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Bootcamp: Power systems

The flow of power (S Low)

◼ Basic concepts and models

◼ Power flow and optimization

The flow of information (S Meyn)

◼ Distributed control architectures

The flow of money (K Poolla)

◼ Market structures and services

from steady state to dynamics

from engineering to economics



R. Karp’s instruction

“... the level should be sufficiently elementary 
that an expert on the topic will be bored.”



The flow of power I

Why smart grid?  (15 mins)

Three-phase AC transmission: 3 key ideas (30 mins)

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis

Device models (30 mins)

◼ Transmission line 

◼ Transformer

◼ Generator

Basic concepts and models



The flow of power II

Network models (10mins)

◼ Admittance matrix

◼ Power flow models

Optimal power flow problems (35mins)

◼ Formulation and example

◼ Convex relaxations

◼ Real-time OPF

Power flow and optimization



Why smart grid?



Watershed moment

Bell: telephone

1876

Tesla: multi-phase AC

1888 both started as natural monopolies

both provided a single commodity

both grew rapidly through two WWs
1980-90s

1980-90s

deregulation

started

deregulation

started

Energy network will undergo similar architectural

transformation that phone network went through

in the last two decades to become the world’s

largest and most complex IoT

IoT

1969: DARPAnet
convergence

to Internet



Watershed moment

Industries will be restructured
AT&T, MCI, McCaw Cellular, Qualcom

Google, Facebook, Twitter, Amazon, eBay, Netflix

Infrastructure will be reshaped
Centralized intelligence, vertically optimized

Distributed intelligence, layered architecture



Watershed moment

(April 20, 2017)

What will drive power network transformation ?



Watershed moment

(April 20, 2017)

What will drive power network transformation ?



They consume the most energy
◼ Consume 2/3 of all energy in US (2014)

They emit the most greenhouse gases
◼ Emit >1/2 of all greenhouse gases in US (2014)

To drastically reduce greenhouse gases
◼ Generate electricity from renewable sources

◼ Electrify transportation

Source: 

USEPA

Electricity gen & transportation



World energy stats (2011)
Consumption 519 quad BTU

petroleum 34%

coal 29%

gas 23%

renewable (elec) 8%

nuclear 5%

Consumption 519 (quad BTU) per capita (mil BTU)

China 20% 78

US 19% 313

Russia 6% 209

India 5% 20

Japan 4% 164

total 54%

top 5

countries

Source: EIA



World energy stats (2011)

Consumption 519 (quad BTU) CO2 emission

China 20% 27%

US 19% 17%

Russia 6% 5%

India 5% 5%

Japan 4% 4%

total 54% 58%

top 5

countries

Consumption 519 quad BTU

petroleum 34%

coal 29%

gas 23%

renewable (elec) 8%

nuclear 5%

Source: EIA



Source: USEPA, https://www3.epa.gov/climatechange/ghgemissions/sources/transportation.html

Total (2014) = 6,870 Million Metric Tons of CO2 equivalent 

US greenhouse gas emission 2014

Electricity generation

and transportation are

top-two GHG emitters

(56% total)

… and they consume

the most energy

(66% total)



US energy flow 2014

Source: EIA Monthly Energy Review March 2015

quadrillion BTU



U.S. Electricity Flow, 2014
(Quadrillion Btu)

1 Blast furnace gas and other manufactured  and waste gases derived from fossil fuels.
2 Batteries, chemicals, hydrogen, pitch, purchased steam, sulfur, miscellaneous technologies,

and non-renewable waste (municipal solid waste from non-biogenic sources, and tire-derived
fuels).

3 Electric energy used in the operation of power plants.
4 Transmission and distribution losses  (electricity losses that occur between the  point of

generation and delivery to the customer).
5 Data collection frame differences and nonsampling err or.
6 Use of electricity that is 1) self-generated, 2) produced by either the same entity that

consumes the power or an affiliate, and 3) used in direct support of a service or industrial

process located within the same facility or group of facilities that house the generating equip-
ment.  Direct use is exclusive of station use.  

Notes:  •  Data are preliminary.  •  See Note 1, “Electrical System Energy Losses,” at the
end of EIA, Monthly Energy Review (March 2015), Section 2.  •  Net generation of electricity
includes pumped storage facility production minus energy used for pumping.  •  Values are
derived from source data prior to rounding for publication.  •  Totals may not equal sum of
components due to independent rounding.

Sources: U.S. Energy Information Administration, Monthly Energy Review (March 2015),
Tables 7.1, 7.2a, 7.3a, 7.6, and A6; and EIA, Form EIA-923, "Power Plant Operations
Report."

US electricity flow 2014

Source: EIA March 2015

Monthly Energy Review

Conversion loss: 

63%

quadrillion Btu

Plant use: 2%

T&D losses: 2.4%

Gross gen: 

37%

Nuclear: 21%

Renewable: 13%

US total energy use: 98.3 quads

For electricity gen: 39%

Fossil : 65%

End use: 

33%



US dirty supply
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Source: US EIA

US renewable generations

750 billion kWh
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US wind generation capacity 
exceeded hydro capacity in 2016

US wind capacity

Hydro capacity (2015):

78,956 MW 

Wind capacity (2016):

82,183 MW



Source: SEIA 2015 
(Solar Energy Industries  Association)

US solar capacity
 

Decem ber 17, 2014 SEIA | www.seia.org 
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2015 Q2 Solar PV Installed Capacity
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Growth to Continue Through 2016 

 

 

 

State Rankings 
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US solar industry snapshot
◼ US installed solar capacity by mid 2015: ~23 GW

 784K homes and businesses

◼ Q2 2015 solar installation: 1.4 GW
 Utility: 729 MW

 Residential: 473 MW (70% growth yr-on-yr)

◼ H1 2015: a new solar installation / 2 mins

 

Decem ber 17, 2014 SEIA | www.seia.org 

Solar
40%

Natural Gas
21%

Coal
0%

Wind
35%

Other
4%

2014 New Electric Capacity Installed

Source: SEIA/GTM 
Research and FERC
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As Industry Scales, Prices Fall

Solar PV Installations Solar PV Prices

SOLAR ENERGY FACTS: Q2 2015 
SOLAR LEADING THE W AY W ITH 40%  OF ALL 2015 ELECTRIC CAPACITY 

Installations Continue To Boom  
 

 

 

 

Solar M ore Affordable Than Ever 

 

 

Federal

incentives

extended

to 2023





Power the world by solar



High Levels of Wind and Solar PV Will 

Present an Operating Challenge!

Source: Rosa Yang, EPRI

Uncertainty



Source: Leon Roose, University of Hawaii

Development & demo of smart grid inverters for high-penetration PV applications

 Solar Forum 2013 High 

Penetration 
F e b  1 3 - 1 4 ,  S a n  D i e g o ,  C A  17 

Initial Research Findings & Hypotheses 

68 meters (residential) 

Sept 2012 (23 days) 

240 volts 

+-5% min-228/max-252 

Hourly by meter # 

A few “high” meters 

Larger # of low meters 

 

Hourly Voltage Overview1 

1. Data collected over 23 days at 15 minute intervals from SSN Smart Meters in Maui, showing Voltage &  Load information Voltage violations are quite frequent



 Solar Forum 2013 High 

Penetration 
F e b  1 3 - 1 4 ,  S a n  D i e g o ,  C A  17 

Initial Research Findings & Hypotheses 

68 meters (residential) 

Sept 2012 (23 days) 

240 volts 

+-5% min-228/max-252 

Hourly by meter # 

A few “high” meters 

Larger # of low meters 

 

Hourly Voltage Overview1 

1. Data collected over 23 days at 15 minute intervals from SSN Smart Meters in Maui, showing Voltage &  Load information 

Source: Leon Roose, University of Hawaii

Development & demo of smart grid inverters for high-penetration PV applications

“Energiewende”



Today’s gridPower system overview

2/66

Few large generators
◼ ~10K bulk generators (>90% capacity), actively controlled

Many dump loads
◼ 131M customers, 3,100 utilities, ~billion passive loads

Control paradigm: schedule supply to match demand
◼ Centralized, human-in-the-loop, worst case, deterministic



Future grid

Wind and solar farms are not dispatchable
◼ Many small distributed generations

Network of distributed energy resources (DERs)
◼ EVs, smart buildings/appliances/inverters, wind turbines, storage

Control paradigm: match demand to volatile supply
◼ Distributed, real-time feedback, risk limiting, robust



Risk: active DERs introduce rapid random

fluctuations in supply, demand, power quality

increasing risk of blackouts

Opportunity: active DERs enables realtime

dynamic network-wide feedback control,

improving robustness, security, efficiency

Caltech research: distributed control of networked DERs  

• Foundational  theory, practical algorithms, concrete 

applications

• Integrate engineering and economics

• Active collaboration with industry



Recap

Global energy demand will continue to grow

There is more renewable energy than the world 
ever needs

◼ Someone will figure out how to capture and store it

There will be connected intelligence everywhere

◼ Cost of computing, storage, communication and 
manufacturing will continue to drop

➔ Power system will transform into the largest 
and most complex Internet of Things 

◼ Generation, transmission, distribution, consumption, 
storage



Recap

To develop technologies that will enable and 
guide the historic transformation of our power 
system

◼ Materials, devices, systems, theory, algorithms

◼ Control, optimization, stochastics, data, economics



Motivation: Optimal power flow

• describes network topology and impedances

• is net power injection (generation) at node j

Yj

H

s j

min              tr CVV H( )
over             V, s, l( )

subject to     s j  =  tr Yj

HVV H( )
                    l jk  =  tr Bjk

HVV H( )
                    s j   £   s j  £   s j

                     l jk  £  l jk  £  ljk  

                    V j  £  |Vj |  £   V j

power flow equation

gen cost, power loss

line flow 

injection limits

line limits

voltage limits



The flow of power I

Why smart grid?  (15 mins)

Three-phase AC transmission: 3 key ideas (30 mins)

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis

Device models (30 mins)

◼ Transmission line 

◼ Transformer

◼ Generator

Basic concepts and models



Visualizing the grid

Electric(Power(Delivery(Systems(
Tutorial(at(U.C.(Berkeley(

September(11,(2009(

(
Dr.(Alexandra(“Sascha”(von(Meier(
Professor,(Energy(Management(&(Design(

Department(of(Environmental(Studies(and(Planning(
Sonoma(State(University(

(
www.sonoma.edu/ensp(
vonmeier@sonoma.edu(

adapted from 





Transmission lines: 190K miles

Distribution lines: 73K miles

(2002) [Sascha von Meier]



Today’s gridPower system overview

2/66

Few large generators
◼ ~10K bulk generators (>90% capacity), actively controlled

Many dump loads
◼ 131M customers, 3,100 utilities, ~billion passive loads

Control paradigm: schedule supply to match demand
◼ Centralized, human-in-the-loop, worst case, deterministic



[Sascha von Meier]



service drop[Sascha von Meier]



transmission

line

transmission

substation [Sascha von Meier]



distribution

substation

[Sascha von Meier]



transformer & 

distribution line[Sascha von Meier]



service drop[Sascha von Meier]



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Voltage

◼ Steady state: frequencies at all points are nominal

◼ Reasonable model at timescale of minute and up

Mathematical model

v(t) =Vmax cos(wt +qV )

nominal frequency

US: 60 Hz

EU: 50 Hz



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Voltage

◼ Steady state: frequencies at all points are nominal

◼ Reasonable model at timescales of minute and up

◼ Dynamic models at sec-min timescale: S Meyn’s tutorial

Mathematical model

v(t) =Vmax cos(wt +qV )

nominal frequency
North/Central Americas: 60 Hz

Most other major countries: 50 Hz

this part of tutorial is all about steady state



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Voltage

Phasor representation

v(t) =Vmax cos(wt +qV )

amplitude phase

V =
Vmax

2
e jqVvoltage

phasor



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Voltage

Phasor representation

v(t) =Vmax cos(wt +qV )

V =
Vmax

2
e jqVvoltage

phasor

v(t) = Re 2Ve jwt{ }  = Re Vmaxe
j(wt+qV ){ }



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Voltage

Phasor representation

v(t) =Vmax cos(wt +qV )

V  =
1

T
v2(t)dt

0

T

ò         RMS

V =
Vmax

2
e jqVvoltage

phasor



Voltage

Current

Phasor representation

v(t) =Vmax cos(wt +qV )

V =
Vmax

2
e jqV

i(t) = Imax cos(wt +qI )

I =
Imax

2
e jqI



Resistor R

Inductor L

Capacitor C

Linear circuit elements

v(t) = R × i(t)

v(t) = L ×
di

dt
(t)

i(t) = C ×
dv

dt
(t)

these are main circuit elements to model the grid



Resistor R

Inductor L

Capacitor C

Linear circuit elements

v(t) = R × i(t)

v(t) = L ×
di

dt
(t)

i(t) = C ×
dv

dt
(t)

V = R × I

V = jwL × I

𝑉 = 𝑗𝜔𝐶 −1 ∙ 𝐼



Linear circuit elements

time

domain

phasor

domain V

I

R, jwL, jwC( )
-1



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Instantaneous power

Complex power

p(t) = v(t)i(t)

       = 

EE 135 N otesJanuary 22,2018 23

2.3 C om plex pow er

2.3.1 Single-phase pow er

W hen a voltage v(t)isapplied acrosstw o portsand a currenti(t)flow sbetw een them ,asshow n in Figure
2.13(a),energy is delivered to the netw ork thatconnects the ports. W e define the instantaneous pow er
supplied as:

p(t) := v(t)i(t) =
Vm axIm ax

2
(cos(qV − qI)+ cos(2wt+ qV + qI)) (2.26)

Since the last term inside the bracket of (2.26) is sinusoidal w ith tw ice the nom inal frequency w the
average pow erdelivered is

1

T

Z T

0
p(t)dt =

Vm axIm ax

2
cos(qV − qI)

w here T := 2p/w.

v(t)

+

-

i(t)

p(t)

(a) Instantaneous pow er

V

+

-

I

S

(b) C om plex pow er

f

q I

qV

V

Im#

Re#

S := VI*

I

(c) S = V I⇤

Figure 2.13:D efinition ofpow er

D efine the com plex pow erin term softhe voltage and currentphasorsas:

S := V I⇤ =
Vm axIm ax

2
ej(qV − qI) = |V ||I|ejf (2.27)

w here I⇤denotes the com plex conjugate ofI. See Figures 2.13(b) and (c). H ere f := qV − qI is called
the pow er factor angle and cosf is called the pow er factor (PF).Pow erengineers often says leading or
lagging pow erfactor:here lagging m eans currentIlagsvoltage V so thatf > 0.A leading pow erfactor
has f < 0. A unity pow er factor m eans f = 0. For exam ple “a load draw s 100kW ata pow er factor
of 0.707 lagging”m eans thatthe realpow er R e(S) = 100 kW and cosf = 1p

2
,giving f = 45◦. H ence

S = 100+ j100 kVA so that

R e(S) = |S|cosf =
p
1002 + 1002

1
p
2

= 100 kW

N ote that S is not a phasor because
p
2|S|cos(wt+ f ) is not the instantaneous pow er in the tim e

dom ain.This com plex quantity isim portantin pow erflow analysis in the phasordom ain,asw e w illsee.
The realpartofS

P := |V ||I|cosf

average power



Quantities of interest
◼ Voltage, current, power, energy

◼ All are sinusoidal functions of time

Instantaneous power

Complex power

Complex power

p(t) = v(t)i(t)

       = 

real (active) power

EE 135 N otesJanuary 22,2018 23

2.3 C om plex pow er

2.3.1 Single-phase pow er

W hen a voltage v(t)isapplied acrosstw o portsand a currenti(t)flow sbetw een them ,asshow n in Figure
2.13(a),energy is delivered to the netw ork thatconnects the ports. W e define the instantaneous pow er
supplied as:

p(t) := v(t)i(t) =
Vm axIm ax

2
(cos(qV − qI)+ cos(2wt+ qV + qI)) (2.26)

Since the last term inside the bracket of (2.26) is sinusoidal w ith tw ice the nom inal frequency w the
average pow erdelivered is

1

T

Z T

0
p(t)dt =

Vm axIm ax

2
cos(qV − qI)

w here T := 2p/w.

v(t)

+

-

i(t)

p(t)

(a) Instantaneous pow er

V

+

-

I

S

(b) C om plex pow er

f

q I

qV

V

Im#

Re#

S := VI*

I

(c) S = V I⇤

Figure 2.13:D efinition ofpow er

D efine the com plex pow erin term softhe voltage and currentphasorsas:

S := V I⇤ =
Vm axIm ax

2
ej(qV − qI) = |V ||I|ejf (2.27)

w here I⇤denotes the com plex conjugate ofI. See Figures 2.13(b) and (c). H ere f := qV − qI is called
the pow er factor angle and cosf is called the pow er factor (PF).Pow erengineers often says leading or
lagging pow erfactor:here lagging m eans currentIlagsvoltage V so thatf > 0.A leading pow erfactor
has f < 0. A unity pow er factor m eans f = 0. For exam ple “a load draw s 100kW ata pow er factor
of 0.707 lagging”m eans thatthe realpow er R e(S) = 100 kW and cosf = 1p

2
,giving f = 45◦. H ence

S = 100+ j100 kVA so that

R e(S) = |S|cosf =
p
1002 + 1002

1
p
2

= 100 kW

N ote that S is not a phasor because
p
2|S|cos(wt+ f ) is not the instantaneous pow er in the tim e

dom ain.This com plex quantity isim portantin pow erflow analysis in the phasordom ain,asw e w illsee.
The realpartofS

P := |V ||I|cosf

average power

S :=VI* = P + jQ
reactive power



Phasor analysis

Steady state behavior described by algebraic 
equations

◼ Instead of dynamic equations

Circuit analysis
◼ Voltages and currents are linear

Power flow analysis
◼ Power flow equations are nonlinear

p(t) = v(t)i(t)

   S := VI *

We will describe device and network models, and analyze

them, in phasor domain 



3-phase AC : 3 key ideas

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis



3-phase AC system

10 EE 135 N otes January 22,2018

n
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Ebn
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+

-Ecn

n '

Z
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Ia
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(a) B alanced three-phase system

n

Ean

+

-
n '

Z

a a 'Ia

(b) Equivalentper-phase system

Figure 2.5: B alanced three-phase source and load in W ye configuration and its per-phase equivalentsys-
tem .

node n0im plies thatIa + Ib + Ic = 0.2 H ence

Vnn0 = 0

Thisim plies

Va0n0 = Ean, Vb0n0 = Ebn, Vc0n0 = Ecn

Ia = Y E an, Ib = Y E bn, Ic = Y E cn

H ence,like (Ean,E bn,Ecn),the currents (Ia,Ib,Ic) and the phase voltages (Va0n0,Vb0n0,Vc0n0) are both bal-
anced positive-sequence sets.A s w ith voltage sources,the line voltages (Va0b0,Vb0c0,Vc0a0) and phase volt-
ages(Va0n0,Vb0n0,Vc0n0)across the loads satisfy the sam e relationship asin (2.4):

Va0b0 =
p
3ejp/6 Va0n0, Vb0c0 =

p
3ejp/6 Vb0n0, Vc0a0 =

p
3ejp/6 Vc0n0

i.e.,the line voltages (Va0b0,Vb0c0,Vc0a0) are a balanced positive-sequence set. This com pletes the proofof
these tw o properties.

These tw o properties have the follow ing im portantim plications:

• SinceVnn0 = 0,even ifn and n0are connected,the currenton thatw ire w illbe zero.W e can therefore
eitherassum e n and n0are connected ordisconnected in ouranalysis,w hicheverism ore convenient.

• Since the currents are balanced,Ia + Ib + Ic = 0 oria(t)+ ib(t)+ ic(t)= 0 atalltim est,the currents
flow from and return to the sources only via the w ires connecting the sources to the loads,and no
additionalphysicalw iresare necessary forreturn currents.Thishalvesthe am ountofrequired w ire.

2N ote thatIa + Ib + Ic = 0 itselfdoesnotim ply that(Ia,Ib,Ic)are balanced since one also needs to prove thatthey have the
sam e m agnitude.

3 single-phase system:

+

-

— 
T E C H N IC A L  N O T E 

Sup port for generator custom ers in com plying 
w ith g rid code req uirem ents

In tro d u ctio n

T h e  p u rp o se  o f g rid  co d e s is to  m a in ta in  sta b le, 

sa fe  a n d  e co n o m ic o p e ratio n  o f th e e le ctricity 

n etw o rk  at a ll tim e s. T h e y co n sist o f ru les th at m u st 

b e  co m p lie d  w ith  in  o rd e r to  co n n e ct a  p o w e r p la n t 

to  th e n e tw o rk . T h e se ru le s relate  n o t o n ly to  

p o w er p lan t o ve ra ll p e rfo rm an ce, b u t a lso  to  th e  

p e rfo rm an ce o f in d ivid u a l p la n t co m p o n e n ts.

A s a g e n e ra to r m a n u fa ctu re r, A B B  c an  w o rk 

to g e th e r w ith  cu sto m e rs to  in terp re t th e g rid  co d e 

a n d  d e te rm in e w h ich  req u ire m e n ts ap p ly to  

g e n e ra to rs . A B B  ca n  th e n  a ssist in  se le ctin g  th e  
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2.2.1 B alanced system s in W ye configuration

Figure 2.2 show sthe W ye configuration ofvoltage sources and im pedance loads.The loads are said to be
balanced iftheirim pedances Z are identical. A three-phase source in W ye configuration is characterized
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(b) B alanced loads

Figure 2.2:B alanced three-phase (a)voltage sources and (b)im pedance loads in W ye configuration. E an

iscalled a line-neutralorphase voltage,and E ab a line-line orline voltage.

by theirvoltages E an,Ebn,E cn in phasordom ain betw een the term inals a,b,c and neutraln respectively.It
iscalled balanced ifthese voltages have the sam e m agnitude and theirphases differby 120◦,i.e.,

Ean = 1\ q, Ebn = 1\ q − 120◦ , Ecn = 1\ q + 120◦ (2.3a)

or

Ean = 1\ q, Ebn = 1\ q + 120◦ , Ecn = 1\ q − 120◦ (2.3b)

w here theirm agnitudes are norm alized to 1.See Figure 2.3(a)w here q = 0.W ith balanced sources asin
(2.3a),the voltagesreach theirm axim um value in the orderabc.W e callabc thatsatisfies(2.3a)a positive
sequence and thevoltages(E an,Ebn,E cn)a(balanced)positive-sequence set.Ifthebalanced sourcessatisfy
(2.3b)instead,theirvoltages are a negative-sequence set.This depends only on how one labels the w ires.
Therefore,unless otherw ise specified,w e w illalw ays considerabc to be a positive sequence.Ifthere are
m ultiple three-phase sources connected to the sam e netw ork theirphase sequences m ustbe the sam e.

The voltages Ean,E bn,Ecn betw een the term inals and neutralare called line-neutralorphase voltages.
The voltages Eab,Ebc,Eca across the term inals are called line-line orline voltages.

W e now describe three properties ofbalanced voltage sources.

Sum to zero

A n equivalentdefinition ofbalanced voltagesEan,Ebn,Ecn isthatthey havethe sam e m agnitude and satisfy

E an + Ebn + Ecn = 0

Thiscan be easily seen from Figure 2.3(a)w here the sum ofthe three vectors Ean,Ebn,Ecn in the com plex
plane is the origin. Indeed this holds for any balanced sequence,notjustvoltage sources. For ease of
reference in the future,w e state thisproperty form ally asa lem m a.

Y-configuration:

Delta-configuration:

voltage source impedance load



3-phase AC system

6 EE 135 N otesJanuary 22,2018

2.2.1 B alanced system s in W ye configuration

Figure 2.2 show sthe W ye configuration ofvoltage sources and im pedance loads.The loads are said to be
balanced iftheirim pedances Z are identical. A three-phase source in W ye configuration is characterized

n

Ean

+

-

Ebn

+

-

+

-Ecn

b

a

c

(a) B alanced sources

n

b

a

c

Z

Z Z

(b) B alanced loads

Figure 2.2:B alanced three-phase (a)voltage sources and (b)im pedance loads in W ye configuration. E an

iscalled a line-neutralorphase voltage,and E ab a line-line orline voltage.

by theirvoltages E an,Ebn,E cn in phasordom ain betw een the term inals a,b,c and neutraln respectively.It
iscalled balanced ifthese voltages have the sam e m agnitude and theirphases differby 120◦,i.e.,

Ean = 1\ q, Ebn = 1\ q − 120◦ , Ecn = 1\ q + 120◦ (2.3a)

or

Ean = 1\ q, Ebn = 1\ q + 120◦ , Ecn = 1\ q − 120◦ (2.3b)

w here theirm agnitudes are norm alized to 1.See Figure 2.3(a)w here q = 0.W ith balanced sources asin
(2.3a),the voltagesreach theirm axim um value in the orderabc.W e callabc thatsatisfies(2.3a)a positive
sequence and thevoltages(E an,Ebn,E cn)a(balanced)positive-sequence set.Ifthebalanced sourcessatisfy
(2.3b)instead,theirvoltages are a negative-sequence set.This depends only on how one labels the w ires.
Therefore,unless otherw ise specified,w e w illalw ays considerabc to be a positive sequence.Ifthere are
m ultiple three-phase sources connected to the sam e netw ork theirphase sequences m ustbe the sam e.

The voltages Ean,E bn,Ecn betw een the term inals and neutralare called line-neutralorphase voltages.
The voltages Eab,Ebc,Eca across the term inals are called line-line orline voltages.

W e now describe three properties ofbalanced voltage sources.

Sum to zero

A n equivalentdefinition ofbalanced voltagesEan,Ebn,Ecn isthatthey havethe sam e m agnitude and satisfy

E an + Ebn + Ecn = 0

Thiscan be easily seen from Figure 2.3(a)w here the sum ofthe three vectors Ean,Ebn,Ecn in the com plex
plane is the origin. Indeed this holds for any balanced sequence,notjustvoltage sources. For ease of
reference in the future,w e state thisproperty form ally asa lem m a.

Y-configuration:

voltage source impedance load

Balanced 3p source
◼ Equal in magnitude, 120 deg difference in phase

◼

Balanced 3p impedance load
◼ Identical impedances
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m ultiple three-phase sourcesconnected to the sam e netw ork theirphase sequences m ustbe the sam e.

The voltages Ean,Ebn,Ecn betw een the term inalsand neutralare called line-neutralorphase voltages.
The voltagesEab,Ebc,Eca acrossthe term inalsare called line-line orline voltages.

W e now describe three propertiesofbalanced voltage sources.

Sum to zero

A n equivalentdefinition ofbalanced voltagesEan,Ebn,Ecn isthatthey havethesam em agnitude and satisfy

Ean + Ebn + Ecn = 0

Thiscan be easily seen from Figure 2.3(a)w here the sum ofthe three vectorsEan,Ebn,Ecn in the com plex
plane is the origin. Indeed this holds for any balanced sequence,notjustvoltage sources. For ease of
reference in the future,w e state thisproperty form ally asa lem m a.



3-phase AC system

Delta-configuration:

voltage source impedance load

Balanced 3p source
◼ Equal in magnitude, 120 deg difference in phase

◼

Balanced 3p impedance load
◼ Identical impedances



Balanced 3-phase system
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source
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Figure 2.14: B alanced three-phase system and its per-phase equivalentcircuit. The balanced three-phase
loadshave adm ittances L1 and L2,and the transm ission lines have adm ittances T1 and T2.

W e analyze the per-phase circuitto solve forvoltages

V1 := Va1n1 and V2 := Va2n2

A pplying K C L to node a1 and a2 w e get

T1 (Ean − V1) = 3L1V1 + T2 (V1 − V2)

T2 (V1 − V2) = L2V2

H ence

3L1 + T1 + T2 − T2
T2 − (L2 + T2)

V1
V2

=
T1Ean

0

B y assum ption,the determ inant

D := − (3L1L2 + 3L1T2 + L2(T1 + T2)+ T1T2)

isnonzero.H ence

V1
V2

=
1

D

− (L2 + T2) T2
− T2 3L1 + T1 + T2

T1Ean

0
=

− T1Ean

D

L2 + T2
T2

(2.29)

Since Va2n2 = V2,w e get:

v2(t) =
p
2 |V2|cos(wt+ \ V2)

w here w isthe steady-state system frequency and V2 isgiven by (2.29).To calculate

i1(t) =
p
2 |Ia1c1|cos(wt+ \ Ia1c1) (2.30)

transmission line

impedance

load

Balanced 3p operation
◼ Balanced 3p sources

◼ Balanced 3p loads

◼ Balanced (identical) transmission lines



S3f :=VaIa

* +VbIb

* +VcIc

*  = 3S

Advantages

p(t) = v(t)i(t),          S :=VI*
1-phase

3-phase



Advantages

p(t) = v(t)i(t),          S :=VI*

S3f :=VaIa

* +VbIb

* +VcIc

*  = 3S

1-phase

3-phase

p3f (t) := va(t)ia (t)+ va(t)ia (t)+ va (t)ia(t)

          = 3 Va Ia cos(fV -fI )  =  3P



Advantages

p(t) = v(t)i(t),          S :=VI*

S3f :=VaIa

* +VbIb

* +VcIc

*  = 3S

1-phase

3-phase

Advantages of balanced 3p operation

◼ Instantaneous power is constant in t !

◼ Uses ~1/2 as much materials (wires) as three 1p system

◼ Incurs ~1/2 as much active power loss as three 1p system

𝑝3𝜙 𝑡 ≔ 𝑣𝑎 𝑡 𝑖𝑎 𝑡 + 𝑣𝑏 𝑡 𝑖𝑏 𝑡 + 𝑣𝑐 𝑡 𝑖𝑐 𝑡

= 3 𝑉𝑎 𝐼𝑎 cos 𝜙𝑉 − 𝜙𝐼 = 3𝑃



3-phase AC : 3 key ideas

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis



Per-phase analysis: Wye

Important properties of balanced 3p system

◼ All Vneutral-neutral = 0



Per-phase analysis: Wye

Important properties of balanced 3p system

◼

◼ All voltages and currents are 3-phase balanced

◼ Phases are decoupled, i.e., variables in each phase 
depend only on quantities in that phase

All Vneutral-neutral = 0



Per-phase analysis: Wye

Properties:

◼

◼ All voltages and currents 
are 3-phased balanced

◼ Phases are decoupled

All Vneutral-neutral = 0

a0

n0

Ean

+

-
nm

Tm

Lm

am

n1

L1

a1

T1
...

n2

L2

a2

T2

...

per-phase equivalent circuit
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2.2.1 B alanced system s in W ye configuration

Figure 2.2 show sthe W ye configuration ofvoltage sources and im pedance loads.The loads are said to be
balanced iftheirim pedances Z are identical. A three-phase source in W ye configuration is characterized

n

Ean

+

-

Ebn

+

-

+

-Ecn

b

a

c

(a) B alanced sources

n

b

a

c

Z

Z Z

(b) B alanced loads

Figure 2.2:B alanced three-phase (a)voltage sources and (b)im pedance loads in W ye configuration. E an

iscalled a line-neutralorphase voltage,and E ab a line-line orline voltage.

by theirvoltages E an,Ebn,E cn in phasordom ain betw een the term inals a,b,c and neutraln respectively.It
iscalled balanced ifthese voltages have the sam e m agnitude and theirphases differby 120◦,i.e.,

Ean = 1\ q, Ebn = 1\ q − 120◦ , Ecn = 1\ q + 120◦ (2.3a)

or

Ean = 1\ q, Ebn = 1\ q + 120◦ , Ecn = 1\ q − 120◦ (2.3b)

w here theirm agnitudes are norm alized to 1.See Figure 2.3(a)w here q = 0.W ith balanced sources asin
(2.3a),the voltagesreach theirm axim um value in the orderabc.W e callabc thatsatisfies(2.3a)a positive
sequence and thevoltages(E an,Ebn,E cn)a(balanced)positive-sequence set.Ifthebalanced sourcessatisfy
(2.3b)instead,theirvoltages are a negative-sequence set.This depends only on how one labels the w ires.
Therefore,unless otherw ise specified,w e w illalw ays considerabc to be a positive sequence.Ifthere are
m ultiple three-phase sources connected to the sam e netw ork theirphase sequences m ustbe the sam e.

The voltages Ean,E bn,Ecn betw een the term inals and neutralare called line-neutralorphase voltages.
The voltages Eab,Ebc,Eca across the term inals are called line-line orline voltages.

W e now describe three properties ofbalanced voltage sources.

Sum to zero

A n equivalentdefinition ofbalanced voltagesEan,Ebn,Ecn isthatthey havethe sam e m agnitude and satisfy

E an + Ebn + Ecn = 0

Thiscan be easily seen from Figure 2.3(a)w here the sum ofthe three vectors Ean,Ebn,Ecn in the com plex
plane is the origin. Indeed this holds for any balanced sequence,notjustvoltage sources. For ease of
reference in the future,w e state thisproperty form ally asa lem m a.

Equivalent 3p sources: same external behavior 

line-to-line voltages: 
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This relationship betw een positive-sequence line and phase voltages hold notjustforthree-phase bal-
anced sources,butgenerally forbalanced operation in aW yeconfiguration (e.g.,loads,transform erbanks).
W e hence w rite

V Y
an =

V D
abp

3ejp/6
, V Y

bn =
V D
bcp

3ejp/6
, V Y

cn =
V D
cap

3ejp/6
(2.16)

w here (V D
ab,V

D
bc,V

D
ca)isa given balanced three-phase source in D elta configuration and (V Y

an,V
Y
bn,V

Y
cn)isits

equivalentsource in W ye configuration.

D elta-W ye load transform ation

C onsiderFigure 2.10 and suppose w e apply the sam e voltagesVab,Vbc,Vca across term inals a,b,c ofboth
configurations. Ifthe D elta-configured loads and the W ye-configured loads are equivalent,then the cur-

n

ZY

Z Y
ZY

b

a

c b

a

c

Z D

Z D

Z D

Figure 2.10:D elta-W ye transform ation ofbalanced loads:ZY = ZD/3.

rents into these term inals a,b,c m ustbe the sam e in both configurations (identicalexternalbehavior).For
the D elta configuration,w e have

IDa =
Vab − Vca

ZD
, IDb =

Vbc− Vab
ZD

, IDc =
Vca − Vbc

ZD
(2.17)

and forthe W ye configuration,w e have

IYa =
V Y
an

ZY
, IYb =

V Y
bn

ZY
, IYc =

V Y
cn

ZY
(2.18)

w here (V Y
an,V

Y
bn,V

Y
cn) are the phase voltages in the W ye configuration that are related to the given line

voltages (Vab,Vbc,Vca)by

Vab =
p
3ejp/6V Y

an, Vbc =
p
3ejp/6V Y

bn, Vca =
p
3ejp/6V Y

cn

H ence5

Vab − Vca =
p
3ejp/6 V Y

an − V Y
cn =

p
3ejp/6

⇣
1− ej2p/3

⌘
V Y
an = 3V Y

an

5A notherw ay to see this is:Vab − Vca = Van − Vbn − Vcn + Van = 2Van − (Vbn + Vcn).Since Ia + Ib + Ic = 0 by K C L,(2.18)
im pliesVan + Vbn + Vcn = 0.H ence Vab − Vca = 3Van.
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Equivalent 3p sources: same external behavior 

same terminal currents on same line-to-line voltages
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Since IYa = IDa ,(2.17)(2.18)then im ply

ZY =
ZD

3
(2.19)

Thisim pliesthe adm ittances are related asY Y = 3Y D.

2.2.4 E xam ple configurations and line lim its

Tw o com m on configurations ofthree-phase distribution transform ersare illustrated in Figure 2.11.Figure

n

Vcn

b

a

c

Van =120V

Vbn =120V

Vab = 208V

(a) 120Y /208V 3-phase W ye

b

a

c

Vad =120V

Vab = 240Vd

Vbd =120V

Vcd = 208V

Vbc =120V

(b) 240V splitphase D elta

Figure 2.11:C om m on distribution transform erconfigurations.

2.11(a)show s a 5-w ire three-phase transform erin W ye configuration. Three phase w ires (labeled a,b,c)
and a neutralw ire (labeled n)are show n. The fifth w ire,notshow n,is the earth ground w ire,typically
connected to neutral. A differentvoltage m agnitude can be supplied to a load depending on how itis
connected. The voltage m agnitude betw een a phase w ire and the neutralis 120V and thatbetw een a pair
ofphase w iresis120

p
3 = 208V .

Figure 2.11(b)show sa 5-w ire transform erin D elta configuration w ith one ofthe phasescenter-tapped
to provide three voltage levels. Four phase w ires (labeled a,b,c,d)are show n butan earth ground w ire
is notshow n. The voltage m agnitude betw een w ires ad orbd is 120V ,w hereas thatbetw een w ire cd is
208V (derive this).The line-to-line voltage m agnitude is240V .

Figure 2.12(a)show sa W ye-configured voltage source connected to a setofloads in D elta configura-
tion. The voltage source is the secondary side ofa three-phase 120Y /208V transform ershow n in Figure
2.11(a). The voltage m agnitude across each load is the line-to-line voltage 208V . Figure 2.12(b)show s
the electric panelarrangem entto connectthe loadsto the voltage source.The dotin the firstrow indicates
thatthe w iresnum bered 1 and 2 are connected to phase a,the dotin the second row indicatesthatthe w ires
num bered 3 and 4 areconnected to phase b,thedotin the third row indicatesthatthew iresnum bered 5 and
6 are connected to phase c,and so on. Therefore the load connected betw een w ires 1 and 3 is connected
betw een phase a and phase b lines(see the corresponding labelson the loadsin Figure 2.12(a)).Sim ilarly
forthe load connected betw een w ires2 and 4,and otherloadsconnected betw een differentphases.
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(b) Equivalentper-phase system

Figure 2.14: B alanced three-phase system and its per-phase equivalentcircuit. The balanced three-phase
loadshave adm ittances L1 and L2,and the transm ission lines have adm ittances T1 and T2.

W e analyze the per-phase circuitto solve forvoltages

V1 := Va1n1 and V2 := Va2n2

A pplying K C L to node a1 and a2 w e get

T1 (Ean − V1) = 3L1V1 + T2 (V1 − V2)

T2 (V1 − V2) = L2V2

H ence

3L1 + T1 + T2 − T2
T2 − (L2 + T2)

V1
V2

=
T1Ean

0

B y assum ption,the determ inant

D := − (3L1L2 + 3L1T2 + L2(T1 + T2)+ T1T2)

isnonzero.H ence

V1
V2

=
1

D

− (L2 + T2) T2
− T2 3L1 + T1 + T2

T1Ean

0
=

− T1Ean

D

L2 + T2
T2

(2.29)

Since Va2n2 = V2,w e get:

v2(t) =
p
2 |V2|cos(wt+ \ V2)

w here w isthe steady-state system frequency and V2 isgiven by (2.29).To calculate

i1(t) =
p
2 |Ia1c1|cos(wt+ \ Ia1c1) (2.30)

transmission line

impedance

load

◼ Convert all Delta sources and loads into Wye

◼ Solve phase a circuit with all neutrals connected for desired variables

◼ Phase b / c variables: subtract / add 120deg to phase a variables

◼ If variables internal to Delta configurations are desired, solve them 
from original circuit
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Since Va2n2 = V2,w e get:

v2(t) =
p
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Figure 2.14: B alanced three-phase system and its per-phase equivalentcircuit. The balanced three-phase
loads have adm ittances L1 and L2,and the transm ission lineshave adm ittances T1 and T2.

W e analyze the per-phase circuitto solve forvoltages

V1 := Va1n1 and V2 := Va2n2
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Since Va2n2 = V2,w e get:

v2(t) =
p
2 |V2|cos(wt+ \ V2)

w here w isthe steady-state system frequency and V2 isgiven by (2.29).To calculate

i1(t) =
p
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phase-a
circuit

Solve for V2  

Þ  v2(t) = Re 2V2e
jwt( )
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A pplying K C L to node a1 and a2 w e get

T1 (Ean − V1) = 3L1V1 + T2 (V1 − V2)

T2 (V1 − V2) = L2V2

H ence

3L1 + T1 + T2 − T2
T2 − (L2 + T2)

V1
V2

=
T1Ean

0

B y assum ption,the determ inant

D := − (3L1L2 + 3L1T2 + L2(T1 + T2)+ T1T2)

isnonzero.H ence

V1
V2

=
1

D

− (L2 + T2) T2
− T2 3L1 + T1 + T2

T1Ean

0
=

− T1Ean

D

L2 + T2
T2

(2.29)

Since Va2n2 = V2,w e get:

v2(t) =
p
2 |V2|cos(wt+ \ V2)

w here w isthe steady-state system frequency and V2 isgiven by (2.29).To calculate

i1(t) =
p
2 |Ia1c1|cos(wt+ \ Ia1c1) (2.30)

transmission line

impedance

load
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loads have adm ittances L1 and L2,and the transm ission lineshave adm ittances T1 and T2.

W e analyze the per-phase circuitto solve forvoltages

V1 := Va1n1 and V2 := Va2n2

A pplying K C L to node a1 and a2 w e get

T1 (Ean − V1) = 3L1V1 + T2 (V1 − V2)

T2 (V1 − V2) = L2V2

H ence

3L1 + T1 + T2 − T2
T2 − (L2 + T2)

V1
V2

=
T1E an

0

B y assum ption,the determ inant

D := − (3L1L2 + 3L1T2 + L2(T1 + T2)+ T1T2)

isnonzero.H ence

V1
V2

=
1

D

− (L2 + T2) T2
− T2 3L1 + T1 + T2

T1Ean

0
=

− T1E an

D

L2 + T2
T2

(2.29)

Since Va2n2 = V2,w e get:

v2(t) =
p
2 |V2|cos(wt+ \ V2)
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phase-a
circuit

Solve for V1

Þ Vca = 3e jp /6V1 ×e j2p /3

Þ Ica = L1Vca

Þ i1(t) = -Re 2Icae
jwt( )



Recap: basic concepts

3-phase AC transmission system

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis

We will describe device and network models, and analyze

them, in phasor domain, using per-phase analysis 



The flow of power I

Why smart grid?  (15 mins)

Three-phase AC transmission: 3 key ideas (30 mins)

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis

Device models (30 mins)

◼ Transmission line 

◼ Transformer

◼ Generator

Basic concepts and models



Transmission line model

model of transmission line

◼ Terminal behavior 

◼ What do line parameters            depend on ? 

◼ What about a 3-phase line ?

◼ What are some implications ?

P
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N ow g =
p
zy = :

p
ĝ w here ĝ := (rg− w2lc)+ jw(rc+ gl). N ote thatIm ĝ > 0 and hence \ ĝ 2 (0,p)

and g 2 (0,p/2).Ifw e w rite g = :a + jb then a > 0.H ence

cosh(g )̀ =
1

2

⇣
eg`+ e− g`

⌘
=

1

2

⇣
e(a + jb )̀ + e− (a + jb )̀

⌘

sinh(g )̀ =
1

2

⇣
eg`− e− g`

⌘
=

1

2

⇣
e(a + jb )̀ − e− (a + jb )̀

⌘

and

tanh(g )̀ =
e(a + jb )̀ − e− (a + jb )̀

e(a + jb )̀ + e− (a + jb )̀
=

1− e− 2(a + jb )̀

1+ e− 2(a + jb )̀
= 1

as`! • .H ence V1/I1 ! Zc as`! • .

3.5 L um ped-circuitP m odel

Ifw e are only interested in the term inalvoltages and currents ofa line,then w e can representthe line by
a lum ped circuitm odelin Figure 3.4,called the P m odel.A pplying K irchhoff’slaw sw e have

V1

+

-

V2

+

-

Y '

2

Z ' I2I1

Y '

2

Figure 3.4:Lum ped-circuitP m odelofa transm ission line.

I1 =
Y 0

2
V1 +

Y 0

2
V2 + I2

V1 − V2 = Z0

✓
Y 0

2
V2 + I2

◆

H ence

V1
I1

=
1+ Z0Y 0/2 Z0

Y 0(1+ Z0Y 0/4) 1+ Z0Y 0/2
V2
I2

(3.10)

(Z ',Y ')

series impedance

shunt 

admittance



Transmission line model

Line inductance l

Multiple conductors

l(t) = l × i(t)total flux linkages

radius rk

separation dkk '

self inductance mutual inductance



Transmission line model

Conditions

◼ Symmetric 3-phase line 

◼

Multiple conductors

ia(t)+ ib(t)+ ic(t) = 0

radius r

separation D

la(t) =
m0

2p
ln

D

r '
× ia(t)

l  H/m“self-inductance”

The phases are decoupled !



Transmission line model

Line capacitance c

Multiple conductors

q(t) = c ×v(t)

radius rk

separation dkk '

self inductance mutual inductance

total charge / m



Transmission line model

Conditions

◼ Symmetric 3-phase line 

◼

Multiple conductors

qa(t)+qb(t)+qc(t) = 0

radius r

separation D

vk (t) =
1

2pe
ln

D

r
×qk (t)

1/ c  F/m“self-capacitance”

The phases are decoupled !



Transmission line model

Line parameters (balanced 3p line)

◼ Phases are decoupled

◼

◼ Line inductance and capacitance 

◼ Line resistance r / conductance g depend on 

wire material & size

radius r

separation D

series impedance                   z = r + jwl    W / m

shunt admittance (to neutral) y = g+ jwc   W-1 / m



V1

+

-

V2

+

-

x

I2I1

Transmission line model

per-phase model of phase voltage: 



Transmission line model

V1

+

-

V2

+

-

x

V (x)

I(x) I2I1

+

-

ydx

zdx

per-phase model of phase voltage: 

dV

dx

dI

dx

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

=
0 z

y 0

é

ë
ê

ù

û
ú

V (x)

I(x)
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ê
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Transmission line model

model of transmission lineP
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I1 =
Y 0

2
V1 +

Y 0

2
V2 + I2

V1 − V2 = Z0

✓
Y 0

2
V2 + I2

◆

H ence

V1
I1

=
1+ Z0Y 0/2 Z0

Y 0(1+ Z0Y 0/4) 1+ Z0Y 0/2
V2
I2

(3.10)

Z ' = Z ×
sinh(gl)

gl

Y ' = Y ×
tanh(gl / 2)

gl / 2

series impedance

shunt 

admittance



Transmission line model

Long line (l>150mi): 
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I1 =
Y 0

2
V1 +

Y 0
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V2 + I2

V1 − V2 = Z0

✓
Y 0
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V2 + I2

◆

H ence

V1
I1

=
1+ Z0Y 0/2 Z0

Y 0(1+ Z0Y 0/4) 1+ Z0Y 0/2
V2
I2

(3.10)

Z ' = Z ×
sinh(gl)

gl

Y ' = Y ×
tanh(gl / 2)

gl / 2

Long line (50<l<150mi): Z ' = Z

Y ' = Y

Long line (l<50mi): Z ' = Z

Y ' = 0



Transmission line model

High voltage min transmission line loss

V1

+

-

load

I
Z

I

V2

+

-

line

Þ I =
S2

V2

Specified: required load power          and voltage S2 V2

line loss = R I
2



Transmission line model

Recap

◼ Line characteristics depend on materials, size, and 
geometry of 3-phase line

◼ Linear per-phase circuit model 

◼ circuit model: series impedance + shunt admittanceP
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The flow of power I

Why smart grid?  (15 mins)

Three-phase AC transmission: 3 key ideas (30 mins)

◼ Phasor representation

◼ Balanced operation

◼ Per-phase analysis

Device models (30 mins)

◼ Transmission line 

◼ Transformer

◼ Generator

Basic concepts and models



Transformer model

Single-phase ideal transformer n

C hapter 4

Transform er m odels

4.1 Single-phase idealtransform er

A n idealtransform er has no loss (zero resistance), no leakage flux,and the m agnetic core has infinite
perm eability.LetN 1 be the num berofturns in the prim ary coil,N 2 thatin the secondary coil,and

n :=
N 2

N 1
and a :=

1

n
=

N 1

N 2

Then an idealtransform erischaracterized by the turn ratio n,w ith

v2
v1

= n and
i2
i1

= a =
1

n

Itisrepresented schem atically in Figure 4.1.The ratio n and a are satisfied by the voltages and currents at

v1

+

-

v2

+

-

i2i1

N2
N1

n :=
N2

N1

          a :=
N1

N2

Figure 4.1:Single-phase idealtransform er.

alltim esin the tim e dom ain.O uranalysis w illhow everbe carried outm ostly in the phasordom ain w here
w e have

V2
V1

= n and
I2
I1

= a =
1

n

55
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W e w illhence use phasorquantities in the follow ing by default.W e define the transm ission m atrix T for
an idealtransform eras

V1
I1

=
a 0
0 n

| {z }
Tideal

V2
I2

(4.1)

The ratio ofthe com plex receiving-end to sending-end pow eris

− S21
S12

:=
V2I⇤2
V1I⇤1

= n·a = 1

i.e.,an idealtransform erhas no pow erloss.

4.2 E quivalentcircuitofsingle-phase transform er

A realtransform er has pow er losses due to resistance in w indings (r|I|2),eddy currents and hysteresis
losses. Italso has nonzero leakage fluxes and finite perm eability ofthe m agnetic core. A m ore realistic
transform erm odelincludes a seriesresistance to m odelthe pow erlosses,a seriesinductance to m odelthe
leakage fluxes,and a shuntadm ittance to m odelthe finite perm eability ofthe m agnetic core,in both the
prim ary circuit(Zp,Ym )and the secondary circuit(Zs),asshow n in Figure 4.2(a).Thiscircuitissim plified
by referring the im pedance Zs on the secondary side to the prim ary to obtain the equivalentprim ary side
seriesim pedance

Zl := Zp + a2Zs

This isshow n in Figure 4.2(b).See C hapter4.5 forequivalence ofim pedances in prim ary and secondary
circuits.

V1

+

-

V2

+

-

I2
I1

Ym

N2
N1

ideal#
transformer#

Z p Zs

(a) Equivalentcircuitofnonidealtransform er

V1

+

-

V2

+

-

I2
I1

Ym

N2
N1

ideal#
transformer#

Zl

(b) Im pedance referred to prim ary side

Figure 4.2:M odelofnonidealtransform erincluding pow erlosses,leakage flux and finite perm eability of
m agnetic core.
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Transformer model

Single-phase (non-ideal) transformer
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parameters (n, Zl,Ym)

can be easily measured(Zl,Ym )



Transformer model

Single-phase (non-ideal) transformer
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Transformer model

3-phase ideal transformer



Transformer model

3-phase ideal transformer

per-phase properties



Transformer model

3-phase ideal transformer

per-phase properties



Transformer model

3-phase ideal transformer

per-phase properties



Transformer model

3-phase ideal transformer

per-phase properties



Transformer model

Per-phase equivalent circuit
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Zs

ideal$
transformer$

(a) (Zs,Ys)in the secondary circuit.

V1
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Ys

N2N1

a
2
Zs

ideal$
transformer$

(b) R eferZs to the prim ary.

V1

+

-

V2

+

-

I2
I1

n
2
Ys

N2N1

ideal$
transformer$

a
2
Zs

(c) R eferYs to the prim ary.

Figure 4.14:R eferring (Zs,Ys)in the secondary to the prim ary.
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Transformer model

Recap

◼ Four configurations: YY, DD, DY, YD

◼ Linear per-phase circuit model 
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Generator model

C hapter 5

G enerator m odels

5.1 Sim ple round-rotor m odel

network(Ea

+

-

Ia

Va

r Xs

+

-

Figure 5.1:Equivalentcircuit(per-phase)ofa round-rotorgenerator.Ea isthe internalopen-circuitvoltage
and Va isthe term inalvoltage.

1. G eneratorm odel:

Va = E a − rIa − jXsIa (5.1)

w here

Va : term inalvoltage

Ea : open-circuit(internal)voltage

Xs : synchronous reactance

r : w inding resistance

This can be represented by an open-circuit Thévenin equivalent voltage source in series w ith an
im pedance r+ jXs;see Figure 5.1.
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Putting everything together
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Zline

Zload

D Y DY

Vline

(a) O ne-line diagram

V1

+

-

V2
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-

I2I1

1: 3n

Zl

e jp /6
V3

+

-

I3

1: 3n

Z l

e jp /6
Z load

Z line

transformer#T1 transmission#
line##

z#

transformer#T2 

z#

3n :1

(b) Per-phase circuit

Figure 4.18:Exam ple 4.4.

3p generator

(terminal 

voltage)

3p transformer

(stepup)

3p transmission

line

3p transformer

(stepdown)
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single-phase equivalent circuit
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The flow of power II

Network models (10mins)

◼ Admittance matrix

◼ Power flow models

Optimal power flow problems (35mins)

◼ Formulation and example

◼ Convex relaxations

◼ Real-time OPF

Power flow and optimization



Example circuit model
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elem entys,w here

Is :=
Za
zs

(closed-circuitequivalent)

ys := (zs)− 1 (open-circuitequivalent)

Suppose a generator is connected to the left end of the transform er in Figure 6.3(a) and suppose it is
specified as a currentsource w ith param eters (I1,ys1).Suppose a m otorload is connected to the rightend
of the transm ission line and suppose itis specified as another currentsource (I2,ys2). This is illustrated
in Figure 6.6(a). The only changes to the adm ittance m atrix Y ,com pared w ith the adm ittance m atrix in

y
V1

V2

generator# load#

y1

s
I1

y2

s
I2

(a) O ne-line diagram

ny
I1

(1- n)y

yl

ym

transform#
impedances#

z#

ideal##
transform#

z#

trans#
line#+#

n(n -1)yy1

s

I1
I2

y2

s

generator#
#

z#

load#
#

z#

V1
V3 I2 V2

(b) Equivalentcircuitm odel

Figure 6.6:G enerator,transform er,transm ission line and load.

(6.1),are the additionalshuntelem ents atnodes 1 and 2,corresponding to the new diagonalelem entsY11
and Y22:

Y11 = yl+ ys1 and Y22 = y+ ys2

The netw ork equation the becom es

2

4
I1
I2
0

3

5 =

2

4
yl+ ys1 0 − yl

0 y+ ys2 − ny
− yl − ny yl+ ym + n2y

3

5

| {z }
Y

2

4
V1
V2
V3

3

5

In C hapter6.1.3 w e w illdiscussm ethods to solve forthe voltages (V1,V2,V3)given the injection currents.

N etw ork.C onsidera netw ork consisting ofa setoftransm ission lines (j,k) connecting buses jand k.A
three-busexam plesisshow n in Figure 6.7 w hich also establishes ournotation.Each line (j,k)ism odeled
by a P-m odelw ith a series adm ittance ysjk and shuntadm ittances ymjk and ymkj (notnecessarily equal) at
tw o ends of the line. The branch currentfrom bus jto bus k is Ijk and thatfrom bus k to bus jis Ikj.
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V1
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I2I1
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s , y12
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m, y31

m( )

V3

I3
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I13

I21

Figure 6.7:N etw ork adm ittance m atrix. Each line is m odeled by a P-m odelw ith a series adm ittance ysjk
and shuntadm ittances ymjk and ymkj(notnecessarily equal)attw o ends ofthe line.

N ote thatthey are notnegativesofeach otherbecause ofthe com plex line lossdue to the series and shunt
adm ittances in the P-m odel.A pplying K irchhoff’scurrentlaw atbus1 gives

I12 = ys12(V1 − V2)+ ym12V1
I13 = ys13(V1 − V3)+ ym13V1
I1 = I12 + I13 = (ys12 + ys13 + ym12 + ym13)V1 − ys12V2 − ys13V3

H ence

2

4
I1
I2
I3

3

5 =

2

4
ys12 + ys13 + ym11 − ys12 − ys13

− ys12 ys12 + ys23 + ym22 − ys23
− ys13 − ys23 ys13 + ys23 + ym33

3

5

| {z }
Y

2

4
V1
V2
V3

3

5

w here

ysjk = yskj and ymjj := Â
k:j⇠k

ymjk

A gain the off-diagonalentriesofthe adm ittance m atrix Y are given by the seriesadm ittances on the lines:

Y jk :=

⇢
− ysjk if j⇠k (j6= k)

0 otherw ise

and the diagonalentries ofY by the sum ofseries and shuntadm ittances incidenton buses j:

Y jj := Â
k:j⇠k

ysjk + ymjj

These expressions also hold forgeneralnetw orksasw e now explain.

Each line modeled as        model

• Series impedance

• Shunt admittance at each end

• They may not be equal  

P
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0 otherw ise
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I =YV

Y : network graph + admittances
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The flow of power II

Network models (10mins)

◼ Admittance matrix

◼ Power flow models

Optimal power flow problems (35mins)

◼ Formulation and example

◼ Convex relaxations

◼ Real-time OPF

Power flow and optimization



Bus injection model

i j k
zij = yij

-1

admittance matrix: 

Yij :=

yik

k~i

å       if  i = j

-yij         if  i ~ j

0            else

ì

í

ï
ï

î

ï
ï

s j

graph G: undirected

Y specifies topology of G and

impedances z on lines



Bus injection model

I = YV

s j = VjI j

*           for all  j

admittance matrix: 

Yij :=

yik

k~i

å       if  i = j

-yij         if  i ~ j

0            else

ì

í

ï
ï

î

ï
ï

I j :  nodal current

Vj :  voltage

s j

power balance

Kirchhoff law



Bus injection model

I = YV

s j = VjI j

*           for all  j power balance

Kirchhoff law

Eliminate I :

s j =  y jk

*

k:k~ j

å Vj

2

-VjVk

*( )          for all  j



Bus injection model

Complex form:

s j =  y jk

*

k:k~ j

å Vj

2

-VjVk

*( )          for all  j

Polar form:

Cartesian form:



Bus injection model

DC power flow

Assumptions:

• Lossless short line

• Small angle difference

• Fixed voltage magnitude

• Ignore reactive power



The flow of power II

Network models (10mins)

◼ Admittance matrix

◼ Power flow models

Optimal power flow problems (35mins)

◼ Formulation and example

◼ Convex relaxations

◼ Real-time OPF

Power flow and optimization



Optimal power flow (OPF)

OPF is solved routinely for

◼ network control & optimization decisions

◼ market operations & pricing

◼ at timescales of mins, hours, days, …

Non-convex and hard to solve

◼ Huge literature since 1962

◼ Common practice: DC power flow (LP)

◼ Also: Newton-Raphson, interior point, …

min  c(x)    s. t.    F(x) = 0,  x £ x



Optimal power flow

• describes network topology and impedances

• is net power injection (generation) at node j

Yj

H

s j

min              tr CVV H( )
over             V, s, l( )

subject to     s j  =  tr Yj

HVV H( )
                    l jk  =  tr Bjk

HVV H( )
                    s j   £   s j  £   s j

                     l jk  £  l jk  £  ljk  

                    V j  £  |Vj |  £   V j

power flow equation

gen cost, power loss

line flow 

injection limits

line limits

voltage limits



Optimal power flow

min              tr CVV H( )
over             V, s, l( )

subject to     s j  =  tr Yj

HVV H( )
                    l jk  =  tr Bjk

HVV H( )
                    s j   £   s j  £   s j

                     l jk  £  l jk  £  ljk  

                    V j  £  |Vj |  £   V j

power flow equation

gen cost, power loss

line flow 

injection limits

line limits

voltage limits

nonconvex feasible set (nonconvex QCQP)

• not Hermitian (nor positive semidefinite)

• is positive semidefinite (and Hermitian)

Yj

H

C



Optimal power flow

Multiple solutions

11/66

Ian Hiskens, Michigan

OPF problem underlies numerous applications

• nonlinearity of power flow equations ➔ nonconvexity



Dealing with nonconvexity

Linearization

◼ DC approximation

Convex relaxations

◼ Semidefinite relaxation (Lasserre hierarchy)

◼ QC relaxation (van Hentenryck)

◼ Strong SOCP (Sun)



Dealing with nonconvexity

Linearization

◼ DC approximation

Convex relaxations

◼ Semidefinite relaxation (Lasserre hierarchy)

◼ QC relaxation (van Hentenryck)

◼ Strong SOCP (Sun)

Realtime OPF

◼ Online algorithm, as opposed to offline

◼ Also tracks time-varying OPF



Relaxations of AC OPF
dealing with nonconvexity

Low, Convex relaxation of OPF, 2014

http://netlab.caltech.edu

Bose (UIUC) Chandy Farivar (Google) Gan (FB) Lavaei (UCB)

many others at & outside Caltech …

Li (Harvard)



min            tr CW

subject to   s j £ tr Yj

HW( ) £ s j         v j £ Wjj £ v j

                  W ³ 0,   rank W =1

Equivalent problem: 

Equivalent feasible sets

convex in W

except this constraint

quadratic in V

linear in W 

min            tr CVV H

subject to   s j £  tr Yj

HVV H( )  £  s j      v j £  |Vj |2  £  v j

V



Solution strategy

relaxation:    min
x̂ÎX+

 f x̂( )

OPF:            min
xÎX

 f x( )

If optimal solution      satisfies easily checkable conditions, 

then optimal solution      of OPF can be recovered  
x̂*

x*



Equivalent relaxations

W
+ WG

+

V W WG

For radial networks: always solve SOCP !

Theorem

◼ Radial G: SOCP is equivalent to SDP (          )

◼ Mesh G: SOCP is strictly coarser than SDP

VÍW+ @WG

+



Exact relaxation

For radial networks, sufficient conditions on

◼ power injections bounds, or 

◼ voltage upper bounds, or

◼ phase angle bounds



Exact relaxation

For radial networks, sufficient conditions on

◼ power injections bounds, or 

◼ voltage upper bounds, or

◼ phase angle bounds



Exact relaxation

graph of QCQP

G C,Ck( )   has edge (i, j)   Û

Cij ¹ 0  or  Ck[ ]
ij
¹ 0  for some k     

QCQP

QCQP over tree

G C,Ck( )   is a tree

C,Ck( )

min          tr CxxH( )
over         x ÎCn

s.t.            tr Ck xxH( )  £   bk         k Î K     



Exact relaxation

min          tr CxxH( )
over         x ÎCn

s.t.            tr Ck xxH( )  £   bk         k Î K     

Key condition

i ~ j :   Cij, Ck[ ]
ij
,  "k( )  lie on half-plane through 0

QCQP C,Ck( )

Theorem

SOCP relaxation is exact for 

QCQP over tree 

Re

Im

Bose et al 2012, 2014

Sojoudi, Lavaei 2013



Implication on OPF

Not both lower & upper bounds on real & reactive powers at both ends 

of a line can be finite 



Example
25

(a) (b)

Fig.4:Projections of feasible regions on p1 − p2 space for 3-bus system in (3).

P 1

P
2

0.42 0.43 0.44 0.45 0.46 0.47 0.48 0.49

0.48

0.49

0.5

0.51

0.52

0.53

0.54

h1(F
+
2 )

h1(F
+
1 )

h1(F1)= h1(F2)

Fig.5:Zoom ed in Pareto fronts of the 3-bus case in p1 − p2 space.

B. IEEE benchm ark system s

For IEEE benchm ark system s [35],[42],w e solve R 1,R 2 and R ch in M ATLA B using C V X

[43] w ith the solver SeD uM i [44]. The objective values and running tim es are presented in

Table II.A s in Theorem 1,the problem s R 1 and R ch have the sam e objective function value,

i.e., r⇤1 = r⇤ch. H ow ever, the optim al objective value of R 2 is low er, i.e., r⇤2 < r⇤1. For IEEE

benchm ark system s,note that R 1 and R ch are exact [14]–[16],w hile R 2 is not.A s evidenced

by the running tim es in Table II, R ch is m uch faster than R 1. The chordal extension of the

M ay 31,2013 D R A FT

power flow

solution X

SDP Y

SOCP Y

Real Power Reactive Power

• Relaxation is exact if X and Y have same 
Pareto front

• SOCP is faster but coarser than SDP

Bose, Low, Teeraratkul, Hassibi TAC 2015



Fig.1: J (X k ) vs # of Iterations (B isection M ethod) (a) 3-B us Exam ple (b) 5-B us Exam ple,(c) M odified IEEE 14 B us Exam ple (14B )

optim alpoint(C olum n 3)typically in a sm allnum berofiter-
ations (C olum n 4).Thus the optim alcostforthe sem idefinite
relaxation,J ◦ ,is in factequalto the optim alcostofthe O PF
problem .M oreover,the rank-one solution returned from the
linearization-m inim ization algorithm can be used to construct
an optim alsolution forthe non-convex O PF problem .These
results verify thatprim al/dualsolvers w illfailto return rank-
one optim al solutions for the naive sem idefinite relaxation
even w hen such solutions exist(c.f.Theorem 2.1).The values
of J in the last colum n denote the upper bound on the
optim al cost of the O PF problem given by the non-convex
solver M ATPO W ER [3]. The last result in Table III is of
particular interest. This exam ple is a m odified IEEE 14
B us system (14A ) for w hich the linearization-m inim ization
algorithm yields a rank-one globally optim al solution w ith
a cost 12.4% low er than the sub-optim al solution obtained
w ith M ATPO W ER .This exam ple w as constructed from the
standard IEEE 14 B us test case [22] by tightening a subset
ofthe line capacity constraints.A precise description can be
found in [23].

TA B L E III: Pow er system exam ples w ith hidden rank-one opti-
m al solutions. Precise system s descriptions can be
obtained from (9 bus [24]), (30 bus [25]) (118 bus
[22]),(14A bus [23]).

Syst. rank(X 0) rank(X 0) Iter. J ◦ J

9 8 1 3 5296.7 5296.7

30 9 1 3 576.9 576.9

118 236 1 100 129661 129661

14A 26 1 3 8092.8 9093.8

B. Alternating-Bisection M ethod

For certain problem s, the linearization-m inim ization al-
gorithm fails to uncover a rank-one point in F –i.e.
rank(X 0) > 1. In such cases, one of tw o scenarios could
be at play. Either the optim al face F of the sem idefinite
relaxation does not possess a rank-one m atrix or the rank
m inim ization heuristic m ay sim ply failin recovering a rank-
one points in F w hen they do in fact exist. Table IV
provides three representative exam ples of such cases. For
each exam ple, the rank m inim ization heuristic is able to
find a low er rank m atrix (on F ) than that achieved by the

naive sem idefinite relaxation. H ow ever, the iteration does
notconverge to a rank-one solution.In each case there is a
non-zero gap betw een the costachieved for the sem idefinite
relaxation, J ◦ ,and the M ATPO W ER upper bound obtained
for the original O PF problem ,J .

The alternating bisection-m inim ization m ethod is applied to
the cases in Table IV .Figure 1 depicts the costofa feasible
pointproduced atevery step ofthe bisection forthe exam ples
considered in Table IV .The red diam onds denote the iterates
achieving rank-one feasible points, w hile the black circles
denote iterates corresponding to high rank feasible points.
W e observe in Figure 1, that in the case of the three and
five bus exam ples, the m inim um cost obtained by a rank-
one feasible point through bisection coincides w ith the cost
produced by M ATPO W ER . This m ay lead one to believe
that the optim al face F of the sem idefinite relaxation m ay
not adm it a rank-one feasible point. O n the other hand,for
the m odified IEEE 14 B us exam ple (14B ), the proposed
bisection-m inim ization heuristic obtains a rank-one feasible
point that yields a substantially low er cost than the upper
bound J obtained from M ATPO W ER . M ore precisely, the
m inim um cost rank-one point derived from the alternating
bisection-m inim ization m ethod is w ithin 0.1266% of the
relaxed low er bound J ◦ , as com pared to 4.8326% for the
M ATPO W ER solution.W e refer the reader to R em ark 6 for
a discussion on the role of m ild constraint relaxations in
deriving nearly optim al rank-one solutions.

To sum m arize, w e observe that in m any cases the iterative
linearization-m inim ization algorithm successfully uncovers a
hidden rank-one point that is also globally optim al for the
original O PF problem . If the rank m inim ization algorithm
fails to uncovera rank-one optim alpoint,then the alternating
bisection-m inim ization m ethod can be applied. In this case,
a rank-one feasible solution is obtained that yields a cost
thatis no greater than thatachieved by M ATPO W ER –and
for certain system s,achieves a substantially low er costthan
M ATPO W ER .

V. C O N C L U SIO N A N D FU T U R E D IR E C T IO N S

This paper considered the non-convex O ptim al Pow er Flow
(O PF) problem and the corresponding sem idefinite relax-
ation. For certain pow er system s and cost structures, the
naive sem idefinite relaxation m ay fail to yield low rank

SDP 
cost 

MATPOWER 
cost 

IEEE test 

systems

12.4% lower cost than solution from 
nonlinear solver MATPOWER

Potential benefits

[Louca, Seiler, Bitar 2013]



Potential benefits

Case study on an SCE feeder

◼ Southern California

◼ 1,400 residential houses, ~200 commercial buildings

◼ Controllable loads: EV, pool pumps, HVAC, PV inverters

◼ Formulated as an OPF problem, multiphase unbalanced radial 
network

optimizedbaseline

peak load reduction: 8%

energy cost reduction: 4%



Dvijotham (DeepMind)

Realtime AC OPF
for tracking

Gan (FB) Tang (Caltech)

Gan & L, JSAC 2016

Tang et al, TSG 2017

See also: Dall’Anese et al, Bernstein et al, 

Hug & Dorfler et al, Callaway et al



Motivations

Simplify OPF simulation/solution 
◼ Solving static OPF with simulator in the loop

◼ Avoid modifying GridLab-D during ARPA-E GENI (2012-15)

Deal with nonconvexity
◼ Network computes power flow solutions in real time at 

scale for free

◼ Exploit it for our optimization/control

Track optimal solution of time-varying OPF
◼ Uncertainty will continue to increase

◼ Real-time measurements increasingly become available on 
seconds timescale

◼ Must, and can, close the loop in the future



Dealing with nonconvexity

Linearization

◼ DC approximation

Convex relaxations

◼ Semidefinite relaxation (Lasserre hierarchy)

◼ QC relaxation (van Hentenryck)

◼ Strong SOCP (Sun)

Realtime OPF

◼ Online algorithm, as opposed to offline

◼ Also tracks time-varying OPF



Literature

Static OPF:

 Gan and Low, JSAC 2016

 Dall’Anese, Dhople and Giannakis, TPS 2016

 Arnold et al, TPS 2016

 A. Hauswirth, et al, Allerton 2016

Time-varying OPF:

 Dall’Anese and Simonetto, TSG 2016

 Wang et al, TPS 2016

 Tang, Dvijotham and Low, TSG 2017

 Tang and Low, CDC 2017

Earlier relevant work on voltage control

 Survey: Molzahn et al, TSG 2017



OPF

power flow equations

min    c0 (y)+ c(x)

over   x,  y

s. t.    F(x, y) = 0

         y £ y

         x Î X  := x £ x £ x{ }

operational constraints

capacity limitscontrollable 

devices

uncontrollable

state
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OPF

power flow equations

min    c0 (y)+ c(x)

over   x,  y

s. t.    F(x, y) = 0

         y £ y

         x Î X  := x £ x £ x{ }

operational constraints

capacity limits

Assume:  
¶F

¶y
¹ 0        Þ       y(x)   over  X



OPF: eliminate y

min
x

   c0(y(x))+ c(x)

s. t.    y(x) £ y

         x Î X  := x £ x £ x{ }

Theorem [Huang, Wu, Wang, & Zhao. TPS 2016]

For DistFlow model, controllable (feasible) region

is convex (despite nonlinearity of y(x))

x y(x) £ y, x Î X{ }



OPF: add barrier or penalty

min
x

   c0(y(x))+ c(x)

s. t.    y(x) £ y

         x Î X  := x £ x £ x{ }

min      f (x, y(x);  m)

over     x Î X

f: nonconvex

add barrier or penalty function

to remove operational constraints



Online (feedback) perspective

Network:  power flow solver

    y(t) : F(x(t),  y(t)) = 0

DER : gradient update

x(t+1) = G(x(t),  y(t))

control

x(t)

measurement,

communication

y(t)

physical 

network

cyber 

network

• Explicitly exploits network as power flow solver

• Naturally tracks changing network conditions



Outline: realtime OPF

Motivation

Problem formulation

Static OPF
◼ 1st order algorithm

◼ Optimality properties

Time-varying OPF
◼ 2nd order algorithm

◼ Tracking performance

◼ Distributed implementation

[Gan & Low, JSAC 2016]

[Tang, Dj, & Low, TSG 2017]

[Tang & Low, CDC 2017]



Static OPF

x(t +1)  =  x(t)-h
¶f

¶x
(t)

é

ë
ê

ù

û
ú

X

y(t)       =   y(x(t))

gradient projection algorithm:

active control

law of physics

min      f (x, y(x);  m)

over     x Î X

[Gan & Low, JSAC 2016]



Local optimality

Under appropriate assumptions

◼ x(t) converges to set of local optima

◼ if #local optima is finite, x(t) converges



Global optimality

A := x Î X  :  v(x) £ av + (1-a)v{ }

Assume:  p0(x)  convex over  X

                vk (x)  concave over  X

Theorem

If co{local optima} are in A then

◼ x(t) converges to the set of global optima

◼ x(t) itself converges a global optimum if 

#local optima is finite



Global optimality

Assume:  p0(x)  convex over  X

                vk (x)  concave over  X

Theorem

◼

◼ If SOCP is exact over X, then assumption holds 

Can choose a s.t.  

A®  original feasible set

A := x Î X  :  v(x) £ av + (1-a)v{ }

Incidentally, this turns out to be the convergence condition in Arnold,et al, “Model-Free Optimal Control of 

VAR Resources in Distribution Systems: An Extremum Seeking Approach,”



Suboptimality gap

◼ Informally, a local minimum is almost as good

as any strictly interior feasible point

» 0f x*( )   -   f x̂( )        £    r

any local 

optimum

any original

feasible pt

slightly away

from X boundary



Simulations



Outline: realtime OPF

Motivation

Problem formulation

Static OPF

Dynamic OPF
◼ 2nd order algorithm

◼ Tracking performance

◼ Distributed implementation

[Gan & Low, JSAC 2016]

[Tang, Dj, & Low, TSG 2017]

[Tang & Low, CDC 2017]

See also: Dall’Anese and Simonetto, TSG 2016

Wang et al, TPS 2016 



Tracking performance

realtime OPF algorithms can track time-varying OPF well

IEEE 300 bus



Tracking performance

realtime OPF algorithms can track time-varying OPF well

IEEE 300 bus



Drifting OPF

min
x

   c0(y(x))+ c(x)

s. t.    y(x) £ y

         x Î X

min
x

   c0(y(x),g t )+ c(x,g t )

s. t.    y(x,g t ) £ y

         x Î X

drifting 

OPF

static

OPF



Drifting OPF

min      ft (x, y(x);  mt )

over     x Î Xt

x(t +1)  =  x(t) -  h H(t)( )
-1 ¶ft

¶x
(x(t))

é

ë
ê

ù

û
ú

Xt

y(t)       =   y(x(t))

active control

law of physics

Quasi-Newton algorithm:

[Tang, Dj & Low, 2017]



Drifting OPF

min      ft (x, y(x);  mt )

over     x Î Xt

e.g. approx Hessian

[Tang, Dj & Low, 2017]

min
x

 Ñft (x(t))( )
T

(x - x(t)) 

                   + 
1

2
(x - x(t))T Bt (x(t))(x - x(t))

s. t.   x Î Xt

Computing               by solving convex QP:      x(t +1)



Tracking performance

Theorem

error :=      
1

T
xonline(t)- x*(t)

t=1

T

å

error  £   
lM

lm

×
e

1-e
×

1

T
x*(t)- x*(t -1) + Dt( )

t=1

T

å

avg rate of drifting

control error

(assuming xonline(0) = x*(0))



Tracking performance

Theorem

error :=      
1

T
xonline(t)- x*(t)

t=1

T

å

error  £   
e

lm / lM -e
×

1

T
x*(t)- x*(t -1) +Dt( )

t=1

T

å

avg rate of drifting

• of optimal solution

• of feasible set
[Tang, Dj, & Low, TSG 2017]



Tracking performance

Theorem

error :=      
1

T
xonline(t)- x*(t)

t=1

T

å

error  £   
e

lm / lM -e
×

1

T
x*(t)- x*(t -1) +Dt( )

t=1

T

å

error in Hessian approx

[Tang, Dj, & Low, TSG 2017]



Tracking performance

Theorem

error :=      
1

T
xonline(t)- x*(t)

t=1

T

å

error  £   
e

lm / lM -e
×

1

T
x*(t)- x*(t -1) +Dt( )

t=1

T

å

“condition number” 

of Hessian
[Tang, Dj, & Low, TSG 2017]



Implementation

Implement L-BFGS-B
◼ More scalable

◼ Handles (box) constraints X

Simulations
◼ IEEE 300 bus



Tracking performance

IEEE 300 bus



Tracking performance

IEEE 300 bus



Key message

Large network of DERs
◼ Real-time optimization at scale

◼ Computational challenge: power flow solution

Online optimization [feedback control]

◼ Network computes power flow solutions in real time 
at scale for free

◼ Exploit it for our optimization/control

◼ Naturally adapts to evolving network conditions

Examples
◼ Slow timescale: OPF

◼ Fast timescale: frequency control


