006, Lu and Hammerstrom 2006, Short et al 
2007, Donnelly et al 2010, Brooks et al 2010, Callaway and I. A. 
Hiskens, 2011, Molina-Garcia et al 2011

Analytical work – load-side control

◼ Zhao et al (2012/2014), Mallada and Low (2014), Mallada et al 
(2014), Zhao and Low (2014), Zhao et al (2015)

◼ Simpson-Porco et al 2013, You and Chen 2014, Zhang and 
Papachristodoulou (2014), Ma et al (2014), Zhao, et al (2014), 

Recent analysis – generator-side/microgrid control: 

◼ Andreasson et al (2013), Zhang and Papachristodoulou (2013), Li et 
al (2014), Burger et al (2014), You and Chen (2014), Simpson-
Porco et al (2013), Hill et al (2014), Dorfler et al (2014)



Outline

Network model

Load-side frequency control

Simulations

Details

Main references: 

 Zhao, Topcu, Li, Low, TAC 2014

 Mallada, Zhao, Low, Allerton 2014

 Zhao, Low, CDC 2014, Zhao et al CISS 2015



Network model

i

Pi

m

generation

di + d̂i

loads: 
controllable + freq-sensitive

i : region/control area/balancing authority

j

xij

branch power

Pij

Will include generator-side

control later



Network model

M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® jGenerator bus: Mi > 0

Load bus:         Mi = 0

Pi

m

i

j

Pij

di + d̂i

Damping/uncontr loads: 

Controllable loads:

d̂i = Diwi

di



Network model

Pi

m

i

j

Pij

di + d̂i

• swing dynamics

• all variables are deviations 

    from nominal

• extends to nonlinear power flow

M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® j



Frequency control

Suppose the system is in steady state

Then: disturbance in gen/load … 

wi = 0    Pij = 0    wi = 0

M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® j



Frequency control

current

approach

load-side

control

M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® j
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Load-side controller design

M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® j

Control goals (while min disutility)

◼ Rebalance power & stabilize frequency

◼ Restore nominal frequency

◼ Restore scheduled inter-area flows

◼ Respect line limits

Zhao, Topcu, Li, 

Low

TAC 2014
Mallada, Zhao, Low 

Allerton, 2014



Load-side controller design
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◼ Respect line limits

Zhao, Topcu, Li, 
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TAC 2014
Mallada, Zhao, Low 
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M iwi  = Pi

m - di - d̂i - CieP e

e

å

Pij = bij wi -w j( )               " i® j



Load-side controller design

Design control law

whose equilibrium

solves:

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e

power balance

inter-area flows

line limits

Control goals (while min disutility)

◼ Rebalance power & stabilize frequency

◼ Restore nominal frequency

◼ Restore scheduled inter-area flows

◼ Respect line limits

load disutility

freq will emerge as 

Lagrange multiplier

for power imbalance



Load-side controller design

Design control (G, F) s.t. closed-loop system

◼ is stable

◼ has equilibrium that is optimal

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e

power network

load control



Load-side controller design

Idea: exploit system dynamic as part of  
primal-dual algorithm for modified opt

◼ Distributed algorithm

◼ Stability analysis

◼ Control goals in equilibrium

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e

power network

load control



Summary: control architecture

Primary load-side frequency control

• completely decentralized

• Theorem: stable dynamic, optimal equilibrium
Zhao, Topcu, Li, Low. TAC 2014
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Summary: control architecture

Mallada, Zhao, Low. Allerton 2014

Secondary load-side frequency control

• communication with neighbors

• Theorem: stable dynamic, optimal equilibrium
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Summary: control architecture

With generator-side control, nonlinear power flow

• load-side improves both transient & eq

• Theorem: stable dynamic, optimal equilibrium
Zhao, Mallada, Low. CISS 2015
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Simulations

Dynamic simulation of IEEE 39-bus system

• Power System Toolbox (RPI)

• Detailed generation model

• Exciter model, power system

    stabilizer model

• Nonzero resistance lines
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Fig.2:IEEE 39 bus system : N ew England

V II. N U M E R IC A L IL L U ST R A T IO N S

W e now illustrate the behavior of our control schem e. W e
considerthe w idely used IEEE 39 bussystem ,show n in Figure
2, to test our schem e. W e assum e that the system has tw o
independent control areas that are connected through lines
(1,2), (2,3) and (26,27). The netw ork param eters as w ell
as the initial stationary point (pre fault state) w ere obtained
from the Pow er System Toolbox [41] data set.

Each bus is assum ed to have a controllable load w ith D i =
[− dm ax,dm ax], w ith dm ax = 1p.u. on a 100M VA base and
disutility function

ci(di)=

Z d i

0

tan(
⇡

2dm ax
s)ds= −

2dm ax

⇡
ln(|cos(

⇡

2dm ax
di)|).

Thus,di(σi) = c0i
− 1

(! i + λi) =
2d m a x

⇡ arctan(! i + λi). See
Figure 3 for an illustration of both ci(di) and di(σi).
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Fig.3:D isutility ci(di) and load function di(! i + λi)

Throughout the sim ulations w e assum e that the aggregate
generator dam ping and load frequency sensitivity param eter
D i = 0.2 8i 2 N and χv

i = ⇣λi = ⇣⇡k = ⇣⇢
+

e = ⇣⇢
−

e = 1,
for all i 2 N , k 2 K and e 2 E. These param eter values
do not affect convergence, but in general they w ill affect
the convergence rate. The values of P m are corrected so
that they initially add up to zero by evenly distributing the
m ism atch am ong the load buses. P̂ is obtained from the
starting stationary condition.W e initially set P̄ and P so that
they are notbinding.

W e sim ulate the O LC -system as w ellas the sw ing dynam -
ics (31) w ithout load control (di = 0), after introducing a
perturbation atbus 29 ofP m

29 = − 2p.u..Figures 4 and 5 show
the evolution ofthe bus frequencies forthe uncontrolled sw ing
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Fig.5:Frequency evolution: A rea 2

dynam ics (a), the O LC system w ithout inter-area constraints
(b),and the O LC w ith area constraints (c).

It can be seen that w hile the sw ing dynam ics alone fail
to recover the nom inal frequency, the O LC controllers can
jointly rebalance the pow er as w ellas recovering the nom inal
frequency. The convergence of O LC seem s to be sim ilar or
even better than the sw ing dynam ics, as show n in Figures 4
and 5.
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Fig.7:LM Ps and inter area lines flow s:w ith therm al lim its

N ow ,w e illustrate the action of the therm al constraints by
adding a constraint of P̄ e = 2.6p.u. and P e = − 2.6p.u. to
the tie lines betw een areas. Figure 6 show s the values of
the m ultipliers λi,thatcorrespond to the Locational M arginal
Prices (LM Ps),and the line flow s ofthe tie lines for the sam e
scenario displayed in Figures 4c and 5c,i.e.w ithout therm al



Primary control



Secondary control
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as the initial stationary point (pre fault state) w ere obtained
from the Pow er System Toolbox [41] data set.

Each bus is assum ed to have a controllable load w ith D i =
[− dm ax,dm ax], w ith dm ax = 1p.u. on a 100M VA base and
disutility function

ci(di)=

Z d i

0

tan(
⇡

2dm ax
s)ds= −
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⇡
ln(|cos(
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2dm ax
di)|).

Thus, di(σi) = c0i
− 1

(! i + λi) =
2dm a x

⇡ arctan(! i + λi). See
Figure 3 for an illustration of both ci(di) and di(σi).
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Throughout the sim ulations w e assum e that the aggregate
generator dam ping and load frequency sensitivity param eter
D i = 0.2 8i 2 N and χv

i = ⇣λi = ⇣⇡k = ⇣⇢
+

e = ⇣⇢
−

e = 1,
for all i 2 N , k 2 K and e 2 E. These param eter values
do not affect convergence, but in general they w ill affect
the convergence rate. The values of P m are corrected so
that they initially add up to zero by evenly distributing the
m ism atch am ong the load buses. P̂ is obtained from the
starting stationary condition.W e initially set P̄ and P so that
they are notbinding.

W e sim ulate the O LC -system as w ell as the sw ing dynam -
ics (31) w ithout load control (di = 0), after introducing a
perturbation atbus 29 ofP m

29 = − 2p.u..Figures 4 and 5 show
the evolution ofthe bus frequencies forthe uncontrolled sw ing
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dynam ics (a), the O LC system w ithout inter-area constraints
(b),and the O LC w ith area constraints (c).

It can be seen that w hile the sw ing dynam ics alone fail
to recover the nom inal frequency, the O LC controllers can
jointly rebalance the pow er as w ellas recovering the nom inal
frequency. The convergence of O LC seem s to be sim ilar or
even better than the sw ing dynam ics, as show n in Figures 4
and 5.
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N ow ,w e illustrate the action of the therm al constraints by
adding a constraint of P̄ e = 2.6p.u. and P e = − 2.6p.u. to
the tie lines betw een areas. Figure 6 show s the values of
the m ultipliers λi,thatcorrespond to the Locational M arginal
Prices (LM Ps),and the line flow s ofthe tie lines for the sam e
scenario displayed in Figures 4c and 5c,i.e.w ithout therm al
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W e now illustrate the behavior of our control schem e. W e
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2, to test our schem e. W e assum e that the system has tw o
independent control areas that are connected through lines
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they are notbinding.

W e sim ulate the O LC -system as w ellas the sw ing dynam -
ics (31) w ithout load control (di = 0), after introducing a
perturbation atbus 29 ofP m

29 = − 2p.u..Figures 4 and 5 show
the evolution ofthe bus frequencies forthe uncontrolled sw ing

0 5 10 15 20 25 30
−0.5

−0.45

−0.4

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

(a) S w ing dynam ics

ω
i
ra
d
/
s

t
0 5 10 15 20 25 30

−0.5

−0.45

−0.4

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

(c) O LC  area−constr

t
0 5 10 15 20 25 30

−0.5

−0.45

−0.4

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

(b) O LC  unconstr

t

Fig.4:Frequency evolution: A rea 1

0 5 10 15 20 25 30
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

(a) S w ing dynam ics

ω
i
ra
d
/
s

t
0 5 10 15 20 25 30

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

(c) O LC  area−constr

t
0 5 10 15 20 25 30

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

(b) O LC  unconstr

t

Fig.5:Frequency evolution: A rea 2

dynam ics (a), the O LC system w ithout inter-area constraints
(b),and the O LC w ith area constraints (c).
It can be seen that w hile the sw ing dynam ics alone fail

to recover the nom inal frequency, the O LC controllers can
jointly rebalance the pow er as w ellas recovering the nom inal
frequency. The convergence of O LC seem s to be sim ilar or
even better than the sw ing dynam ics, as show n in Figures 4
and 5.
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N ow ,w e illustrate the action of the therm al constraints by
adding a constraint of P̄ e = 2.6p.u. and P e = − 2.6p.u. to
the tie lines betw een areas. Figure 6 show s the values of
the m ultipliers λi,thatcorrespond to the Locational M arginal
Prices (LM Ps),and the line flow s ofthe tie lines forthe sam e
scenario displayed in Figures 4c and 5c,i.e.w ithout therm al

swing dynamics with OLC

area 1



Secondary control
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W e now illustrate the behavior of our control schem e. W e
considerthe w idely used IEEE 39 bussystem ,show n in Figure
2, to test our schem e. W e assum e that the system has tw o
independent control areas that are connected through lines
(1,2), (2,3) and (26,27). The netw ork param eters as w ell
as the initial stationary point (pre fault state) w ere obtained
from the Pow er System Toolbox [41] data set.

Each bus is assum ed to have a controllable load w ith D i =
[− dm ax,dm ax], w ith dm ax = 1p.u. on a 100M VA base and
disutility function

ci(di)=

Z d i

0

tan(
⇡

2dm ax
s)ds= −

2dm ax

⇡
ln(|cos(

⇡
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di)|).

Thus,di(σi) = c0i
− 1
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Figure 3 for an illustration of both ci(di) and di(σi).

−1 −0.5 0 0.5 1

0

5

10

15

20

25

di

c i
(d

i)

−10 −5 0 5 10
−1

−0.5

0

0.5

1

ωi + λ i

d
i(
ω

i
+
λ
i)

Fig.3:D isutility ci(di) and load function di(! i + λi)

Throughout the sim ulations w e assum e that the aggregate
generator dam ping and load frequency sensitivity param eter
D i = 0.2 8i 2 N and χv

i = ⇣λi = ⇣⇡k = ⇣⇢
+
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−

e = 1,
for all i 2 N , k 2 K and e 2 E. These param eter values
do not affect convergence, but in general they w ill affect
the convergence rate. The values of P m are corrected so
that they initially add up to zero by evenly distributing the
m ism atch am ong the load buses. P̂ is obtained from the
starting stationary condition.W e initially set P̄ and P so that
they are notbinding.

W e sim ulate the O LC -system as w ellas the sw ing dynam -
ics (31) w ithout load control (di = 0), after introducing a
perturbation atbus 29 ofP m

29 = − 2p.u..Figures 4 and 5 show
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It can be seen that w hile the sw ing dynam ics alone fail
to recover the nom inal frequency, the O LC controllers can
jointly rebalance the pow er as w ellas recovering the nom inal
frequency. The convergence of O LC seem s to be sim ilar or
even better than the sw ing dynam ics, as show n in Figures 4
and 5.
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N ow ,w e illustrate the action of the therm al constraints by
adding a constraint of P̄ e = 2.6p.u. and P e = − 2.6p.u. to
the tie lines betw een areas. Figure 6 show s the values of
the m ultipliers λi,thatcorrespond to the Locational M arginal
Prices (LM Ps),and the line flow s ofthe tie lines for the sam e
scenario displayed in Figures 4c and 5c,i.e.w ithout therm al

no line limits

with line limits

Total inter-area flow is

the same in both cases

line limit

line limit



Forward-engineering design facilitates

◼ explicit control goals

◼ distributed algorithms

◼ stability analysis

Load-side frequency regulation

◼ primary & secondary control works

◼ helps generator-side control

Conclusion



Outline

Network model

Load-side frequency control

Simulations

Details

Main references: 

 Zhao, Topcu, Li, Low, TAC 2014

 Mallada, Zhao, Low, Allerton 2014

 Zhao, Low, CDC 2014, Zhao et al CISS 2015



Recall: design approach

Idea: exploit system dynamic as part of  
primal-dual algorithm for modified opt

◼ closed-loop system is stable

◼ its equilibria are optimal

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e

power network

load control



Outline

Load-side frequency control
◼ Primary control 

◼ Secondary control

◼ Interaction with generator-side control

Zhao et al SGC2012, Zhao et al TAC2014



Optimal load control (OLC) 

demand = supply

disturbances

min
d,d̂,P

      ci (di )+
d̂i

2

2Di

æ

è
ç

ö

ø
÷

i

å

s. t.      Pi

m - di + d̂i( ) = Cie

e

å Pie     "i

controllable

loads

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e



swing dynamics 

system dynamics + load control 
= primal dual alg

wi = -
1

M i

di (t)+ Diwi (t)- Pi

m + Pij (t)- Pji (t)
j®i

å
i® j

å
æ

è
çç

ö

ø
÷÷

Pij = bij wi (t)-w j (t)( )         

load control

di(t) := ci

'-1 wi (t)( )é
ë

ù
ûd i

di

active control

implicit 



Control architecture



Theorem

Starting from any                

system trajectory

converges to

◼               is unique optimal of OLC

◼        is unique optimal for dual

d(0),  d̂(0),  w(0),  P(0)( )

d*,  d̂*,  w*,  P*( )     as  t®¥

d*,  d̂*( )
w*

d(t),  d̂(t),  w(t),  P(t)( )

• completely decentralized

• frequency deviations contain right info for local 

decisions that are globally optimal

Load-side primary control works



◼ Rebalance power

◼ Stabilize frequencies

◼ Restore nominal frequency

◼ Restore scheduled inter-area flows

◼ Respect line limits

Recap: control goals

Yes

Yes

No

No

w* ¹ 0( )

No



Outline

Load-side frequency control
◼ Primary control 

◼ Secondary control

◼ Interaction with generator-side control

Mallada, Low, IFAC 2014

Mallada et al, Allerton 2014



OLC for secondary control

min
d,d̂,P,v

      ci di( ) +  
1

2Di

d̂i

2
æ

è
ç

ö

ø
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i

å

s. t.        Pm - (d +  d̂) = CP

             Pm -   d         = CBCT v

                     ĈBCT v = P̂

             P £ BCT v £ P

restore nominal freq

demand = supply

min
d,P

      ci (di

i

å )

s. t.      Pi

m - di = Cie

e

å Pe     node i

           Cie

e

å
iÎNk

å Pe  = P̂k       area k

           Pe  £  Pe  £  Pe         line e



OLC for secondary control

min
d,d̂,P,v

      ci di( ) +  
1

2Di

d̂i

2
æ

è
ç

ö

ø
÷

i

å

s. t.        Pm - (d +  d̂) = CP

             Pm -   d         = CBCT v

                     ĈBCT v = P̂

             P £ BCT v £ P
key idea: “virtual flows”

BCTv

demand = supply

in steady state: 

     virtual flow = real flows

BCTv = P

restore nominal freq



OLC for secondary control

min
d,d̂,P,v

      ci di( ) +  
1

2Di

d̂i

2
æ

è
ç

ö

ø
÷

i

å

s. t.        Pm - (d +  d̂) = CP

             Pm -   d         = CBCT v

                     ĈBCT v = P̂

                 P £ BCT v £ P

restore nominal freq

in steady state: 

     virtual flow = real flows

BCTv = P

restore inter-area flow

respect line limit

demand = supply



swing dynamics:  

Recall: primary control

wi = -
1

M i

di (t)+ Diwi (t)- Pi

m + CiePe(t)
eÎE

å
æ

è
ç

ö

ø
÷

Pij = bij wi (t)-w j (t)( )         

load control: di(t) := ci

'-1 wi (t)( )é
ë

ù
ûd i

di active 

control

implicit 



Control architecture
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Secondary frequency control

load control: di (t) := ci

'-1 wi (t)+ li (t)( )é
ë

ù
ûd i

di

computation & communication:

primal var: 

dual vars: 



Theorem

starting from any initial point, system 

trajectory converges   s. t.

◼                    is unique optimal of OLC

◼ nominal frequency is restored

◼ inter-area flows are restored

◼ line limits are respected

Secondary control works

d*,  d̂*, P*, v*( )
w* = 0

ĈP*  = P̂

P £ P* £ P



Design optimal load control (OLC) problem

◼ Objective function, constraints

Derive control law as primal-dual algorithms

◼ Lyapunov stability

◼ Achieve original control goals in equilibrium

Distributed algorithms

Recap: key ideas

primary control:

di(t) := ci

'-1 wi(t)+ li (t)( )

di(t) := ci

'-1 wi(t)( )
secondary control:



Design optimal load control (OLC) problem

◼ Objective function, constraints

Derive control law as primal-dual algorithms

◼ Lyapunov stability

◼ Achieve original control goals in equilibrium

Distributed algorithms

Virtual flows

◼ Enforce desired properties on line flows

Recap: key ideas

in steady state:  virtual flow = real flows

BCTv = P



◼ Rebalance power

◼ Resynchronize/stabilize frequency

◼ Restore nominal frequency

◼ Restore scheduled inter-area flows

◼ Respect line limits

Recap: control goals

Yes

Yes

w* ¹ 0( )

Secondary control restores nominal 

frequency but requires local communication

Yes

Yes

Mallada, et al Allerton2014

Zhao, et al TAC2014

Yes



Outline

Load-side frequency control
◼ Primary control 

◼ Secondary control

◼ Interaction with generator-side control
Zhao and Low, CDC2014

Zhao, Mallada, Low, CISS 2015



Generator-side control

Recall model: linearized PF, no generator control

New model: nonlinear PF, with generator control 



Generator-side control

generator bus:  real power injection

load bus:   controllable load

New model: nonlinear PF, with generator control 



Generator-side control

New model: nonlinear PF, with generator control 

generator buses: 

primary control  pi

c(t) = pi

c wi (t)( )

e.g. freq droop  pi

c wi( ) = -biwi



Load-side control

q,w, p, a( )

p
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Theorem

 Every closed-loop equilibrium solves 
OLC and its dual

Load-side primary control works

qi

* -q j

* <
p

2

Suppose 

 Any closed-loop equilibrium is (locally) 
asymptotically stable provided

pi

c w( ) - pi

c w*( ) £ Li w -w*

near w*  for some Li < Di
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